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Clucong 1:
BAT PANG THUC VA CAC KY THUAT CO’ BAN

KIEN THUC CO BAN VE BAT PANG THUC
I. Pinh nghia bat ding thiic
Gia str A va B la hai biéu thtrc bang chir hoac bang sé.
+ A>B (hoic B< A), A<B (hoic B > A) duoc goi la cac bat dang thc.
+ A2B< A-B>0;A-B>0< A>B.
+ Mot bit ddng thire 6 thé dung hoc sai va ta quy woc khi n6i vé mot bat dang
thirc ma khéng noi gi thém thi ta hiéu d6 1a bat dang thirc diing.
I1. Tinh chét co ban cia bat ding thic
= YaeR;a>a.

{agb
= = ac<c.
b<c

= Va,bmeR;a<b=atm<b+tm.

a<b

= { =a+c<b+d.
c<d

= a>b+ce=a-c=>b.

ma <mb khi m >0

= Va,b,eR;ashe ) )
ma =mbkhim<0

a_b himso
= Va,b,eR":a<be m mb )
250 vhim<o
m m
= Néu a>b>0:>1<1.
a b

>
- vab.c.d eR+;{E;; —ab>cd .

a">p"
= a>bh>0=> ,VheN.
{Q/Ez%
a>l=a*>a’
= X>y>0; .
O<a<l=a*<a’

» a>b=a®™l s p2mh2nilfy S 204 ypneN.
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1. Bét ding thirc vé gia tri tuyét ddi
» —|aj<a<lal,vaeR.

. |a|<a<:>—a<a<a(khia>0).
. |a|>a<:>[a>a (khi & >0).
a<—o

= |a|~|o| <[a+b|<[a|+[b].(vabeR).

2. BAt ding thire lién quan dén ham sé mii va logarit

a>1 O<axl
. { :>aX>ay;{ —a*<a’.
X

X>Yy >y
a>1 =log, x> lo O<a<l =log, x<lo

[ ] > X < .
X>y>0 ga gay X > >O ga gay

3. Bit dang thicc AM — GM
Cho n s6 thuc khong &m a;,a,,...,a, ta c6
wz n[alaz___an .
Dang thic xay ra khi va chi khi a; =a, =...=a,,..
4. Bét ding thicc Cauchy — Schwarz
Cho 2 déy s6 thuc (ay,a,,...,a, );(by,by,...,b, ) ta co

(2, +agh, +...+ayb, )’ s(al2 +a; +...+a§)(bf +b? +...+b§).

bing thirc xay ra khi va chi khi a, =kb;,i =1,n,k e R.

CHU DE 1: K¥ THUAT BIEN POI TUONG PUONG

Xuét phét tir bat ding thirc co ban va hét suc tu nhién x? >0; A— B > 0véi moi
s6 thyc X ta c6 cac bat dang thie hét sire dep mat. Noi dung chi dé nay dé cap dén
k¥ ning bién doi bat dang thirc vé dang ludn dung. Céc bai toan dé cap dén la cac
bai toan trong chu dé nay cac ban ch y s& duoc str dung dén trong cac cha dé khéac
& cac chuong sau nhu mét bai toan phu.

A. NQI DUNG PHUONG PHAP
I. Cac bat dang thirc co ban
Binh phwong ciia mdt sb thuc
Vi moi 6 thyc x ta ludn ¢6 x? > 0. Pang thirc xay ra khi va chi khi x=0.
Tir d6 ta co cac bat dang thic voi 2 bién va 3 bién thuong st dung nhu sau:
= (a—b)’ >0hay a®+b? > 2ab. Ding thirc xay ra khi va chi khi a=b.
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= (a-b)*+(b—c)’+(c—a)*>0 hay a®+b?+c?>ab+bc+ca
hoic (a+b+c)2 >3(ab+bc+ca) hodc 3(a2+b2+c2)2(a+b+c)2.
Ding thirc xay ra khi va chi khi a=b=c.

Bét ding thic vé tri tuyét doi

= V6i 2 56 thuc x,y ta ludn c6 |x|+]y| > |x+ y|. Bang thic xay ra khi va chi khi
Xy >0.

= Vi 2 56 thyc X,y ta ludn c6 |x — y|> |x|—|y| . Dang thirc xay ra khi va chi khi
X(x—y)=0.

Bét ding thirc vé d dai canh cia mét tam giac

= a+b>cb+c>a;c+a>h.

* a>|b—c|;b>|c—al;c>|a-h.

= a®+b? +c% <2(ab+bc+ca).

I1. Mgt sé hang ding thirc cin luu y
. a3+b3+c3—3abc=(a+b+c)(a2 +b% +¢? —ab—bc—ca).

(a+b+c)’=a®+b>+c®+3(a+b)(b+c)(c+a).
(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc.

. a—b+b—c+c—a__(a—b)(b—c)(c—a)
c a b abc '
a-b b-c c-a a-bb-cc-a
+ + + . . =
a+b b+c a+c a+b b+cc+a
1) Ky thugt bién diing dinh nghia
Pé chimg minh bat dang thiac: A>B. Ta ching minh bat ding thic
A-B >0 dung.

0.

el
Vidu 1. Cho x>y vaxy = 1. Chung minh rang ~————>8.
(x=v)
Loi gidi

Taco x2+y2=(x—y)  +2xy=(x-y)’+2 (Vixy=1)
=N (x2+y2)2=(x—y)4+4.(x—y)2+4.
Do d6 BDT cén ching minh twong dwong véi

(x—y)4+4(x—y)2+428.(x—y)2



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

& (x—y)4—4(x—y)2+420

, 2
=3 [(x—y) —2} >0.
Bat dang thuc cudi dung nén ta co diéu phai chirng minh.
Vi du 2.
a) Cho x,y 1a hai sb thuc thoa mén diéu kién xy >1.
Chiang minh ring
1 1 2
+ > :
1+x% 1+y? 1+xy
b) Cho a,b,c Ia céc sé thuc khdng nhé hon 1 chitng minh
1 1 1 3
TSt ——=2> .
1+a°> 1+b°> 1+c¢® 1+abc
c) Cho x,y,z€[0;1]. Tim gia trj 16n nhat cua bicu thic

P=(1+xyz)( 1 ]

+
1+x3 1+y® 1478

Lo gidi
a) Bét ding thire da cho twong duong véi:

1 1 1 1
_ + - >0
[1+ x? 1+xy) £1+ y2 1+ny

2 2
Xy — X N Xy —y >0

= (1+ xz).(1+ xy) (1+ yz).(1+ xy)
xy-x) . yx=y) .,
(1+ xz).(1+ xy) (1+ yz).(1+ xy)

2
ey
(1+ xz).(1+ yz).(1+ xy)
BDT cubi nay dung do xy >1.Vay ta c6 dpcm. Dang thirc xay ra khi va chi khi
x =Yy hoac xy=1.
b) Str dung bét déng thuc:
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1 1 2
+ 2
1+c® 1+abe . \apc!

[ 1 1 J 2 4
2 + >2. =
1++va®® 1++abc? 144\ath? Japct 1rabe
Cong theo vé ba bat diang thirc trén ta c6 dpem.
Chu y. Bét dang thirc nay duoc 4p dung kha pho bién trong mot s6 bai toan cyc tri.
Mot s6 dang twong tu bat dang thire trén nhu sau
1 1
2t 25
1+x° 1+y° l+xy
1 1 2
. + > ,
N \/1+ y2  Jl+xy
1 1 2
] + <
J1+ X2 \/1+ y2  JLexy

(-1<xy<1).

(xy>1).

(-1<xy<1).

: . 1 1 2
c) St dung két qua bai toan trén ta co : + <
].-l-X3 1+ y3 1+Jx3y3

1 1 2
3 + <
1+z° 1+xyz 14 /xyz*
2 N 2 < 4 4
1Jm/x?’y3 1+\/xyz4 1+\/\/X4TZ4 Lz
Cong theo vé cac bat ding thuc trén ta suy ra
13+ 13+ 13£ 3 = P =(1+xyz) 13+ 13+ 13 <3
1+x° 1+y° 1+7° 1+xyz 1+x° 1+y° 1+z
Ding thirc xay ra khi va chi khi x=y =z
Vay gié tri Ion nhat cia P =3.
Vi du 3. Chting minh rang véi moi s6 thyc x,y ta co

(1+ xz)(1+ yZ)ZM_

4
Loi gidi

2xy—1)2 +(x- y)2
3

Chuy: %(1+x2)(1+ y2)=1+(x+ y)2+( 21+(x+y)2.
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Bat dang thire dugc chirng minh. Dang thirc xay ra khi va chi khi x=y = i% .
Vi du 4. Chung minh ring v&i moi sé thuc a,b khéng am thoa man a,b<1;
2
a+b2§,ta co (1-2a)(1-2b) 24(1—a—bj .
2 (1-a)(1-b) 2-a-b
Loi gidi

Bat dang thic da cho twong duong véi:
(a-b)*(2a+2b-3)
(1-a)(1-b)(2—a—b)

Bt dang thirc ludn dung va ta c6 dpem.

220.

Bai tap twong tw

Ching minh ring véi moi s6 thuc a,b khdng &m thoa mén a,b<1: a+b2%ta co

(1+2a)(1+2b)> 1+a+b )
(1=a)(1-b) _4(2—a—bj |

2) Ky thugt phan tich hang ding thiec

n
Phan tich thanh tong cac binh phuong > (X - v; )2 >0.
i1
Vi du 1. Cho a,b,c |a c4c s6 thuc bat ky chung minh
a) a+b?+c?>ab+bc+ca.

b) (ab+bc+ca)’ >3abc(a+b+c).
%) (a+b+c)2 —%((b—c)ZJr(c—a)2 +(a—b)2)23(ab+bc+ca).

d) (a2 + 2)(b2 + 2)(c2 + 2) >3(a+b+c).
. Léi gidi
a) Bat dang thire da cho twong duong vai:
2a® +2b® +2¢® —2ab - 2bc - 2ca>0
<:>(a2 —2ab+b2)+(b2 —2bc+cz)+(c2 —2ca+a2)20.
o (a-b)’ +(b—c)* +(c—a)* >0

Bat dang thuc cubi dung. Dang thirc xay ra khi va chi khi a=b=c.
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b) Thuc hién tuong tu céu a) dua vé bat dang thirc ludn dang
(ab—bc)? +(bc —ca)’ +(ca—ab)’ >0.
¢) Taco:
1 2 1 2 1 2
g(a+b+c) —Z(b—c) =E(2a—b—c) +ab+bc+ca>ab+bc+ca.
Tuong tu ta co:

1 a+b+c 2—3 c—-a)’ >ab+bc+ca
3 4

%(a+b+c)2—%(a—b)2 >ab+bc+ca

Cong lai theo vé ba bét dang thirc trén ta c6 dpem.
Ding thire xay ra khi va chi khi a=b=c.
d) Chu y dang thuc:

(a2 + 2)(b2 +2)(02 + 2)—3(a+b+c)2
:%(c2 + 2)[(a—b)2 + 2(ab—1)2}+§(ac+bc—2)2 :
= (a2 +2)(b2 +2)(c2 + 2)23(a+b+c)2
Ta c6 diéu phai ching minh. Dang thuc xay ra khi va chi khi a=b=c=1.

Vi du 2. Cho x,y,z la cac sé thuc thoa man diéu kién x? + y? + 22 =1.
Chiang minh ring
a) —%s Xy +YZ+2x<1;
8

b) (xy+ yz+2XZ)2_(x+y+z)2—xy—yz+22_3'

Loi gidi
a) Bat dang thuc vé trai tuong duong véi:
2(xy+yz+2xX)+120 2(xy + yz+ 2X)+ X2 +y? +22 20 = (x+ y+2)° 2 0.
Bat dang thire dugc ching minh.
X+y+2=0

rytet=1

Dang thirc xay ra khi va chi khi { , chang han tai x=—

yo L
1 \/E

Sl

Bt dang thirc vé phai:
1-(xy+yz+2x)=x2 +y® + 2% —(xy + yz + 2X)

:%((x—y)z+(y—z)2+(z—x)2)20

= Xy+yz+2x<l1
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b) Chu y diéu kién ta rat gon vé trai va dua vé chitng minh

(xy + yz+2xz)2 - 8 >-3
Xy +YyzZ+22x+3

3
- (xy +yz+22x+1) S

Xy +YZ+22X+3

Vay ta chi can chang minh

Xy + Yz +22x > -1=-x? — y? — 72

2
<:>(x+z)2+y2+y(x+z)20<:>[x+z+%yj +%y220
Bit dang thirc cubi dung va ta c6 dpem.

y=0

Dang thirc xay ra khi va chi khi x+z+%y=0 =>X=—=,y=0,2=—

1 1
V2 V2
X2 ry? 422 =1
Vi du 3. Cho x,y,z la céc sb thuc khdng am. Chang minh:
a) x>+ y3+2823xyz.

3,3, .3
3
b) MZXW +Z|(x—y)(y—z)(z—x)|.

3
c) x3+y3+23—3xy222[%—xJ .

Léi gidi
a) Bat dang thirc d cho twong dwong véi:

(x+y+z)(x2+y2+22—xy—yz—zx)20

@%(x+ y+ z)[(x— vy +(y-2)° +(z—x)2}20
Bat dang thirc dugc chimg minh. Pang thirc xay ra khi va chi khi x=y=1z.
b) Bét dang thic da cho tuong duong voi:

SO0y +2) =y + (y=2) + (2= [ glx-y)(y-2)(z-x) |
e ((x+y)+(y+ z)+(z+x))[(x—y)2 +(y—z)2+(z—x)129|(x—y)(y—z)(z—x)|

Chi y x+y=|x—y|;y+z=|y-z[;z+x>|z-X va st dung bat dang thuc da

chirng minh dwoc & cu a) ta cé
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(x+y)+(y+z)+ (z+x 2|x—y|+|y—z|+|z—x|23§/|(x—y (y—2)(z—x)|
(x= 9 +(y=2)° +(2-x) > 3=y y= w\ix)zl

A 7 X

Nhan theo vé hai bat dang thu kjtren ta c6 diéu phai chimg minh. Bang thic xay
ra khivachi khi x=y=1z.

y+2

c) Theocaua)tacd x>+ y3+z2—3xyz >0, do d6 néu —Xx <0 bét ding thirc

ludén ding.
+ Nguoc lai xét y+72-2x>0< (y—x)+(z—-x)>0.
Dit y =2a+ X,z = 2b+ x bt dang thic tro thanh

12x(a2 —ab+ b2)+ 6(a+b)(a—b)’>0.

Bt d&ing thirc diing vi a+b=%—x>o.

Ding thuc xay ra khi va chi khi a=b=c hoic b=c,a=0.
Bai tap twong tuw

Cho a,b 12 hai s6 thuc khac 0 thoa man diéu kién ab > l+%+ 3.
a

Ching minh rang ab >

)

Vi du 4. Cho x,y,z la céc sb thuc duong ching minh
3(x2+xy+y2)(y2+yz+22)(22+zx+x2)2(x+y+z)2(xy+yz+zx)2.
Loi gidi
Chay x%+xy + y? 3(x+y) i(x—y)2:>x2+xy+y22%(x+y)2.

y2+yz+222%(y+z)2;22+zx+x22%(z+x)2

Do dé (X% +xy+ y2)(y? + yz + 22)(22 + 2x+ x?) 2§(x+ y)z(y+ z)z(z + x)2 .
Ta chi can ching minh

[(x+y)y+2)(z+ x)]2 > %[(x +y+2)(Xy+yz+ zx)]2

< (x+ y)(y+z)(z+x)zg(x+y+z)(xy+yz+zx)

= x(y—z)2 + y(z—x)2 +z(x—y)2 >0
Bat dang thuc cubi dung. Ta cé diéu phai ching minh.
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Vi du 5. Cho a,b,c |a céc s6 thuc duong thoa man didu kién 0<a<b<c<l1.
Tim gid tri lon nhét caa bicu thic P =(v/a ++b)c—(a+b)vc.
Loi gidi
Taco

Pz(\/5+\£)c—(a+b)\/6=\E(\/Eﬂ/g—a—b)s\/gh/ﬁ—a—b

< a+\5—a—b=—(f—%j2—(ﬁ—%)i%s%

Ding thuc xay ra khi va chi khi c=1a=b =%.

3) Ky thudt thém bét hang sé

Viéc cong hoic trir hai vé cua bat ding thire cho mot s6 nao d6 1am lwoc bo di
phan phuc tap cua bét ding thc.
Vi du 1. Cho x,y,z la cac sb thuc khéng am thoa man diéu kién x>y >z. Chimng
minh rang
Xy +YZ+2X  X+2

) yi+yz+z> y+z
b) x3/+yz+z>§Z . (X+Z)(Y+Z) -
XTHXy+YS (x+2) +(x+z)(y+2)+(y+2)
Loi gidi

a) Bat dang thirc d cho twong dwong véi:
Xy +yZ+2X y2 +yz 4122
X+z  y+z

2 2
SRy yzazt
X+ 2 y+1z

x 72

o>
X+2 y+12

Bat ding thic cudi dang. Ping thuc xay ra khi va chi khi x=y =z hoic

z=0,x=y.

o[x(y+2)-2(x+2)]20< z(xy—22)20

b) Bét dang thic da cho tuong duong voi:

(x+z)2+(x+z)(y+z)+(y+z)2 _1Z(x+z)(y+z)
X% +xy + y? Xy + YZ + 2X
2

-1

3z(x+y+1) z
= >
X2 xy+y2 XY+ YZ+ X

<:>z[3(x+y+z)(xy+ yz+zx)—z(x2+xy+ yz)}zo
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Bat dang thuc cubi dung vi
3(x+y+2z)(xy+yz+2x)23(x+y)[ z(x+y)]=3z(x+ y): > z(x2 +Xy+ y2) .
Bt dang thire duoc chirng minh. Dang thirc xay ra khi va chi khi z=0.

4) Ky thudt bién déi véi bét ding thirc chita cin
+ Phép binh phuong hai vé duoc wu tién.

+ Can ching minh /A + /A, +..+ /A, 2b +b, +..+b,.
Ta c6 dé chung minh (/A = /b + ¢ zﬁ:bl.
R&i cong lai theo vé cac bit ding thirc trén ta c6 dpem.
Vi du 1. Chting minh véi moi sb thyuc x,y cliing dau va sé thuc k, ta ¢6
x/k2+x+\/k2+y2k+\/k2+x+y :
Loi gidi
Bat dang thire da cho twrong duong véi

k2+x+k2+y+2\/(k2+x)(k2+y)22k2+x+y+2k\/k2+x+y

e\/k4+k2(x+y)+xy2k\/k2+x+y & xy=0
Bat dang thuc cubi dung ta co dpem. Dang thirc xay ra khi va chi khi hogc x
biang 0 hoic y bang 0.

Bai 2. Chting minh rang véi x,y 1a hai s thuc khong &m thoa man x +y >1, ta ludn

co \/x2+x+4+\/y2+y+4s2+\/(x+ y)2+x+ y+4.
Loi gidi
Bat dang thire da cho twong duong véi

x2+y2+x+y+8+2\/(x2+x+4)(y2+y+4)s

4+4\/(x+ y)2+x+ y+4+(x+ y)2+x+ y+4.

<:>\/(x2+x+4)(y2+y+4)SXy+2\/(x+ y)2+x+ y+4.

<:>(x2+x+4)(y2+y+4)5x2y2+4xy\/(x+y)2+x+y+4+4[(x+y)2+x+y+4]

<:>xy[4\/(x+y)2+x+ Y+4+X+ y—Y}ZO(luéndﬁngdo X+y=1).

Téng quéat. Tuong tu ta c6 cac bat dang thirc cuing dang sau
+ Vi moi sb thuc khdng am x,y ta ludn co

N +\/y2+y+k2 £k+\/(x+ y)2+x+y+k2 :
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Ding thuc xay ra khi va chi khi x=0hoic y=0.
+ V&i moi so thuc khong &m ta lubn co

\/x2—x+1+\/y2—y+1£1+\/(x+y)2—x—y+1.

Ding thuc xay ra khi va chi khi x=0hoic y=0.
+Vl+a+l+b>1+V1+a+b,(ab>0;ab>-La+b>-1).
5) Kj thugt ddnh gid phan thiic

Str dung danh gia co ban: A> B>O:>%<%.
Vi du 1. Chang minh rang véi moi a,b,c duong ta c6

1<a+b+c<2.

a+b b+c a+c
Loi gidi
. 1 1 a a
Tacé: a+b<a+b+c=> > = > @
a+b a+b+c a+b a+b+c
Tuong tu ta COZL> b , c . ¢ 3
b+c a+b+c a+c a+b+c
Cong vé theo vé cac bat dang thirc (1), (2), (3), ta duoc :

a b c
+ +

>1 (%)
a+b b+c a+c
Taco: a<at+b= o < 2*C (4
a+b a+b+c
Tuongtu:L< a+b (5), ¢ . c+b (6)
b+c a+b+c c+a a+b+c

Cong vé theo vé cac bat dang thic (4), (5), (6), ta duoc
a b c
+ +
a+b b+c a+c

< 2 (**)

Tir (*) va (**)  ta duoc: 1<—>—+—"+—C <2 (dpom)
a+b b+c a+c
Vi du 2. Cho a,b,c |a céc sb thuc khdng am thoa man diéu kién
a b c
+ + =
1+bc 1+ca 1l+ab
a b c 3
+ + >,
l+a+bc 1+b+ca 1l+c+ab 4
Loi gidi

Ching minh rang

bat x= a vy = b 2=
1+bc l+ca l+ab

=>X+y+z=3.
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Ta cin ching minh ——+ Y4 2 >3
1+x 1+y 1+z 4
Chuy X
1+X 1+X+y+z
y o y

1+y 1+X+y+z
z z
>
1+z 1+x+y+z

Cong theo vé ba bat ding thirc trén ta c6 didu phai ching minh.
Ding thirc xay ra khi va chi khi c6 mot s6 bang 3 va hai s bang 0.
Vi du 3. Cho a,b,c & céc s6 thuc khdng &m c6 tong bang 1. Ching minh

1+a® 1+b? 1+c* 7
2 T 2T 255
1+b° 1+c¢° 1+a° 2
Loi gidi
Ta thdy dau bang dat tai khi mot s bang 1 va hai s bang 0.

Vay gia sir a=max{a,b,c}. Khi d6 ta manh dan danh gia 1+b? >11+c* >1.

2
Taco 1+b? 21:>1+a2 <1+a’

1+b
1+b?
2

1+¢%2>1= <1+b?

1+c

2
+C
5 <2+a’+b*+c?+

Suyra P<2+a®+b?+ >
1+a l+a

1
1+a

<2+a’+(b+c) +——=2+a’+(1-a) +——

l+a

Ta chi can ching minh 2+ a% +(1-a)’ +

<!

1+a? 2

& (a-1)(4a° +3a-1)<0

Bat dang thuc cudi ludn dung nén ta c6 dpem. Pang thirc xay ra khi va chi khi

a=1b=c=0hoac cac hoan vi.

1+a% 1+b% 14+cK
+

Chl'y. Bang cach twong ty ta chimg minh duoc + <
1+b% 1+ck 142

’
>

Véi k 12 s6 nguyén duong.
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Vi du 4. Cho x,y,z la c4c sb thyuc thoa man diéu kién x,y>-1x+y+z=3.

) ) X2 y2 -1
Tim gia tri I6n nhat caa biéu thac P = +

x2+y2+4(xy+1) 224745

Loi gidi
Trudc hét danh gia hai mau s ¢ hai phan thac bang cach thay z=3-x—y.

Ta ching minh x® + y® +4(xy +1)>z* —4z+5

X +yt+axy—(3-x—y) +4(3-x—y)-1>0

S 2(x+y)+2xy+220< (x+1)(y+1)=0
Bat dang thire dung.

24y -1 (x+y) -2xy-1
VéytacéPsX+y 1=( 3) iy
2°-4z+5 2°-4z+5
Chiy. xy>-1-x-y=z-4;x+y=3-2z.

Khido P< (3_2)2 _2(2_4)_1_ 72 -87+16 _ (22—3)2

= +5<5.
72 -47+5 72 -47+5 72 -47+5
3 x+y=E
Z=— 5 3
2 5 x_—l,y:E,z=E
Dau bang dattai {Xx+y+z=3{xy=— < . 3
=7-4 X=—,y==-1z=—
=z .3 2" 2
2
6) Ky thudt ddnh gid bat ding thic c6 chira ddu gia tri tuyér doi
Sir dung hai bat dang thirc quen thudc: |X| +]y| =[x+ y[;|x| -|y| <|x- ]| .

Chu y. Tu duy dau tién 1a khir ddu gié tri tuyét d6i mudn vay ta xét truong hop.
Vi du 1. Chang minh véi moi s6 thuc a,b,c ta c6
|a]+|b| +[c|+|a+b+c|>|a+b|+|b+c|+[c+al.
Loi gidi
Trong ba s a,b,c c6 it nhit hai sé cting diu khdng mit tinh téng quét gia sir 1a a
va b khi d6 [a]+|b] =[a+b|.

Vay ta chi can chung minh [c|+|a+b+c|>|b+c|+|c+3]

e c?+(a+tb+c) +2lc(c+a+b)>(atc)’ +(b+c)’ +2|(a+c)(b+c)
e ab+[c(c+a+b)|2|(a+c)(b+c)=|c(c+a+b)+ab)

Bat dang thire cudi luén ding (dpem).
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Vi du 2. Cho x,y,z la c4c sb thuc d6i mot khong dong thoi bang 0. Ching minh

L )2 @)
(x2 + yz)(y2 +22)(z2 +x2)

Loi gidi

Taco ‘xz—y‘<‘x2+y‘c> yz)zs(x2+y2)2c>4x2y220

-y -2)e )
‘x +y y +22)(22+x2)‘
(Xz_yz)(yz_zz)(zz_xz) 1
<
(x2+y2)(y2+22)(22+x2)_
Bat dang thire dugc ching minh.
Vi du 3. Cho a,b,c |a céc sb thuc khdng am ching minh

Tir d6 suy ra

< -1<

3¥abc +|a—b|+|b—c|+[c—a|>a+b+c.
Lo gidi
Khong mat tinh tong quét gia sir a>b > ¢. Khi d6 bat ding thirc tuong duong voi:
3¥abc +(a—-b)+(b—c)+(c—a)>a+b+c

c>a—b—3c+3\3/abc20©(a—b)+3%(%—§/07)20

Bat dang thirc cudi ludn dung va ta c6 dpem.

Bait p twong ta
Cho a,b,c 1a c4c sb thuc duong thoa méin didu kién

3¥abc +|a—b|+|b—c|+[c—a|=
Chting minh ring a+/bc +b+/ca +c/ab s%.

Vi du 4. Cho x,y,z la cac sb thuc chitng minh

|x—y|+|y—z|+|z—x|22\/x2+y2+22—xy—yz—zx :
Loi gidi
Khong mat tinh tong quét gia st x > y > z. Bét dang thirc tro thanh

2

= 2(x—z)2\/2[(x—y)2 +(y-2)? +(z—x)2}

(x—y)+(y—z)+(x—z)22\/%(x—y)2Jrl(y—z)z+%(z—x)2
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<:>4(x—z)2 22[(x—y)2 +(y—z)2 +(z—x)2}
<:>(x—z)2 z(x—y)2 +(y—z)2
<:>[(x—y)+(y—z)]2 2(x—y)2+(y—z)2 < 2(x-y)(y-2)=0

Bat dang thirc cudi ludn ding ta co dpem.
Vi du 5. Cho n sé thuc x;,%,,..., X, (véi n>3). Ching minh

LXKtk Xy +|x1—x2|+|x2 = X5+ Xy = X+ [X0 = % |

Max{ Xy, Xp, ..., Xy |

n 2n
Loi gidi
Cha y. Vi hai sé thuc x,y bat ky ta ludn c6
min{x,y} <x,y<max{x,y}va max{x,y} :%M .
St dung max{x,y} = w ta duoc:

Xt Xtk Xy X = Xo| + |Xp = Xa| + wee X g = Xo| + %, =X
n 2n
_ x1+x2+|x1—x2|+x2+x3+|x2—x3|+ +xn+x1+|xn—x1|
2n 2n 2n
max { X, X, | +max{X,, X} +...4+max{x,_y, X, | +max{x,, x
- %} U %} Ut %o 1 1}smax{xl,x2,...,xn}
n
Bai toan dugc ching minh. DAu bang dat tai chang han x =X, =...= X, .
7) Ky thudr dat an phu
V6i bt dang thirc ddi xtng hai bién ta c6 thé dat u=a+b;v=ab.
Véi phan thire ta c6 dé dat cac mau s6 1a cac bién méi.
Vi du 1. Chiing minh rang véi moi a,b duong, ta c6
a’h?(a” +b’ —2)2(a+b)(ab—1).

Loi gidi
Piat a+b=2u,ab=v?,v>0. Khi d6 bt ding thirc tuong duong voi:
a’b%(a® +b%-2)>(a+b)(ab-1)
& a%?| (a+b)” ~2ab-2 > (a+b)(ab-1)
<:>v4(4u2 —2v? - 2)> 2u(v2 -1

o vl -2 —Du-vH(v2 +1)>0
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v2 —1+\/(v2 —1)2 +8v8(v2 +1)
v '

Diéu nay ching to u >

a+b , Y ) .
>+/ab =v do d6 ta chi can ching minh:

Mat khac u =

2 2 2. B2
-1 -1 8 1
v v 4)4 VD V12D sv+1)20
v
Bat dang thuc cubi dung. Dang thirc xay ra khi va chi khi a=b=1.
Vi du 2. Cho a,b,c Ia céc sb thuc dwong ching minh rang

) 2,2 )
X -1z —-X° -
+y + y >0.

y+2 Z+X X+Yy

Loi gidi
Dit a=x+Yy,b=y+z,c=z+xkhi d6 vé trai cua bat dang thuc 1a

(a—b)c+(b—c)a+(c—a)b:a_b+5 @ . pc

b c a c a b
2 2 2
1( [ab \/R 1 \/R [ca) 1 \/a [ab
=2 = = A2 =2 2 === 20
2V ¢ a 2|V a b 2|V b c
Bt dang thire duoc ching minh. Dang thirc xay ra khi va chi khi x=y =z.
Vi du 3. Cho a,b,c |a c4c s6 thuc dwong thoa man didu kién a+b+c=3.
4 4 4 a b c
7+ 7t 7> + + :
(a+b)’ (b+c)’ (c+a)® b+c c+a a+b

Léi gidi

Ching minh rang

O T o
Il

W w w
|

X N <

a+b=x
bat <b+c=y do a,b,c>0vaa+b+c=3nén x,y,z>0 va

c+a=12

Khi d6 bét dang thic tré thanh: i3+

Bat dang thire cudi ludn ding, tir d6 ta c6 dpem.
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8) Ky thudt sir dung phép thé
Tir bai toan c6 diéu kién tir hai bién trg Ién ta rt mot bién theo céc bién con lai
roi thay vao bat dang thirc can ching minh.
+ Dang nay toan néu c6 can két hop danh gia mot s6 1a max hoic mot sé 1a min.
Vi du 1. Cho a,b,c |a céc sé thuc khdng am thoa man diéu kién ab+bc +ca=1.

Ching minh rang a+b+c+ Sabe 5.
Loi gidi
Khéng mat tinh tdng quat gia st c>b>a.
Thay c=12® phai chang minh a+b+ 1= 5ap 17 55
a+b a+b 3(a+h)

& ab(2-5ab)+3(a+b-1)°>0

Bat dang thire hién nhién ding vi ab < %

9) Ky thudt danh gid theo cap
Ap dung vai dang tich bét dang thie dang tich.
Vi du 1. Cho ab,c 1a cac s thyc thugc khoang (0;1) . Ching minh rang
(a—az)(b—bz)(c—cz)z (a—bc)(b-ca)(c-ab).
Loi gidi
a-hc>0

Khong mét tinh tong quét gia st a > b > c. Khi d6 do a,b,c€(0;1)= {b 0
—ca>
Néu ¢ —ab < 0bét ddng thtc lubn ding.

Néu c—ab>0khi d6 ta chang minh vbc (1-a)>,/(b—ac)(c—ab).
That vay vhbc (1-a)>/(b—ac)(c—ab) < bc(1-a)* > (b—ac)(c—ab).

=N bc(a2 —2a+1) >he —ab? —ac? +a%bc < a(b—c)” = 0 (ludn ding).

Jac(1-b)>./(a-bc)(c—ab)
Tuwong tu ta co: .
Jab(1-c)>,/(a-bc)(b-ca)
Nhan theo vé 3 bit ding thirc trén ta c6 didu phai chirng minh.
Ding thirc xay ra khi va chi khi a=b=c.
Vi du 2. Cho a,b,c 1a cé4c sé thuc duong théa mén didu kién a+b+c=1. Ching

minh ring 8a’bc? > (a—bc)(b—ca)(c—ab).
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Loi gidi
a—-bc>0

Khong mét tinh tong quat gia sir a>b > ckhi d6 do a,b,ce(0;1)= {b 0
—ca>

Néu ¢ —ab < 0bét ddng thtc ludn ding.

Néu ¢ —ab > 0khi d6 ta ching minh 2ab> . /(a—bc)(b—ca) .

That vay 2ab>./(a—bc)(b-ca) < 4a’b® z(a—bé':(b—ca).

& 4a’b? > ab-a’c —b%c +abc? < 4a’b? +c(a2 +b2)—ab(c2 +1) >0

& 4a%? +c(a-b)? +ab(20—c2 —1)20@ 4a%h? +c(a-b)’ —ab(c-1)° >0

= ab[4ab —(a+b)2} +c(a-b)’ >0 (c—ab)(a—b)’ >0(ludn dung).

Tuong ty tacd 2bc > ,/(b—ca)(c—ab);2ca>,/(c—ab)(a—bc).

Nhan theo vé 3 bat dang thirc trén ta c6 ngay diéu phai chimg minh. Dang thic

xay ra khi va chi khi a:b=c=%.

10). Ky thugt si dung tinh thuan nht
Dua bét ddng thuc vé dang ddng bac s& d& xir Iy hon(xem thém chwong 3).
Vi du 1. Cho a,b,c 1a cac s thuc thoa man diéu kién a? +b? +¢? =3.
Chtng minh rang a®(b+c¢)+b*(c+a)+c*(a+b)<6.
Lo gidi
Bat dang thire da cho tuong duong voi:
2
a3(b+c)+b3(c+a)+03‘(a+b)s%(a2 +b? +cz)
& 2(&4 +b* +c4)+4(azb2 +b%c? +cza2)23ab(a2 +b2)+3bc(b2 +cz)+3ca(c2 +a2)
Bat dang thirc trén 1a tong cua ba bat dang thuc c6 dang:
a* +b* +4a%h” ~3ab(a” + bz)z(a—b)4 +ab(a-b)?
=(a—b)2(a2 —ab+b2)20
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
11) Bién doi ham lwong giac
Vi du 1. Ching minh v&i moi sb thuc x ta cd cos(sin x) > sin(cos x) .
Lo gidi

Bat dang thirc da cho twong duong véi: sin (% —sin xj —sin(cos x) >0



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

T . T .
——SIN X+ COSX E—SIHX—COSX

< 2008 2 .sin >0.
2 2

Bat dang thic cudi ludn dung do

sin(x—%)sﬁ;|sinx+cosx|=\/§ <2.

lsinx —cos x| =+/2

. T
sin| X+~
( 4)

T 2 T _sinx—cosx Z4+2 -
Vi viy 0<-2 <2 <2 <Z
2 2 2
Z_J2 Z_sinx—cosx Z++2
0<2 Sz SZ < —
2 2 2 2

Bat dang thire dugc ching minh.

B. BAI TOAN CHON LOC
Bai 1. Cho x,y, 7 la céc sb thuc duong thoa man diéu kién x<y<z.
Ching minh rang y(1+1j+l(x+z)s(l+i)(x+z).
X z)y X z
Loi gidi
2
(x+2) . y(x+z)Jr X+ 2

BDT tuong duong voi: >
Xz Xz y

Sy(x+z)zy?+xe Yy -y(z+x)+ x<0e (y-x)(y-2)<0
Bat dang thic cudi ding vi 0< x<y<z.
Ta c6 diéu phai ching minh. Bang thuc xay ra khi va chi khi x=y=z.
Bai 2. Cho x,y,z 1 c4c sb thyc duong thoa méan diéu kién x>y > z. Chirng minh
x(x2 + y2) N y(z2 + x2) N z(y2 + 22)
X+Yy Z+X y+z

>x2+y2+22.

Loi gidi
Bat dang thic da cho twong duong véi:

xy(y—x)( 11 j+y2(y—2)( 11 jzo
X+y (x+z x+y Y+Z X+12
Xy(x=y)y-2) yz(x-y)y-12) _ 4
(X+y)(x+2) (x+z)(y+2)
Ta c6 diéu phai ching minh.
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Bai 3. Cho x,y,zla cac s thyc thuoc doan [0;1]. Tim gié tri lén nhat cua bicu
thac P = 2(x3 + y3 + 23)—(x2y+ yzz + zzx) :
Loi gidi

2 3 2 .53 2

Taco X,y,ZE[O;l]:>X3SX <Xy <y <y;z°<z°<z.

Tir d6 suy ra 2(x3+y3+23)3x2+x+y2+y+22+z.

P<x+ y+z+x2+y2+22—(x2y+ y22+22x).
Ta chang minh x + y+z+x2+y2+zz—(x2y+ y22+22x)£3.
x2(1—y)+ y2(1—2)+22(1—x)+x+ y+2z-3<0
o (x2 —1)(1— y)+(y2 -1)(1- z)+(z2 —1)(1— x)<0-
Bat dang thuc cuoi dung do
(x*-1)(1-y)<0;(y* ~1)(1-2) <0;(2* ~1)(1-x) <0
Vay gié tri I6n nhat cia P bang 3 xay rakhi x=y=1z =i.
Bai 4. Chang minh rang véi moi s6 thuc khéng am a,b,c ta cé
a +b*+c* +abc(a+b+c)> Z(azb2 +b%c? +02a2).
Loi gidi
Khong mat tinh tdng quat gia st a>b>c. Khi dé ¢ ( a)(c—b)>0va
a’(a-b)(a-c)+b?(b-c)(b—a)=(a-b) a*(a—c)-b?(b-c)]
> (a-b)[a? (b-c)-b2 (b-0)
=(a-b)(b-c)(a*~b*)=0
Bat dang thirc dugc chimg minh. Pang thac xay ra khi va chi khi a=b=c.
Nhgn xét. Bay la mét truang hop riéng cua bit ding thirc Schur. Véi ab,c la cac
so thyc khdong &m va k >0 ta ludn co
a*(a-b)(a—c)+b*(b-c)(b—a)+c*(c-a)(c-b)>0.
Bai 5. Cho a,b,c >0 thoa man diéu kién a+b+c=1.

2 2 2
Tim gia tri 16n nhat ctia biéu thirc P:\/a+(b_40) +\/b+(c_4a) +\/c+(a_b) .

Loi gidi
Chuyén mdi biéu thirc trong can vé cting bac hai ta c6 :
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(b-c)

=a(a+b+c)+

2 2 2
4
:<512+a(b+c)+(b+c)4 bc:(a+bgcj —bcs(a+b—zcj :

b_ 2
Suy ra a+(\/4c) _a+b+c

Tuong tytacod:

Cong theo vé 3 bat dang thirc trén ta duoc

Vay gia tri I6n nhit cua P bang 2 dat tai a=b=0, ¢ =1 hodc cac hoan vi.
Nhan xét. Ta c6 thé tng quat thanh bai toan nhu sau :
Cho a,b,c,k 1a c4c sb thyuc khdng am thoa man a+b+c =k. Ching minh rang

\/ka+%+\/kb+@+\/kc+¢32k.

Bai 6. Cho a,b,c 1a cac s6 thuc khong &m théa mén diéu kién a+b+c=1.
Ching minh rang \/a+(b—c)2 +\/b+(c—a)2 +\/c+(a—b)2 > /3.
Lo gidi
Khong mat tinh tong quét gia str a>b > ckhi d6 :
Str dung bat dang thirc Mincopsi ta ¢6 :

\/a+(b—c)2 +\/b+(c—a)2 +\/C+(a—b)2 >
\/(6+£+J6)2+[(a—b)+(b—c)+(c_a)]2
=\/(\/§+\/B+\/6)2+4(a—c)2 .

Bit ding thire dugc chitg minh néu ta chitng minh duoc bat ding thirc sau dang.

(\/E+\/5+\E)2+4(a—c)2 >3(a+b+c)
ea(a-cfz(va-b) +(vb-c) +(Ve-Va) .
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[(Va—b)+(vB V)| =(Va-vb)" +(vb-Ve)’ +2(a-B)(+b - V)
>(Va-vb) +(vb-e)’
= (Ve -a) z(va-b) +(Vb-e)

suyra (va-vb) +(Vb-c) +(Ve-va) <2(Ve-a) .

Mat khac :

4(a—cy’ ~2(Vo—va) =2(Va- ﬁ)z'z(ﬁwa)z_l}
~2(Va-e) [2(a+c)-1+4Vac |
~2(va—e) [2a+c+c-1+4vac |
>2(va-e) [a+b+crc-1+4/ac]
=2(Va-e) [c+4vac |20

Bai toan dugc ching minh. Bang thuc xay ra khi va chi khi a=b=c =%hoéc
a=1b=c=0vacac hoan vi.
Bai 7. Cho a,b,c 1a cac s thuc duong théa méan diéu kién a+b+c=3.
Chittng minh rang Z(azb2 +b2c? +cza2)+3§3(a2 +b? +02).
Loi gidi
Khong mét tinh tong quét gia sir a=min{a,b,c} = a<1.
Taco 2(a2b2 +b%c? +czaz)+3—3(a2 +b? +cz)s 0
< (2a% -3)(b? + )+ 2b%c” +3-3a” <0
& (2a% -3)(b+c)” +2b°C* +2(3-2a% |bc +3-3a” <0

& P=(2a”-3)(3-a)" +2b°c +2(3-2a” |bc +3-3a” <0.

2
Taco bc<£b;CJ (?’_Ta] Via<l=3-2a%>0dodo



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

P<(2a®-3)(3-2)" + 2.[3_7""]4 + 2(3—2a2)(3_7aj2 +3-3a2

zg(a—l)z(saz ~14a-1)<0

Vi 3a® -14a-1=3a(a-1)-11la-1<0,vae(0;1].
Bai toan dwgc ching minh. Déng thirc xay ra khi va chi khi a=b=c=1.
Bai 8. Cho cac sb thuc a,b,c e [0;1] thoa man a+b+c =g .
Tim gia tri 16n nhat va gia tri nhé nhét ciia biéu thic P = COS(a2 +b? +c? ) .
Loi gidi
r
>
Vay P 16n nhét( nhé nhat) khi a2 +b? +¢2 nho nhat (16n nhat)

Do a,b,c [0;1]nén 03a2+b2+c23a+b+c=g<

- Tim gi4 tri nhé nhit ciia a? +b? +c?.
. 1 : \
Tacé a+b?+c? >=(a+b+ C)2 =%. Suy ra GTLN ctia P bang COS% ; Xay

ra khi a=b=c=1
2

- Tim gia tri 16n nhat cua a +b? +c2.
Giésﬁagbgc:a+b+c=2330:>02%.
3 ¥ 5
Vay a2+b2+cz:(a+b)2—2ab+c2s(a+b)2+cz=c2+(5—cj <7
Do (c-1)(2c-1)<0
Suy ra GTNN cuaP béng COS% ; xay ra khi(a,b,c)= (0,0,%) hodc cac hoanvi.

Bai 9. (TSPH Khéi D 2008) Cho X,y la cac sb thyc khong am.

Tim gié tri 16n nhét, gia tri nho nhat cta biéu thirc P:M.
(x+1)"(y+1)
Loi gidi
Taco:
o (eyo) () (o) xyar oy

(x+12(y+1°  (x+1)?(y+1)° (x+1)°(y+1)®  (x+1)° (y+1)?
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Vi x,y20 taco: 0<—* <. . L
(x+1)° 4 (y+1)} 4

Suy ra gié tri I6n nhét caa P bang % dat tai x=1,y =0va gia tri nho nhat cua
1 .
P . dattai x=0,y=1.

Céch 2 : Ta c6 danh gia thong qua trj tuyét d6i nhu sau :

pl| o) | [ o] eeysaon? 1
(14 x)? (1+y)\ (L)’ (L+y?) a@ex) (Ley) 4

Do d6 7 <P< 7 Ta c6 két qua twong tu.
Bai 10. Cho a,b,c > 01a cac s6 d6i mot khac nhau. Chirng minh rang

(ab+bc+ca) L 5+ 1 5+ 1 5 |>4.
(a-b)” (b-c)” (c-a)
Loi gidi
Gia sir c=min{a,b,c}, khi d6 do a,b,c>0 tasuy ra: ab+bc+ca>ab

1 1.

(b-cy b2’
1

Vay ta chi cAn chimg minh : ab ;ZJriz iz >4,
(a=h)” b° a
ab a

2
o E—4>0<:> ab 2+(a_b) -
a b ab

Bai toan duqc chirng minh. Xem thém chuong 3

Bai 11. Cho cac sb thuc thoa man diéu kién a,b,c>0 va

OlH

QJIF—‘
[« 2 V)

Tim gi tri nho nhét cita biéu thire P =240 4 S*P
2a-b 2c-b
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Lo1 gidi
, 2ac N S .
Ta cd b=——thay vao biéu thuc cua P ta dugc :
a+c
a4 2ac ot 2ac
p-—4a+C ,_ ad+C =a+3c+c+3a=1+§(i+£j24.
90gq_ 28C 5. _ 2ac 2a 2c 2lc a
a+c a+c

(dtng theo AM-GM).
Vy gia tri nho nhat cia P bang 4 dattai a=b=c.
Bai 12. Cho céc s thyc a,b,c €[1;3] théa mén diéu kign a+b+c=6.
Tim gi4 tri 16n nhét cua biéu thic P =a? +b? +¢2.
Lo gidi
bat a=x+Lb=y+Lc=z+1Lx,y,2€[0;2].
Khi d6 P =a?%+b? +c? =(x+1)2 +(y+1)2 +(z +1)2
=x*+y?+ 2% +2(x+y+2)+3
=(x+ y+z)2—2(xy+ yZ+2X)+2(X+y+2)+3
=—2(xy +yz+12x)+18
Tu x,y,z€[0;2] = (2-x)(2-y)(2-2)=0
& 8—4(x+y+2)+2(xy+yz+2x)—xyz>0
= -2(xy+yz+2x)=—4—xyz<—4 do xyz>0
Tir do suy ra P <—-2(xy+ yz+2x)+18<14
Diéng thirc xdy ra khi va chi khi (a,b,c)=(12,3)hofc cic hodn vi
Chay. Pit a=x+Lb=y+1c=2z+1 dé ching ta tin dung tich xyz >0
Bai 13. Cho cac s6 thyc a,b,c [0;1].

Chimg minh ring ! + L + 1
2-a 2-b 2-c

Loi gidi

>3abc.

Taco: (a—1)220:>a(2—a)31:> 21 >a.

‘ -

Zb;LZC.

2-b 2-¢C
Cong theo vé cac bat dang thirc trén ta dugc:

Tuong tutaco:
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1 1
+ +
2-a 2-b 2-c
Ding thirc xay ra khi va chi khi a=b=c=1.
Bai 14. Cho cac s thyc a,b,c€[0;1] va a+b+c=0.
1 1 5
+ + < .
ab+1 bc+l ca+l a+b+c
Loi gidgi
Do bét dang thirc ddi xung voi ba bién nén khong mét tinh tong quat ta gia sir
1>a=b>c=>0.
c , a b Sa+b+cS1+b+c+(1—b)(1—c)+bc=2
ab+1 bc+1 ca+1 bc+1 bc+1

Mt khéc a+b+b+c+c+a: a+b 14 b+c_1 N c+a_1 13
ab+1 bc+l ca+l (ab+1 bc+1 ca+1

_(l— a)(1-b) B (1-b)(1-c) B (1-c)(1-a) L3<3
ab+1 bc+1 ca+1
Cong theo vé cac bat dang thirc trén ta suy ra diéu phai chirng minh.

Déng thirc xay ra khi va chi khi a=b =1,¢ =0hodc cac hoan vi.

>a+b+c>3%abc >3abc do abc<1.

Chtng minh rang

Khi do6

Bait p twong tu

Cho a,b,c 1a céc s6 thuc thude doan [0;1] va a+b-+c>0.
5 ab bc ca
+ + + :
a+b+c 1+ab 1+bc 1+ca
Bai 15. Cho cac s6 thuyc khéng 4m a,b,c. Chirng minh rang
a®+b? +c® > 4(a+b+c)(a-b)(b-c)(c-a).
Loi gidgi
Khong mit tinh téng quat ta gia sir b ndm giita a va ¢, ta xét hai truong hop
- Néua>bh>c=VT >0>VP, taco dpcm.
- Néu c>b>a, khi d6 vé phai
VP =4(a+b+c)(a-b)(b—c)(c—a) =4(a+b+c)(b-a)(c—b)(c-a)

<[(a+b+c)(b-a)+(c—b)(c-a)]’

Tim gid tri nho nhét cua biéu thac P =

Ta chi can chimg minh (a+b+c)(b—a)+(c—-b)(c—a)< a? +b?+c2.
That vay bat dang thirc nay tuong duong véi —a(2a +2Cc— b) <0, ding va ta

c6 dpem.
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C. BAI TAP REN LUYEN
Bai 1. Chting minh rang véi moi s6 thuc khéng &m a va b ta c6

(a+ b)(a2 + b2) >8ab(a+b)-12ab-/ab .
Bai 2. Cho a,b,c 1a d6 dai ba canh mét tam giac thoa man gb <c¢. Chuang minh
(a+b-+c)’ <9bc.

2 —_ Ny
Bai 3.Cho ae(0;7),xeR;y = X czosa 2x+ cosa . Chttng minh rang —1<y <1.
X —2xcosa+1

Bai 4. Cho x,y,z la cac s6 thuc duong thoa mén diéu kién x>y >z.

2

y yz >X2+y +22

z X y

Chang minh rang =2

Bai 5. Choa, b, ¢, d, e 1a cac s6 thyc. Ching minh céc bat dang thuc
a?+b%+c?+d? +¢e? >a(b+c+d+e);
a’+b®+c?+d*+1>a(b+c+d+1)

Bai 6. Cho a,b,c la c4c sb thyc dwong. Chirng minh

3 b® c3 a+b+c

2 2732 2t 3 7= :

a“+ab+b° b +bc+c® c“+ca+a 3
Bai 7. Cho x,y la hai s6 thyc khong 4m khong dong thoi bang 0. Chirg minh

2 2
WZ‘IZXZ_}_Z)/Z .

2(x+y)

a

(x+ y)(x3 + y3)
(x2 + yZ)2
la+b| . |a|+ o
+|a+b|” 1+|a|+|p|

Bai 8. Cho x,y 1a 2 s6 thuc duong. Ching minh 1< <

| ©

Bai 9. Chang minh véi moi sb thuc a va b ta co

DAu bang xay ra khi nao?
N N N . , . 2 2 1 b
Bai 10. Cho a,b la cac so thyc va a khac 0. Chiing minh a“ +b +—2+—2 \/§.
a’ a
Bai 11. Chiing minh rang véi moi sé thue duong a,b.c ta co
2 W2 Q2
a, b +% sasbec.
b ¢ a
Bai 12. Chiing minh rang véi moi sé thuc a,b,c ta co

a*+b*+c*>abc(a+b+c).
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Bai 13. Cho a,b,c 1a do dai ba canh mét tam giac. Chang minh

Bai 14. Cho a,b,c 1a d6 dai ba canh mot tam giac thoa mén diéu kién a<b<c.
Chung minh ring a?’(b2 —cz)+b3(c2 —a2)+c3(a2 —b2)<0 .
Bai 15. Cho a,b,c 1a 6 dai ba canh mét tam gidc. Ching minh
a(b—c)’+b(c—a)*+c(a+b)’ >a’+b%+c°.
Bai 16. Cho a,b,c 1a 6 dai ba canh mét tam giac. Ching minh
2a%b? +2b%c? + 2¢?a® —a* -p* —c* > 0.
Bai 17. Cho x,y,z 1a céc s6 thuc duong 6 tich bang 1 va z=min{x,y,z}.
2
X+ 2 ' y+2 ( z+2j -
2x+1 2y+1\2z+1
Bai 18. Cho a,b,c 1a cac s6 thuc khéng &m thoa mén diéu kién ab+bc+ca=1.
1 1 5
+ P
a+b b+c c+a 2
Bai 19. Chang minh véi moi a,b,c 14 cac s6 thyc ta c6
a(<';1+b)3+b(b+c)3 +c:(c+a)3 >0.
Bai 20. Cho a,b,c 1a o dai 3 canh mot tam giac. Chirng minh
a) a + b + ¢ <2;
b+c c+a a+b
b) a® +b? +c® <2(ab+bc+ca);

a b c
c) + + <234 .
Yl Yal+c® Yd+ad

3 3 2 2
Bai 21. Cho a,b 14 cAc s6 thuc duong. Ching minh 32 Zb <& +E .
a-+

Ching minh rang

Chiang minh ring

Bai 22. Chiing minh rang véi moi sb thyc X, y thoa man diéu kién x+y >—1,|xy|< 2.
Tacod x3+y3>-7.

Bai 23. Cho a, b, ¢, d 1a céc sb thuc.
Chung minh ring (a2 +b2)(02 + dz)z (ac+bd )%,

Bai 24. Cho a,b 1a 2 s6 thyc khong dm. Chiig minh rang ta ludn c6

(az +b+§j(b2 +a+§j2(2a+1j(2b+lj.
4 4 2 2
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Bai 25. Cho x,y,z€[0;2] thoamadn x+y+2z=3.
Tim gi4 tri 16n nhét cua biéu thue P = x% + y? + 22,
Bai 26. Cho a,b,c la cac s6 thuc duong. Chirng minh

) 1+(b+cj <1+ [ﬁj
a 2\ a

a’ b3 c3
b) 3 3+ 3 3+ 3 321'
a +(b+c) b*+(c+a) c’+(a+b)

2a
c)
b+ a+b+c

d) \/ a +\/ +\/ ¢ >2.
b+c c+a a+b

| >

a as
\/ > N
a® +8bc a3 +b3 4¢3
f) a + b + ¢ >1.

Ja?+8oc b2+8ca +c?+8ab
Bai 27. Cho a,b,c la cac sb thuc d6i mot phan biét. Ching minh
2 2 2
a >+ b >+ ¢ 52 2
(b-c)” (c-a)” (a-b)

Bai 28. Ching minh rﬁng véi ba sb thue a,b,c ta ludn cé

(a2 +1)(b2 +1)(c2 +1) > (ab+bc +ca—1)°.

Bai 29. Cho x,y,z 1a cac s thye duong théa man x =max{x,y,z} .

Chuing minh x+l y+1 z+1 ﬁ+1+£.
y+1 z+1 x+1 vy z X

Bai 30. Cho x,y 1a hai s6 thuc duong thoa man diéu kién x+ 2y =1.

Chirng minh —+ ! >i
Xy 1+48xy

Bai 31. Cho a,b I3 hai s6 thuc khac O thoa man didu kién ab >~ +%+ 3.
a

Chang minh rang ab >

%)
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Bai 32. Cho a,b,c,d 1a céc s6 thuc thuge doan [0;2]. Chitng minh

a+b+c+d<+l+ab++1+bc++1+ca++/1+ad .
Bai 33. Cho a, b, ¢ la cac sb thuc thude doan [0;2]va a+b+c=3.
2 2 2
Tim gid tri 16n nhét va nho nhat cua biéu thac P _a+biact
ab+bc+ca

Bai 34. Cho a, b, ¢, d 1a cac s6 thyc thoa man diéu kién a® +b? +c% +d? =1.
Tim gié tri I6n nhét cta biéu thirc
P=a’(b+c+d)+b*(c+d+a)+c*(d+a+b)+d*(a+b+c).
Bai 35. Cho a, b, ¢ Ia céc s6 thuc thuge doan [1;3] thoa man didu ki¢n a® +b? +¢* =14 .

Ching minh (1—EJ(2+£) >-8.
a a

Bai 36. Cho a,b,c 1a cac s6 thuc khéng am. Chuing minh rang
a% +b? +c® +ab® +bc® +ca’ +9>5(a+b+c).
Bai 37. Cho a, b, ¢ la cac s6 thuc dwong. Ching minh rang
9(a3 +b®+¢? +abc)28(a+b+c)(a2 +b? +c2).

Bai 38. Cho a,b >0 thoéa min didu kién a? +b? =1.

2
Chﬁngminhrﬁfmgl+£22\/§+ \/g—\/E .
a b b a

Bai 39. Cho a,b,c >0 théa man diéu kien a? +b? +c? =§.

Chtng minh rang 1 + 11 < L .
a c abc

Bai 40. Cho a, b 13 hai s6 thuc théa man |al,|o] <1, ta ludn c6

1 1 2
+ > ,
1-a? 1-b®> 1-ab
Bai 41. Vi moi s6 thuc a,b >1ta ludn c6 1 ab _3

+ + <=.
a+l b+1 ab+1 2

Bai 42. Cho a,b,c €[0;1]. Ching minh ring a(1-b)+b(1-c)+c(l-a)<1.
Bai 43. Cho a,b,c >0 thoaman a<h<c.

Ching minh ring (a—b+c)(l—%+1J >1.
a c
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Bai 44. Cho cac sb thuc a,b,c thoa méan diéu kién a+b+c=1.
Tim gié tri nho nhét cua biéu thirc
P=va+ab+b? +yb?+bc+c? +/c +ca+a’.

(a2 +b2)(c2 +d2) 25

(ac+bd)® 12

Bai 45. Cho a,b,c,d thudc doan [1;2] . Ching minh ring
Bai 46. Cho x,y,z la céc s6 thuc. Chirng minh

3(x—y)2 B(y—z)2 3(z—x)2}.

x2+y2+22—xy—yz—zx2max{ , ,

4 4 4
Bai 47. Cho x,y,z la céc s6 thuc khéng am. Chirng minh
3 +y3 423 —3xyz 2%(x+ y+ z).max{(x— y)2 (y - z)2 +(z —x)z} :
Bai 48. Cho a,b,c 1a cac s6 thuc khong &m. Chang minh

22 Yabe < max|(Va - vB)5(VB - e (e - a |

D. HUONG DAN GIAIl - PAP SO
, , 2 2
Bai 1. Bét dang thire tuong dwong voi: (Va-+b) [(a+ b)(Va++b) - 6ab} >0.

Chay (a+b)(J5+ﬁ)z—6ab=(a—b)2+2@(a+b—@)zo.
Bat dang thire dugc chimg minh. Pang thie xay ra khi va chi khi a=b.
Bai 2. Taco agb:>(a+b+c)2£(2b+c)2.
Vay ta chang minh (2b+c)? <9bc <> 4b? —5bc+¢? <0< (b—c)(4b—c)<0.
Bét dang thirc cudi ludn dung do b-c<0;4b-c>3b+a-c=(a+b-c)+20>0.

Bt ding thire dugc ching minh. Péng thie xay ra khi va chi khi a=b=c
Bai tap twong tw

2
Cho a,b,c 1a do dai ba canh mot tam giac ta cé 4a%b? > (a2 +b? —02)

Bai 3. Taco 1-y% =

>=>0=>-1<y<I.
(x2 —2xcosa+1)

2(y_ 2(5_ 2(y_
Bai 4. Bat dang thic twong duong véi X (y Z) + y (Z X) + ’ (X y) >0.
z

X y
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y>z= >
Theo gia thiét ta c6 22 y2
NI ) i i)
X y
Suy ra
xz(y—z)+ yz(z—x)+ zz(x—y)> x2(y-2)+y?(z-x)+2%(x~y)
z X y y
eneeay-g)
y

Ta c6 diéu phai ching minh. Bang thuc xay ra khi va chi khi x=y=z.
Bai 5. Bét dang thire tuong duong voi
4a% +4b% +4¢® + 4d% + de® > da(b+c+d +e)
c>(a2 —4ab+4b2)+(a2 —4ac+4cz)+(a2 — 4ad +4d2)+(a2 —4ae+4e2)20

o (a-2b) +(a-2c)* +(a-2d)’ +(a-2e)* >0.
Bat dang thire ludn dung. Déng thic xay ra khi va chi khi a=2b=2c=2d =2e.
Bat dang thi hai 1a truong hop riéng khi e =1
3
S 2X—Yy
2

5 2 v6i moi s6 thue duong x va y.
XT+Xy+y

Bai 6. Ta chirng minh

That vay bét dang thirc twong duong véi: (X +y)(x— y)2 >0 (lu6n dung).
Ap dung bat dang thic trén ta c6

as 2a—b

> :
a’+ab+b®> 3

3
b S 2b-c ;

b®+bc+c? 3

3 2c—a
>

c+ca+a® 3
Cong theo vé ba bt ding thire trén ta c6 didu phai chirng minh. Dang thuc xay
ra khi va chi khi a=b=c.
Bai tap twong tw
Cho n la sb nguyén duong 1én hon hodc bang 2 va céc sb thuc X1, X5, .eey Xy CO
tich bang 1. Chirng minh
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n Xi +Xj >n(n—1)
6, 3,3, 6 '
i<jn Xi + X Xj + X 3

Bai 7. Bat dang thic da cho tuong duong vai

3x% + 2xy+3y2 ? 2 2
————— | 22X +2y
2(x+vy)

<:>(3x2 +2xy+3y2)2—8(x2 +y2)(x+ y)2 20<:>(x—y)4 >0

Bt ding thie duoc chimg minh. Pang thic xay ra khi va chi khi x=y .

xy(x—y)2

Bai 8. Bat dang thic vé trai twong duong véi: )2 >
2 2
DAu bang xay ra khi va chi khi x=y .
2
. , (-4 +y?)
Bat dang thuc vé phai tuong duong vai: >—20
8(x2 + yZ)

Ding thirc xay ra khi va chi khi x =(2i\@)y.

Bai 9. Bién d6i twong duong bat ding thirc dd cho vé dang luén dung
|a| +|b| > |a+b|. Pang thic xay ra khi va chi khi ab>0.
Cha y. Thuc chit bit ding thuc xudt phéat tir tinh ddng bién trén khoang
(—1;+00) ctia ham s6 yzi.
X+1
Bai tap twong tw
2014 +|a+b| § 2014 +|a|+|b|

Chang minh véi moi sb thyuc a va b ta co < .
|a+b|+2015 " |a|+|b| + 2015

2
Bai 10. Bét dang thirc twong duong voi (b + i} ral+— 320
2a 43

@(b+iJZ+MZO

2a 4a?
Bat dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi

bz—i,a:ii/g.
2a 4

Bai 11. Bét dang thiic chinh 1a phan rit gon cua bat dang thirc sau



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

2 2 2
(a—b) . (b—c) +(c—a)
b c a
Ding thirc xay ra khi va chi khi a=b=c.
Bai 12. Bét dang thirc d4 cho chinh 1a phan rit gon ciia bat dang thic sau
2 2 2 2 2 2
(a2 —b2) +(b2 —cz) +(c2 —az) +(a2 —bc) +(b2 —ca) +(02 —ab) >0.
Ding thirc xay ra khi va chi khi a=b=c.
Bai 13. Cht y déng thuc

>0.

E+E E_E_E_E:az_b2+b2_cz+C2_a2

b ¢c a a b ¢ ab bc ca
c(az—b2)+a(b2—cz)+c(a2—b2)
- abc '
_(a=c)(a-b)(c-b)
- abc

Taco |(a—c)(a—b)(c—b)|< abe =1.

| abc | abc

Bat dang thire dugc ching minh.
Bai 14. Cha y néu coi vé trai 1a mot da thuc bac ba cua a thi ta ¢6 2 hai nghiém
a=b, a=c. Vivay ta phan tich duoc Vé trai dudi dang

(a—b)(a—c)(b—c)(ab+bc+ca).
Ré rang véi a<b<c=(a-b)(a—c)(b—c)(ab+bc+ca)<0.

Bat dang thire dugc ching minh.
Bai 15. Bat ding thirc di cho twong dwong véi

a[(b—c)2 —az}rb[(c—a)2 —b2}+c[(a+b)2 —cz} >0
< (a+b-c)(b+c-a)(c+a-b)>0
Bat dang thic cudi ludn dung va ta c6 dpem.
Bai 16. Goi P 1a biéu thuc vé trai ta c6 ding thirc sau
P=(a+b+c)(a+b-c)(b+c—a)(c+a-b)>0.

Bat dang thie dugc ching minh.
Bai 17. Quy dong rut gon bat dang thic tuong duong vai :

1+2X+2y>2x22 +22% + 2

<:>1—z+2(1—z)2(x+y)20
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Bat dang thuc cudi dang do vay ta c6 dpem. Pang thac xay ra khi va chi khi
Xx=y=z=1.

abc

Bai 18. Str dung bat dang thic a+b+c+ a0 .5 va quy dong rdt gon bét dang

thirc can chirng minh
2(a+b)(a+c)+2(b+c)(b+a)+2(c+a)(c+b)>5(a+b)(b+c)(c+a)
& 2(a+b+c)’ +5abc+2>5(a+b+c)
St dung 5abc >6—3(a+b+c)ta dugc
2(a+b+c)’ +5abc+2-5(a+b+c)>2(a+b+c)’ +8-8(a+b+c)
—2(a+b+c-2)°>0
Bat dang thirc dugc chimg minh. Bang thac xay ra khi va chi khi a=b=1,c=0
hodc cac hoan vi.
2a=X+y-z2
Bai 19. bat x=a+b,y=b+c,z=c+a= 2b=y+z-Xx.
2c=2+X-Y
Bat dang thuc trg thanh
C(x+y-z2)+y3(y+z-x)+2%(z+x-y)>0
Xy 1 ey ey B —xy — -3 20
Bai 20. a) Taco

a _ 2a - 2a
b+c b+c+b+c a+b+c
b 2b - 2b
c+a c+a+c+a a+b+c
c 2C 2¢C

= <
a+b a+b+a+b a+b+c
Cong theo vé 3 bit ding thirc trén ta c6 didu phai chirng minh.
b) Tacé
O<a<b+c=a’<a(b+c)
O<b<c+a=b’*<b(c+a).

O<c<a+b=c®<c(a+bh)
Cong theo vé ba bat dang thirc trén ta co diéu phai chiing minh.
c) Taco
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a®+b% =(a+b)° ~3ab(a+b)>(a+b)’ —%(a+b)2.(a+b)=%(a+b)3
c
s
Ya +b°
Tuong tu roi cong theo vé 3 bat dang thire trén ta c6 diéu phai ching minh.

Bai 21. Bét dang thirc d cho twong dwong véi:

3, 13 2 12)\2
a Zb S(aaig ) <:>(a—b)4(a2+ab+b2)20.

c

<¥a.
a+b

Bai 22. Bat ding thirc da cho twong duong véi
X2 +y® +1-3xy +3(xy +2)>0
< (x+ y+1)(x2 +y? +1—x—y—xy)+3(xy+2)20
@%(x+ y+1)((x— y)2 +(X—1)2 +(y—1)2)+3(xy+2)2 0
Bat dang thuc cuoi luén ding theo gia thiet ta co dpem.
Bai 23. Ta co (a2 +b2)(c2 +d2):(ac+bd)2 +(ad —bc)* > (ac+bd )’ .
Ding thuc xay ra khi va chi khi ad =bc.

2 2
Bai 24. Taco: (a—lj 20;(b—l 2O:a2+£2a;b2+12b.
2 2 4 4

Suyra:

podfodplodfestilot)
oo oo

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b =% .

Bai 25. Theo gia thiét ta c6 :
Xx(x=2)+y(y-2)+2(z2-2)<0= x* +y* +2° <2(x+y+2)=6.

Bai 26. a) Dit x _b*+C 0 Tacin chang minh
a
3 1., 2 2 3
Vi+x3 <1+ =x <:>(x +2) 24(x +1)
2

ex -l +4x2 20 X3 (x=2)* 20
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Bat dang thirc cudi diing suy ra dpem.
Ding thirc xay ra khi va chi khi b+c=2a.
b)Ap dung cau a) ta cd

Cong theo Vé ba bét dang thic trén ta c6 diéu phai chimg minh. Dang thic xay
ra khi va clji khi a=b=c.
a) Bét ding thuc tuong dwong véi:
a(a+b+c)*>4a%(b+c)
ea[(a+b+c)2 —4a(b+c)}20@a(a—b—c)2 >0

Bat dang thic ludn ding. Bang thic xay ra khi va chi khi a=0hoic a=b+c.
b) Ap dung cau c) ta co

a>2a_b>2b_c>20
\b+c a+b+c'Nc+a a+b+c'Va+b a+b+c’

Cong theo vé ba bét ding thirc trén ta c6 dpem. Véi a,b,c thi ding thic khong
Xay ra.
¢) Bat dang thirc twong duong véi:

2
(3.4/3+b4/3+04/3) _a8/3 =(b4/3+C4/3)(234/3+b4/3+C4/3)

> 2(bc)?®.4a%"3 (bc)V®

2
= (a4’3 +b*3 +c4’3) >a®? +gbca?’ = a2’3(a2 +8bc)

a a4/3

>
(2 +gbe 2P +b 4R

Bt dang thirc cudi ding theo AM — GM.
d) Ap dung ching minh & cau e) xay dung ba bat dang thire cling dang ri cong lai
ta co dieu phai chitng minh.
Bai 27. Chl y hing ding thirc
bc ca ab

(a-b)(a—c) (b-c)(b-a) (c-a)(c-b)

=

=1.
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Khi do a22+ b22+ 022=( 2 + b + ¢
(b-c)° (c-a)° (a-b)® \b-c c-a a-b
Bai 28. Chu y dang thuc :
(az+1)(b2+1)(c2+1)=(a+b+c—ab—bc—ca)2+(ab+bc+ca—1)2.
Bai 29. Bit ding thirc trong dwong véi:

X+y+1 2 +z+1 . ,
(x—z)(x—y)Xy(Ty)(erl)Jr(y—z) mzo (ludén ding) do
X—=220,x-y>0.

Bt dang thire dugc chirmg minh déng thic dattai x=y=1z.
t+a t+b t+c

Nhan xét. Néu dé tinh y ta c6 thé khao sat ham f(t)=——+——+——. L{c nay
t+b t+c t+a

vé trai bat dang thire thay sé 1 bai mot sé duong bét ky bat diang thirc van ding.
Bai 30. Thay x =1- 2y vao bt dang thirc can chimg minh dwa vé ching minh.
1 1 25
+=>
1-2y 'y 1+48(1-2y)y?

2
PN (12y2 ~Ty+ 1) > 0 (ludn ding).

Bai toan dugc chimg minh. Bang thic xay ratai x = % y =% hoic x=y = % .

Bai 31. bat x = ﬂy_— = xyz=1.

R
Theo gia thiét ta co x° + y3 + 2% >3=3xyz

o (x+ y+z)(x2+y2+22—Xy—yZ—ZX)ZO.

Do x2+y2+22—xy—yz—zx=%(x—y)2+%(y—z)2+%(z—x)220.

Dodd x+y+z20<x>-y—-z<ab>

[f IT

Bt dang thire dugc ching minh.
Bai 32. Xuat phat tir [a—b| < 2,va,b [0;2] ta duoc:

(a-b)* <4< a?+b? <4+2ab.
= (a+b)* <4+2ab+2ab=4(1+ab)=a+b<2Jl+ab.
Tuong twtacod: b+c<2vl+bc;c+d<2Vl+cd;d+a<2y1l+da.

Cong theo vé 4 bit ding thirc trén ta c6 ngay diéu phai chung minh.
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(a+b+c)2—2(ab+bc+ca)_ 9
ab+bc +ca ~ab+bc+ca

Bai 33. Tacé: P=

Str dung bat dang thic co ban ta co: ab+bc+cas%(a+b+c)2 =3suy ra

P 22—2 =1.
3
Vy gia tri nho nhat cia P bang 1 dattai a=b=c=1.
Dé tim gia tri I6n nhét cua P ta tim gié tri nho nhat cua ab +bc +ca.
Vi a,b,c[0;2]nén

(a—2)(b-2)(c-2)<0<abc-2(ab+bc+ca)+4(a+b+c)-8<0.

abc+4(a+b+c)—8:4+abcZ 9 5

< ab+bc+ca> 2=>P<—-2=—,
2 2 2

Vay gia tri 16n nhit cua P bing gdat tai a=2,b=1, ¢ =0va cac hoan vi.

Bai 34. Viét lai biéu thirc P duéi dang:

P:ab(a2+b2)+bc(b2 +c2)+cd(c2 +d2)+da(d2 +z;12)+ac(a2 +c2)+bd(b2+d2).
péy:

. x4+y4+6x2y2—(x—y)4
(x-y) =x4+y4+6x2y2—4xy<x2+y2):xy(x2+y2)= 7 .
Ap dung vao bai toan suy ra

4 ) 4
2
S3(612+b2:cz+d2) i

P:3(<':12+b2+<:2+ol2)2 (a=b) +(b—c)* +(c-d)* +(d—a) +(a—c)' +(b-d)*

3
4

i x s 3 . 1
Vay gia tri I6n nhat caa P bang Zdat tai a=b=c=d :E'
Toéng quat. Cho n s6 thuc khong am X, X, ..., X, thoa man man x + X, +...+ X, =1.

I<i= j<n

n n
Tim gid trj 16n nhit cua biéu thac P= Y %7 (Z xf} :
=i

Bai 35. Pat vé trai bat dang thirc 1a P. Khi d6
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_ac—2ab—bc (az+b2+c2+2ac—2ab—2bc)—2ab—14

P= +2= +2
a’ 2a’°
2
a-b+c
:u_g_l_Fzz_B_l_Fz
2a° a a’ a a’

a
Bat dang thirc duoc chimg minh. Pang thirc xay ra khi va chi khia=1, b = 3,
c=2
Bai 36. Nhan xét. Dy doan diu bang ciia bat dang thirc dat tai a=b=c=1nén ta
datanphu a=x+1b=y+1 c=z+1 (xy,z>-1)dua vé ching minh bat dang thirc:

Mat khac a,b,c €[1;3]nén —92—3,—%2—7: P>-3-7+2=-8.
a

(x+1)2 +(y+1)2 +(z +1)2 +(x +1)(y+1)2 +(y+1)(z +1)2 +(z +1)(x+1)2 +9
>5(x+y+z+3).
Khai trién va rit gon ta duoc:

2(x2 +y? +22)+2(xy+yz+zx)+xy2 +yz2% +2x* 0.

o (x+y+ z)2 +x%(z+1)+y?(x+1)+ 2% (y +1) > 0(ludn dung).
Bé}i toan dugc ching minh.
bang thtrc xay ra khi vachikhi x=y=z=0<a=b=c=1.
Bai 37. Bat ding thirc da cho twong duwong véi:
5(a3 +b3+c3)+9abc24[ab(a+b)+bc(b+c)+ca(c+a)].
Theo bat ding thuc AM-GM ta cé: a® +b> +c3 > 3abc.
Suy ra 5(a3 +b? +c3)+9abc > 4(a3 +b%+c? +3abc) .
Ta di ching minh: a2 +b* +¢c® + 3abc > ab(a+b)+bc(c+a)+ca(a+b).
<a(a—-b)(a-c)+b(b-c)(b-a)+c(c—-a)(c—b)>0.
Khong mét tinh tong quét ta gia sir a>b > ckhi d6: c(c—a)(c—-b)>0va
a(a-b)(a-c)+b(b—c)(b-a)=(a-b)[a(a—c)-b(b-c)]
=(a-b)[a*~b?+c(b-a) |=(a-b)*(a+b—c)>0
Suyra a(a—b)(a—c)+b(b-c)(b—a)+c(c—-a)(c—b)=0.

Bat dang thuc dwoc ching minh. Pang thic xay ra khi va chi khi a=b=c.
Bai 38. Bat dang thirc can chimg minh twong dwong véi
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l+i>2\/§+%+E—2<:>a+b+2ab22\/§ab+l
a a

oa+b+(a+b) _1>2\/—[(a+b) ]+1

<:>(1—\/§)t2+t+\/§—220(*) ; vO1 t=a+be(1;\/§]
(Vi (a+b)* =a? +b?+2ab>a? +b?> =1=a+b>1
Va (a+b)’ <2(a’ +b?)=2=a+b<2

Suyrate (1;\/5] ). Bét dang thirc (*) luon dung véi t e (1;x/§] .

Bai 39. Do a,b,c >0 nén bt ding thirc trong duong véi: bc+ca—ab<1

Taco: (a+b—c)’ 20:>bc+ca—ab£%(a2 +b? +C2)=g<l (ludn dung).
Bai toan dugc chuang minh.
Bai 40. Ta co: 12+ 122 2 :
1-a® 1-b \/(1—a2)(1—b2)

Ta chitng minh
(1—a2)(1—b2) <l-abe1-a?—b?+a%? <1-2ab+a’h? < (a-b)’ >0

(ludén dung).
Bai 41. Quy dong rat gon dua vé bat dang thuc: (ab—1)(a—1)(b—1)2=0(ludn
dung do a,b>1).
Bai 42. Bit ding thirc cAn chimg minh tuong dwong véi :
a+b+c—(ab+bc+ca)<1
Xuét phét tir gia thiét ta c6 :
(1-a)(1-b)(1-c)>0<=1-(a+b+c)+(ab+bc+ca)—abc>0
= (a+b+c)—(ab+bc+ca)<l-abc<1
Ding thirc xay ra khi va chi khi a=b=0,c=1hoac cic hoan vi.
Bai 43. Bét dang thiic can chimg minh twong duong véi
1 1 1 1 1 1.1 1
a b c abic ac b abic
atc__ a+c 1 1

ac b(a-b+c) ac b(a-b+c)
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<b(a-b+c)>ac<a(b-c)-b(b-c)>0<(a-b)(b-c)>0
Bt dang thirc cudi luén dung do a<b<c. Ta c6 dpcm.

Bai 4. Ta co a2 +ab+b? :%(a+b)2+%(a—b)2 2%(a+b)

=+a?+ab+b? 2§|a+b|2§(a+b).
Tuong tu ta c6 :vb? +be +¢? 2§|b+c|2§(b+c) ;
Je2 +ac+a’? 2§|c+a|2§(c+a).

Cong theo vé ba bat ding thirc trén ta dugc : P>+/3(a+b+c)=+3.

2

bing thirc xay ra khi va chi khi a=b=c :%

2 2 2 2
Bai 46. Gia sit wzmax{%xzy) 3(y-2)” 3(z=x) }

4 4

2
3 _
Ta ching minh x2+y2+22—xy—yz—zx2M.

o Ax2 4 4y? + 477 —Axy — Ayz — Azx > 3x% + 3y —6xy .

o X2y 4472 +2xy—4yz—4zx20<:>(x+y—22)2 > 0 (ludn dung).

Bai toan dugc chuang minh.

Bai 47. Ta co: x3+y3+z3—3xyz=(x+y+z)(x2+y2+22—xy—yz—zx).
Bai toan dwa vé chirng minh
2 2 2
3(x— 3(y— 3(z-
x% +y? + 2% —xy - yz — 2x > max (x4y) , (y4z) : (Z4X) }

Day chinh 1a két qua bai toan trén va ta c6 diéu phai chirng minh.

CHU DE 2: KY THUAT CHUNG MINH PHAN CHUNG
A. NOI DUNG PHUONG PHAP
Gia sir can chirng minh bét ding thuc nao d6 dung, ta gia sir bat ding thie do
1a sai va két hop véi diéu kién gia thiét chi ra diéu vo 1y. Diéu vo ly c6 thé la trai
VGi gia thiét hoac trai véi mot didu dung. Tir d6 suy ra bat dang thic can ching
minh 1a ding.
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B. BAI TAP MAU
Bai 1. Chting minh rang it nhat mot trong céc bat dang thirc sau 1a diing

a? +b% > 2bc; b? +¢? > 2ca; c® +a® > 2ab.
Loi gidi
a® +b? < 2bc
Gia st tht ca cac bt dang thirc trén déu sai khi d6 {b% +¢? < 2ca .
c2+a%<2ab

Cong theo vé 3 bat ding thuc trén ta duoc 2(a2 +b?+ c2)< 2(ab+hc+ca)
<:>(a2 —2<';1b+b2)+(b2 —2bc+02)+(c2 —20a+a2)<0

& (a=b)’ +(b—c)* +(c—a)* <0 (mau thuin).
Vi vy diéu phan chiing 1 sai nén khang dinh d& bai dung (dpcm).
Bai 2. Cho a,b,c 1a céc s thuc thuge khoang (0;1).Ching minh it nhat mot trong

céc bat dang thirc sau 1a ding a(l—b) S%;b(l—c) s%;c(l—a) S% .
Lo1 gidi
a(1-b) >l
4

Gia sir tat ca cac bat dang thie trén déu sai khi d6 {b(1-c)> 7

c(l—a)>%

Nhan theo vé ba bét dang thire trén ta dugc a(1-a)b(1-b)c(l-c)> 6—14(1).

2
- a+l-a 1
Chay.0 l1-a)< =—.
ay.0<a( a)( 5 j Z
2
0<b(1—b)<(b+1_bj =
4
2
0<c(1—c)s(C+1 Cj -1
2 4

Nhan theo vé ba bat dang thirc trén ta dugc

a(l-a)b(l-b)c(l-c)< 6_14 dan t6i mau thuan voi (1).
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Vay diéu phan ching 1a sai do d6 it nhat mot trong cac bat dang thirc d cho 1a
dtng (dpcm).
Bai tap twong tw
Cho a,b,c la céc sb thuc thude khoang (0;1). Chirng minh it nhat mot trong cac
bat dang thirc sau 12 sai
1 1 1
a(l1-b) >Z,b(1—c) >Z,c(1—a) >Z.
Bai 3. (HOMC 2007) Cho p =abcd & mot s6 nguyén té ¢6 bén chit sb.

Chung minh ring phuong trinh ax® +bx? +cx +d = 0 khdng c6 nghiém hitu ty.
Loi gidi
Gia st phuong trinh ¢6 nghiém hitu ty thi nghiém nay phai &m gia st nghiém do
la X, =—2, p,qeN",(p,q)=1.Khi d6
q

3 2

P P p

—a-—+b-——c—+d =0 -ap® +bpa—cpg® + dg’ =0:>{a:q :

9 q° d dip
Do d6 p,q la cac s tu nhién c6 mot chit sé va vi p,q 1a nghiém cua phuong trinh
nén f(x)=ax’ +bx®+cx+d=(gx+ p)(ex2 + fx+g),e, f,geN".

Ta c6 abed = f(10)=(10q+ p)(100e+10f +g)=qpefg trai voi gia thiét

abcd 13 mot sé nguyeén té.

Viy diéu phan chung 14 sai ta c6 diéu phai chung minh.
Bai tap twong tw

(HOMC 2007) Cho p =abc la mot sé nguyén tb c6 ba chir sé.

Chittng minh ring phuong trinh ax? +bx + ¢ = 0 khang ¢6 nghiém hiu ty.
Bai 4. Gia sir f;(x) = x? +ayx+by; f,(x) = x* + a,x +b, |2 hai tam thuc bac hai voi
hé s6 nguyén c6 nghiém chung la a. Chang minh rang néu a khdng 1a sé nguyén thi
tam thirc bac hai sau ludn c6 nghi¢m thuc f(x) =x* + (8, +a, )X+, +b,.

Léi gidi

P

Ta ching minh a khong thé 12 s6 hitu ty that vay gia st a=-,p,qeZ,(p,q)=1.
q

Do a la nghiém cua
2

fl(x):>a2+a1a+bl=0<:>p—2+a1§+bl=0<:> p?+a,pq+bo®=0.
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Suy ra p?iq= piq=(p,q)=q=1=acZ tréi véi gia thiét a khong 1a s6 nguyen.
Vi vay a khong 1a s6 hiu ty.
Do a la nghiém chung cua

a’+aa+b =0

f,(x), f2(x):>{ = (ay—a,)a=b, —b(1).

a’+a,a+b, =0
Do a khéng 12 s6 hitu ty nén (1) < a; =a,;b =b, .

Khido f;(x)=x%+ax+by; f(x)=x?+2a,x+2b .

Do f,(x) c6 nghiém nén a2 —4b, > 0khi do f(x) ¢6

A'=a12 —2b1:%(a12 —4b1)+%a12 >0.

biéu do6 chiing d6 f(x) c6 nghiém ta c6 dpcm.

1

Bai 5. Cho a,b,c la cac sé thuc dwong thoa man diéu kién 1 +%+— =3.
a c

Chang minh ring v/a+b ++vb+c+vJc+a>32.
Loi gidi

a=x?+1z%-y?

Pat x = a%b,yz\/va(:,Zz\/c;a:> b=x?+y2—22.

2
c=2%+y? —x?

Tacan chiang minh x + y + z >3 véi diéu kién
! + L + L =3.
x2+y2—22 y2+22—x2 22+x2—y2
That vy gia st x+ Yy +z <0.Khi d6 sir dung bét dang thic AM — GM cho ba
s6 duong ta co

1 1 1 3
+ + >

e A A S LN PN e

Mat khac

ey 2 ) oty e[S

1 1 1 A X e aa ik
Suyra ————+——— 5 +—5 5 >3 mauthuan vai gia thict.
X“4+y -2 y +z7°-X° I°+x° -y

Viy diéu phan ching 1a sai va ta c6 diéu phai chirng minh.
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Ta cling xét bai toan quen thugc sau trich tir dé thi IMO 2001
Bai 6.( IMO 2001) Cho a,b,c 1a c4c sb thyc duong. Ching minh rang:
a b c

+ + >1.
Ja?+8bc b2 +8ac +/c?+8ba
Loi gidi
bat x= 2 Y= b 2= ¢ (X y;2€(0;1))
Va® +8bc \/b2+8ac \/C2+8ba
2 2 2 2 2 2
Déyréng:a—zx_;b_zy_;c_z -
8bc 1-x? 8ac 1—y2 8ha 1-7°
1 XZ yZ 22
Suyra —= _
Y51 (1—x2)(1—y2)(1—22)

Ta can chang minh x+y+2z>1 véi x,y,z € (0;1) va

(L-x*)A- y*)(L-2%) =512(xyz)? (1).
Gia st nguoc lai x+y+z<1.
Theo bat dang thic AM — GM ta c6:
LX) 1= y*)A=-2%) > [(x+y + 2)* = XC][(x+ y +2)° = Y] [(x+ y + 2)° = 2°]
=(X+X+Y+2)(Y+2)(X+y+z2+Y)Z+X)(z2+Z+X+Y)(X+Y)
1 1 1 1 1 1
> 4(x%yz)4.2(yz)2.4(y?zx)4 .2(x2) 2 4(22xy) 4 .2(xy) 2 =512(xyz)?
Diéu ndy mau thuan véi (1).
Vay diéu phan ching 1a sai va ta co diéu phai chirng minh.
Bai tap twong tw
Cho a,b,c 1a céc sb thuc duong cé tich bang 1. Chirng minh
1 N 1 N 1 <1
J5a+1 Bb+1 Be+l
Bai 7. Cho a,b,c 1a c4c sb thuc duong thoa diéu kién a+b+c+abc=4.
Chang minh rang: a+b+c>ab+bc+ca.
Loi gidi
Gia strnguoc laicd a+b+c<ab+bc+ac.
Str dung bét déng thirc Schur bac 3 ta co(Xem chuong 4).
9abc
a+b+c

>4(ab+bc+ac)—(a+b+c)?

>(a+b+c)[4d-(a+b+c)]=abc(a+b+c)
=a+b+c<3.
Khi d6 abc <1= 4 =abc+a+b+c<4.Mau thuan.
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Suy ra bat dang thirc dau dung.
Tir bt dang thire nay ta chimg minh duoc mot bat dang thire kho sau
Cho a,b,c 1a c4c sb thuc dwong va k s6 thuc thoa mén diéu kién

3
4k2 + 2k —1> Ota ludn c6 [k+ a ](m b ](m c )2(k+1].
b+c c+a a+b 2

C. BAI TAP REN LUYEN
Bai 1. Chung minh ring néu a+b=2cd thi it nhat mot trong cac bat dang thic

sau la ding c2>a;d?>b.
Bai 2. Chiring minh rang it nhat mot trong ba bat dang thirc sau 1a dung

2 2 2
a2+b22@;b2+022@;c2+a22@.

Bai 3. Cho a,b,c la cac sb thuc thugc khoang (0;2). Chitng minh réng it nhat mot
trong céc bét dang thic sau la sai a(2-b)>1Lb(2-c)>Lc(2-a)>1.

Bai 4. Cho a,b,c la cac sé thuc thoa man a+b+c>0;ab+bc+ca>0;abc >0.
Ching minh rang a>0,b>0,c>0.

Bai 5. Chung minh rang néu aa, >2(b, +b, )thi it nhit mot trong hai phuong
trinh sau c6 nghiém x2 +a;x+b; = 0;x% + a,x+b, =0.

Bai 6. Cho abc = 0. Chirng minh it nhit mot trong ba phuong trinh sau ¢6 nghiém
ax? + 2bx +¢ =0;bx? + 2cx +a = 0;cx® + 2ax+b =0.

Bai 7. Cho f(x)=x%+ax+b. Chiang minh rdng véi moi gia tri ciia a va b thi it
nhat mét trong ba so

| (O, f @], f (=1)| 16n hon hodc bing %

Bai 8. Cho a,b,c 1a cac sd thuc thoa man diéu kién

1. a+b+c=-2:a°+b*>+c’=2.

2. Chitng minh rang ca ba sb a,b,c déu thudc doan {—%;O}.

Bai 9. Cho a,b,c 1a cac sb thuc thoa man didu kién a +b? +ab+bc+ca<0.

Chung minh ring a2 +b? <c?.
Bai 10. Cho a,b,c la cac s6 thuc doi mot khac nhau ching minh rang it nhat mot
trong ba bat dang thic sau 1 sai

9ab>(a+b+c)*;9bc>(a+b+c)*;9ca>(a+b+c)’.
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Bai 11. Cho a,b,c,d 1a céc sé thuc dwong ching minh it nhat mot trong céac bat
dang thic sau lasai a+b<c+d; (a+b)(c+d)<ab+cd; (a+b)cd <(c+d)ab.
Bai 12. Cho a,b,c 1a cac s6 thuc duong c6 tich bang 1. Chirng minh rang:
! + ! + ! >1
J1+8a +1+8b +/1+8c
Bai 13. Cho a,b,c,d 1a cac s6 thuc chitng minh. Chirng minh rang:

min{a—b%;b—c?;c—d?;d —az}si

Bai 14. (USAMO 2000 ) Cho a,b,c 14 c4c s6 thuc duong,
Chiang minh rang:

a+t;+c_3 abc smax{(x/a—x/ﬁ)z;(\/g—\/E)z;(\/g—\/a)z}

Bai 15. Cho ab,c 1a céc sé thuc dwong va k sd thuc thoa mian diéu kién

3
4k? + 2k —1> Ota ludn co (k+ a j{m b j{m ¢ jz(kﬁ}.
b+c c+a a+b 2

D. HUONG DAN GIAl - PAP SO
Bai 1. Gia sir ca hai bit ding thirc déu sai khi d6

c?<a;
d%<b
Cong theo vé hai bat ding thuc trén ta duoc
c?+d%<a+b=2cd <:>(c—d)2 <0vo ly.
Vay diéu phan chung 14 sai ta c6 diéu phai chung minh.
Bai tip twong tw
Cho a,b,c,d 1a cac sb thuc thoa man diéu kién ac>2(b+d). Ching minh ring
it nhit mot trong cac bat ding thic sau la sai a? < 4b;c? <4d .
Bai 2. Gia sir tat ca cac bat dang thuc trén déu sai khi do
a2 +b? < (b+2c)2 ;

2
b2+c2<(c+2a) :

c2+a2<(a+b)2.

Cong theo vé ba bat dang thirc trén ta dugc
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(a+b)2 +(b+c)2 +(c+a)2
2
<:>2(a2+b2+02)<2(ab+bc+ca) (vo ly).

Z(a2 +b? +c:2)<

& (a=b)’ +(b—c)*+(c—a)* <0
Diéu phan chimg 14 sai do do ta co didu phai ching minh.
Bai 3. Gia sir tht ca cac bt ddng thirc trén 1a dng khi d6
a(2-b)>Lb(2-c)>Lc(2-a)>1.
Nhan theo vé ba bét dang thirc trén ta dugc a(2-a)b(2-b)c(2-c)>1(1).
Chay.
0<a(2-a)=—(a-1)°+1<1
0<b(2-b)=—(b-1)* +1<1.
0<c(2-c)=—(c-1)°+1<1
Nhan theo vé ba bat dang thirc trén ta dugc a(2-a)b(2-b)c(2-c)<Ilmau

thuan vai ().
Viy diéu phan ching 1a sai(dpem).
Bai 4. Gia sir ton tai mot sé nhoé hon hodc bang 0 gia sir 1a a khi d6 do abc >0 nén

a<0;bc<0.

Khi d6 ab+bc+ca=a(b+c)+bc>0=a(b+c)>-bc>0=b+c<0.
Suy ra a+b+c <0 mau thuin vai gia thiét. Vay didu phan ching 1a sai(dpem).
NG PP . . X ~ i n P a].2_4b1<0
Bai 5. Gia su ca hai phuong trinh déu vo nghiém khi do6 .
a2 —4b, <0

Cong theo vé hai bat dang thic trén ta dugc 4(by +b,)>af +a;5 .
Mat khac af + a3 > 2aa, > 4(b, +b,).
Suyra 4(b, +b,)>4(b, +b,)vo ly.
Viy diéu phan chung Ia sai ta cd diéu phai ching minh.
Bai 6. Gia sir ca ba phuong trinh déu v6 nghiém khi do6
Ay =b%*—-ac<0
A',=c®-ab<0.

A'y=a®-bc<0

Cong theo vé ba bt ding thire trén ta dugc a® +b? +c? —ab—bc—ca<0
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=S %(a—b)2 +%(b —0)2 +%(c—a)2 <0 (vo ly).

Vay diéu phan chang la sai ta c6 dpem.
Bai 7. Gia sir khong c6 sé nao trong ba sé

)| f @|.|f (-1)| lén hon hodc bing

1 1 1
|f(0)|—|b|<§ —E<b<5 (1)

L hi do _ N _3 .
Ekhldo |f(1)|_|a+b+:q<2 & 2<a+b< 2(2).

1 3 1
|f(—1)|=|—a+b+]4<§ —§<—a+b<—5 (3)
Cong theo ve cua (2) va (3) ta dugc
—3<2b<-1=b< —% mau thuan vai (1).
Vay diéu phan ching 1a sai ta c6 dpem.
Bai 8. Gia sir ton tai mot s6 khong thudc doan [—%;O}ta c6 thé gia str 14 a khi d6

b+tc=-2-a b+c=-2-a b+c=-2-a
< < .
b2+c2=2-a%  |(b+c)’-2bc=2-a%  |bc=(a+1)

Chuy. (b+c)2 > 4bc = (—2—a)2 > 4(a+1)2 o3’ +4a<0e —%s a <0mau thuan.
Vay diéu phan chung 12 sai ta co diéu phai ching minh.

Bai 9. Gia st nguoc lai a% +b? >c?khi do
2({;12 +b? +ab+bc+ca)2a2 +b% +c2+2(ab+bc+ca)=(a+b+c)’ >0
(mAu thuan véi gia thiét).

Vay diéu phan chung 12 sai ta c6 dpem.
Bai 10. Gia st tit ca cac bit dang thirc trén 1a ding cong theo vé ba bat diang thic

ta dugc 9(ab +bc +ca) 23({;\+b+c)2

& (a+b+c)*—3(ab+hc+ca)<0

<:>%(a—b)2 +%(b—C)2 +%(C—a)2 <0<a=b=c
Diéu ndy mau thuan véi gia thiét ba s6 a,b,c d6i mot phan biét.
Vay diéu phan ching 1a sai va bai toan dwoc chirg minh.

Bai 11. Gia st tat ca cac bat dang thirc 1a ding khi d6
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a+b<c+d (1)

(a+b)(c+d)<ab+cd (2).

(a+b)cd <(c+d)ab (3)
Nhan theo vé caa (1) va (2) ta duoc
(a+b)*(c+d)<(c+d)(ab+cd) < (a+b)* <ab+cd
= cd >a’ +ab+b? =(a—b)? +3ab>3ab = cd > 3ab (4)
Nhan theo vé cta (2) va (3) ta co
(a+b)*cd(c+d)<(c+d)ab(ab+cd)
= (a+b)’cd < (ab+cd)ab = ab(ab+cd) > 4abcd .
= ab+cd >4cd = cd > 3ab (5)

Tur (4) va (5) ta c6 didu mau thuan.
Vay phan chirng 1a sai va ta ¢6 dpcm.

.. 1 1 1
Bai 12. bat X=——;y = 2= .
‘ J1+8a y J1+8b 148
2 2 52
D& thay 0<x,y,z<1 va a= 12X ;b:1 3; ;c:l é _
8X 8y 8z

Do abc=1 nénta cé 83x%y%z% = (1- x*)(1- y?)1-72?).
Theo dé bai ta can chimg minh x+y+z>1.
Gia strnguoc lai x+y+z<1.
Ta co:

1-x% > (x+ y+2)2 =X = (2 + Y)[(x+ y) + (x+ 2)] > 2(y + 2){/(x + y)(x+ 2 > 0.
Thiét 1ap twong tu véi hai biéu thuc con lai ta co

1- y2 >2(X+2)\J(y+2)(y+x) >0

1-2% > 2y + X)J(x+ 2)(z+y) >0

Nhan lai theo vé ba bét dang thic trén ta co:

83x2y222 =(1- xz)(l— y2)(1— 22) >8(x+ 2)2(y + x)2(z + y)2
=8xyz > (X+y)(z+x)(y+12) '
Diéu ndy mau thuan do theo bat ding thiuc AM — GM ta c6

X+ y)(z+x)(y+12)=8xyz.
Do d6 ta c6 diéu phai ching minh.

Bai 13. Gia st min{fa—b?;b—c?;c—d?;d —a2}>%.
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Suyra a+b+c+d—(a2+b?+c?+d?)>1.
Mait khac:

2
a2+b2+02+d2—(a+b+c+d)>w—(a+b+c+d)+l—l

:(w_l)z “1>-1
2
Suyra a+b+c+d—(a?+b?+c?+d?)<1 nén didu gia st 12 sai .
Suy ra diéu can chiang minh.
Bai 14. Gia st nguoc lai

a+l;+c_m>max{(\/g_%)2;(\/5_\/5)2;(\5_\/5)2}

Suyra a+b+c—3%abc > 2(a+b+c—~/ab—+bc —+/ca).

< 23Jab + 2+/be + 24/ca >a+b+c+33abc
Déi bién lai x3 +y® + 2% +3xyz < 2\/(xy)3 + 2\/(yz)3 + 2\/(zx)3 .
Nhung theo bat diang thirc Schur ta co:

X3 + y3 +7° +3xyz > Xy(X+ YY)+ yz(y + 2) + 2x(Z + X)

> 2\/(xy)3 + 2\/(yz)3 + 2\/(zx)3

Suy ra mau thuan, vay gia sir sai, suy ra diéu can chitng minh.

2a 2b c
Y= Z= =Xy +YZ+IX+Xyz=4.
b+c c+a a+b

Taco Xyz<LX+y+Z=Xy+YyzZ+2IX.

Bai 15. bat x = z

Bét déng thirc tr thanh: (2k +x)(2k +y)(2k +2) > (2k +1)°

< 4K% (x+y+2)+2K(xy + yz +2x) + xyz >12k* + 6k +1.

Tach 4k*(x+y+2)+2K(xy + yz +2x) + xyz
> 4k (xy + yz + 2x) + 2K (Xy + yZ + 2X) + Xyz
=(4k2 + 2k)(xy+ yZ + 2X) + Xyz =(4k2 +2k)(4—xyz)+ Xyz
=16k + 8k — xyz(4k? + 2k -1|

>16k? +8k —4k? — 2k +1=12k? + 6k +1
Bt dang thire dugc ching minh.
Ding thie xay ra khi va chi khi a=b=c
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CHU DE 3: KY THUAT QUY NAP TOAN HOC

A. NOI DUNG PHUONG PHAP
Gia str ta can chang minh bat dang thic A(n) > 0 véi A(n) 1a mot biéu thirc c6
chura sb nguyén duong n v6i n> Ng.
Ta thyc hién chitng minh bang quy nap nhu sau
v Ching minh bét dang thirc dang voi gia tri dau tién caa n 1a ny.
v Gia sir bat dang thiic ding véi n =k > nytic A(k)>0.
v" Sau @6 chitng minh A(k +1) >0 dwavao A(k)>0.
v' Két luan bat diang thirc dung.
B. BAI TAP MAU
Vi du 1. Cho n I s6 nguyén duong n>5. Chang minh ring 2" > n?.
Loi gidi
+ Véi n=5;2° =32 >5% =25. Vay bt ding thic dung voi n=5.
+ Gia su bat ding thirc dang véi n=k >5 tic 25 > k2.
Khi @6
26— 2.0 5 2k = (k+1)° +k? =2k 1= (k +1)° +k(k—5)+3k 1> (k +1)
Vay bt dang thirc ding voi n=k +1.
Theo nguyén ly quy nap ta c6 didu phai ching minh.
Bai tip twong tw
Cho n 13 s nguyén duong 16n hon 1. Chang minh n" > (n +1)”71.
Bai 2. Cho a,b 1a cac s6 thuc khong &m va n 1a s6 nguyén dwong. Ching minh rang
a" +b" ( a+ bjn
> .
2 2
Léi gidi
+ V6i n=1 bét dang thuc tré thanh ding thic.

K | pk k
+ Gia sir bit ding thire ding voi n=k >1 tic 2 ;b Z(a;bj '

+ Ta can chitng minh

ak+1 n bk+1 >(a+ b)kﬂ
2 5 .

a+b)" (a+b)la+b k<a+b ak +b"
2 2 2 ) 2 2

chay
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ak+1 + bk+1

a+b a* +b*
>22
2 2
& afa* -b*)+b* (b-a)> 0« (a-b)(a“ ~b*)>0

Vay ta ching minh < a4 pt > ab + ba

Bt dang thirc cudi ludn ding.

Vay theo nguyén Iy quy nap ta c6 diéu phai chimg. Dang thac xay ra khi va chi
khi a=b.

Téng quat véi n s6 thuc khong &m va m 1a mot sé nguyén duong ta co

a tag +..tay (A tat.tdy "
n N n '
Bai 3. Cho s6 nguyén duwong M > 3. Gia Sit X, Xp,..., Xpg14 12 C4C $6 nguyén duong
$80 ChO X{.X,.....Xp014 = M. Tim gié tri 16n nhat ciia biéu thic:
3 .3 3
S=X +X5+...+ X014 -
Lo gidi
Ta ching minh véi n la s6 nguyén duong X,Xs,..,X, thoa man diéu ki¢n
XXXy =M thi 3¢ 433 + .. 4+3C < (%%, ) +n =1,
Va bai toan chinh 1a trudng hop riéng khi n bang 2014.
+ V6i n bang 1 bit ding thic chinh 13 hing ding thic.
+ Véinbing 2 taco (xf’ —1)(x§ —1) >0= X +x5 <1+ %%,
Vay bt dang thic dang véi n bang 1,2.
+ Gia sir bt ding thirc dang véi n=k > 2tic

X+ X5+t X < (KXo Xy )3 +k-1(2).

A , : 3
Ta can ching minh X + X3 +...+ Xg,q < (XXowXip1)” +K-
A . A , . 3 3 3
Do (1) nén ta chi can chimg minh X5 + (X Xp..Xy )™ <1+ (XXX Xie41)

3 3
= (xk+1 —1)((x1x2...xk) —1) >0
Bat dang thirc cudi ding.
Theo nguyén ly quy nap ta c6 diéu phai chung minh.
Vay gia tri 16n nhat cua S bang M2 +2013 dat tai mot sb bing M va 2013 sé
bang 1.
Bai 4. Cho n Ia 6 nguyén dwong X, >1,k =1,n. Chirng minh ring

1 1 1 n
+ +ot >

1+x 1+X% T+ %, 1+ %X X,
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Loi gidi
+ Véi n=1 bat dang thuc tro thanh ding thuc.
+ Gia sir bt ding thic dung véi n=k >1, tic
! + 1 +.ot ! > K (D).
1+ 1+X 14% 14+Kx%..%

+ Ta can chiing minh
1 1 1 1 S k+1

+ ot + > :
1+ 1+X T4xe 14X 1+ kxXo X

Do (1) nén ta chi can ching minh

k N 1 k+1
1+ K% %% 1+

> ).
Xepp 1+ k+\1/x1x2...xk+1
1 k-1 k
k-1 2k

Chay + >
T+ X T+kdxxp.. Xy ’ k-1
T+ (X Xg.- Xy )kt X[

k k 2k
+ >
) k-1 k%kl L+ K% X 1+ KYX X X4
T4+ (X Xg-- X )kl X
Cong theo vé hai bat ding thuc trén ta c6 (2). Tuc bat dang thirc dung voi

n=k+1.
Vay theo nguyén Iy quy nap ta c6 didu phai chirng minh. Dang thic xay ra khi

va chikhi x; =%, =...=X,.
Bai 5. (VMO 2011) Chiing minh rang véi moi sé thuc duong x va sé nguyén

XN (Xn+1 +1) (x +1j2n+1
< .

2k

duongntaco 5

X" +1

Ding thirc xay ra khi nao?
Lo gidi

x% + 1)

x+1

o x+1)? X(
+ Voi n=1 bat dang thtc tréthanh( 5 ) >

& (x+1)" -8x(x* +1)2 0= (x-1)* 2 0.

Vay bat dang thie dung véi n=1.

XK (Xk+1 +1) ) ( X+lj2k+1 o,

+ Gia sir bt dang thie dung véi n =Kk tic -
X< +1 2

Ta can chiang minh
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x"*l(x'““2 +1) ) ( « +1]2k+3
Xk+1+1 - 2 '
Do (1) nén ta chi can ching minh
2 K[ k+l k+1 ( k+2
(X+1j X (x +1)2 X (x +1)
2 X< +1 X1

S (x+1)" K (X +1)2 —4(x +1)x (X7 +1) 2 0.
<:>(x—1)2(xk+1—1)2 >0

Bit dang thire ludn ding. Vay theo nguyén ly quy nap ta c6 didu phai chang minh.
Ding thirc xay ra khi va chi khi x=1.
Dé két thuc t6i trinh bay loi giai ching minh bét dang thic AM — GM bing
quy nap.
Bai 6. (BPT AM - GM ) Cho ay, a,, ..., a, la céc sb thuc khdng am.
Chuting minh rang ta luén cé a, +a, +...+a, > nY/aa,...a,
Lo gidi
Co sé quy nap véin = 1, 2 duoc kiém tra d& dang.
Gia sir bit ddng thtrc da duoc chieng minh cho n sé.
Xét n+1 s6 khdng am ay, a,, ..., ane. Dit a18,...a01 = A" Néu tat ca céc sb
biang nhau thi bt dang thirc dung.
Trong trudng hop nguoc lai, phai ton tai hai s6 a;, a; sao cho a; < A < a;.
Khong mat tinh tong quét, c6 thé gia sira, < A < ap.
Khi d6 ta ¢6 (an — A)(anss — A) <0, Suy raa, + ape1 > apdne/A + A
Twrddétacd a;+a+..+a,+an >a;+...+a,; +aam/A+AQ)
Bay gio ap dung bat dang thirc Cauchy cho ns6 a; + ... + anq + anand/A ta

anan+1 =nA

dugc ay +a, +...+a, 1 +4a, 2 ndalaz...an_1 A

Két hop véi (1) ta co diéu phai chirng minh.
C. BAI TAP REN LUYEN

Bai 1. Cho a,b,c 1a d6 dai ba canh mot tam gidc vudng c6 ¢ I1a canh huyén. Ching

minh a?" +b2" < ¢2" véi moi s6 nguyén duong n.

Bai 2. Cho n s6 thuc khdng am X, X,,..., X, thoa man diéu kién

2(X + X+ 4 X, ) <1
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Ching minh rang (1-x,)(1-X,)...(1- xn)zé.

Bai 3. Chang minh ring véi n sé nguyén duong phan biét ta co
al+a+..+rad>(a +a +...+an)2.
Bai 4. Cho Xy, Xy, ..., X, la c&c sb thuc thudc [0, 1]. Chitng minh ring
X1(1-Xz) + X2(1-X3) + ... + Xn(1-x1) <[n/2]
Bai 5. Chon>2VaXy, X, ..., X, 12 n s6 nguyén phan biét.
Ching minh rang (X;-X,)* + (Xz-Xg)* + ... + (Xn = X1)* = 4n -6
Bai 6. Chimng minh rang véi x; > X, > ... > X, > 0 ta c6 bét dang thiic

Bai 7. Chuang minh rang néu ay, a,, ..., a, 1a cac s6 nguyén duong phan biét thi ta

2
. n n
c0 bét dang thac > (af +a7)> Z(Zaf’J .

i=1 i=1

Bai 8. (Bt ding thirc Mc-Lauflin) Véi moi s6 thuc ay, a,, ..., 8 Va by, by, ..., b

L 2n 2n n 2 2n 2
ta c bat dang thac > af > b7 - (Z(aZkak—l - a2k_1b2k)j > (z akbkj :
k=1

k=1 k=l k=1

D. HUONG DAN GIAl - PAP SO
Bai 1. Vi n=1 bit ding thirc tro thanh ding thic.

Gia st bt déng thie dung véi n=k >1 tac a +b% <c?(1).
Ta cin chang minh a2 1 p2(k+d) < (2

Chu y do c6 (1) nén ta chi cAn chitng minh c? (az" +b% ) > g2k+1)  p2k+)

o (az b2 )(aZk L p2k ) > az(k+1) + b2(k+1) o a2p% 1 p2aZ >0.

Bat dang thuc. Vay theo nguyén ly quy nap ta co diéu phai chirng minh.
CHU DE +: KY THUAT MIEN GIA TR]

A. GIOI THIEU
Phuong phap nay kha co ban va thuong dugc st dung trong cc bai toan tim
cuc tri voi cac bat dang thirc ¢6 dang: a< f(x)<bvoi xeD.
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Nguyén tic chung 1a dwa vé tim diéu kién dé phuong trinh m = f (x) ¢6 nghiém
trén D.

Trong trudng hop ¢ nhiéu bién ta can dua vé phuong trinh v6i mét bién hozc
dura vé hé phuong trinh néu co.

B. NQI DUNG PHUONG PHAP
1) Tim mién gia tri biang cich xét diéu ki¢n c6 nghiém ciia phwong trinh
bac hai
Mot phuong trinh bac hai ¢ dang: Ax? +Bx+C =0 véi A=0.
Diéu kién dé phuong trinh c6 nghiém 1a: A= BZ-4AC>0.
Vi vdy can tim gia tri 16n nhit va gia tri nho nhit caa mot biéu thic
m=f(x,y,z2).
Ta bién d6i tuong dwong m dé dua vé mot phuong trinh bac ciia x hoic y hoic
cuaz.
Khi d6 st dung diéu kién c6 nghiém ta tim dugc Max va Min caa m.
X—-y+2=3

x2+y2+22=5

Vi du 1. Cho x,y,z la cac s6 thyc thoa man diéu kién {
N PP PO o Ae s i A , X+y-2
Tim gia tri I6n nhat va nhé nhat caa biéu thuc P = LZ .
Z+
Loi gidi

Trong biéu thic ciia P ¢6 z khac so vai x va y do vay ta tim cach rit x + y theo
z va dua vé phuong trinh bac hai dbi véi z. Viéc tim Max va Min cua P ta chin
bang diéu kién c6 nghiém cua phuong trinh bac hai déi vai z.

Tacé (z+2)P=x+y—2:>|:(z+2)P+2:|2=(x+y)2.

chay
_ X—y=3-12
X—y=3-12 2 2
{2 ) , &1 ) 1 ’ , = (x+y) =-3z"+6z+1.
—5- = Z(x-y) =5-
X“+y°=5-12 2(X+y) +2(x y) z

Vi vay

[(z+2)P+2]2 =-37% +6z+1

& (2+2)° P2 +4(2+2)P+322-62+3=0
©(P?+3)2° +(4P® +4P-6)2+4P* +8P+3=0 (1

Ta c6 (1) la phuong trinh bac hai ddi véi z diéu kién c6 nghiém 1a
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A'=(2P? +2P—3)2—(P2+3)(4P2 +8P+3)20
<:>23P2+36P£0<:>—%£P30

+ Voi x=2,y=0,z=1 tac6 P bang 0. Vay gia tri Ién nhat cia P bang 0.

+ V6i x =§, y =—@, 7= thip bang -36/23. Vay gi4 tri nho nhat cua P bang
31 31 31
_36
23

Bai tap twong tw
X—-y+2=3

2

Cho x,y,z 1a cac s6 thuc thoa man diéu kién s,
X“+y +2°=5

Tim gié tri I6n nhat va nho nhét cia biéu thic P = X+—yz_1
Z+
bap s6: 3_2\/5 <P< 3+?2)\/§ .

2) Ky thuat sir dung diéu kién c6 nghiém ciia phwong trinh lwgng giac
Phuong trinh dang: Asinx+Bcosx=C
c6 nghiém khi va chi khi A% +B2>C?2.

2 < COSX+2sinx+3 <

Vi du 1. Chiing minh rang véi moi s6 thuc x ta cd — < : <2.
11 2cosx-sinx+4

Loi gidi
_ COSX+2sinX+3
©2cosx—sinx+4
< (2y-1)cosx—(y+2)sinx=3-4y (1).

bat y = y(2cosx—sinx+4)=cosx+2sinx+3.

Pidu kién dé (1) co nghiem 1a 2y —1)° +(y+2)* >(3-4y)’
< 11y? —24y+4£0<:>1—21s y<2
Bai toan dugc chuang minh.
3) Ky thuat diéu kién c6 nghiém ciia phwong trinh - hé phwong trinh
Thay vi tim tryc tiép Max va Min cua biéu thic ta dua vé tim diéu kién co
nghiém cua hé phuong trinh.
Vi du 1. Cho x,y la hai s6 thuc thoa méan diéu kién

2
(xz—y2 +1) +4x2y? —x? —y? =0.
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3+\/§
2
Loi gidi

Chting minh rang <x?+y?<

3-5_ .,
2

Pat m=x? + y2. Ta can tim Max va Min cua m.
Thay vi di ching minh truc tiép ta tim diéu kién dé hé phuong trinh sau c6
m=x%+y?

nghiém 2

(x2 —y? +1) +4x%y? —x?—y? =0
m=x%+y?

o
x4yt x% =3y? +2x%y2 +1=0
m=x%+y?

< 2

(x2 + y2) —3(x2 + y2)+4x2 +1=0

2 M’ -3m+1

m=x?+y? = 4
=N =N
m? —3m+1+4x* =0 , miem+l
4
Diéu kién dé hé phuong trinh c6 nghiém I
_m2—3m+1>o
4 <:>3_\/§£m£3+\/§.
m2+m+1 2 2
—>0
4
Vi vay 3_2\/§3x2 +y? s3+2\£.

Bai tap twong tw
Cho x,y 4 céc s6 thyc thoa man diéu kién x,y >1;4x?y? —x? — y? =18xy —16.
Tim gid tri 16n nhét va gia tri nho nhét caa biéu thic

X+y
P= 2

\/x2+x+y2+y+5+x+y .
Dip 56: Py =16(N17 —4); Py =64(+/37 -6).
Vi du 2. Cho x,y 1a cac sé thuc thay ddi thoa méan diéu kién

X+Yy—2=~2X+1+,2y+1.

Tim gia tri I6n nhét cua biéu thuc P =(x— y)2 .
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Loi gidi
L_ui-1
u=+2x+1 -
Pit (u,v=0)= 2
v=2y+1 V21
=
i Couravio2 2 2
Diéu kién bai toan tré thanh T—2=u+v<:>u +Ve—6=2(u+v)

< (u +v)2—2(u+v)—2uv—6:0.

2
2 2 2 (U2
Khi do P=[“ 1V 1} =( )
2 4
2 2
_(u—v)z(u+v)2 _[(u +V) —4uv}(u +V)
B 4 4
(u+v)2—2(u+v)—2uv—6=0 ()
Vay ta c6 h¢ phuong trinh [(u+v)2 —4uv}(u+v)2
B )

4

Tir (1) tacod 2uv=(u +v)2 —2(u +v)—6£%(u +v)2

:>(u+v)2—4(u+v)—12£0<:>—2£u+v£6.

Chay u+v=\/2(x+ y)+2+2(2x+1)(2y +1) 2 [2(x+y) +2>+/6.
Vi vay ta co t=U+V€|:\/6;6:|.
{(u +v)2 —2[(u +v)2 -2(u +v)—6}}(u +v)2
4
[—(u +v)’ +4(u +v)+12}(u +v) tz(_tz + 4t +12)

Khido P=

4 4
t2 (—t2 + 4t +12)

Xét ham sé f (t) = lién tyc trén doan [\/6;6] ta c6

3+\/§

2

te[\/é;e]

f'(t):t(—t2+3t+6); f'(t) = 0<

>t =
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3(69+11\/§)

5 - £(6)=0.

Taco f(v6)=9+6V6: f(3+;@}

3(69+114/33
Vivay P = fnax = f[3+;/£J= ( 5 )

DAu bang xay ra khi va chi khi

3+\/§ “t 7+\/§

2 o 2

x+y—2=3Jr 33 N2X+1+4/2y + =3+\/ﬁ

2 2

X_14+2\/@—\/4l4+66\/§ y_14+2\/§+\/414+66\/§
8 o

u+v=

8
=
L 14123341414+ 66133 L 24/33 — /414 + 66/33
8 ’ 8
, ‘ 3(69+11\/§)
Vay gié tri I6n nhat caa P bang — 5

Vi du 3. (TSPH Khdi A 2006) Cho x,y 12 2 s6 thuc va x =0,y #0 théa mén diéu

kien xy(x+y)=x?+y?—xy.

S . 2 1 1
Tim gia tri lon nhat cua biéu thuc A=—+—.
Xy

Lot gidi

A A T A 4= X+y=u
Nhan thay x, y doi xtirng nén dat: .
Xy =V

2

Gia thibt bai toan tro thanh: uv =u? —3v < v =”—3 (do u=-3)
u+

11 3,.3 2 2 2
Taco —3+—3=X “; _uw 33\’):“_2:[”_”}
X* y (xy) v v u
2 - u>1
Vi u224v:u224u = 4 Sl@u 120@ .
u+3 u+3 u+3 u<-3

. R ) . A .. U+3 A . A , .
Chu y dé tim Max cua A ta chi can xét véi —— >0 nén ta chi can ching minh
u

Max cua A bang 16 vay : U3 4 vei uz1 hoic u<-3.
u



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Xét ham s6 f(u) = =)= — < 0
u

Trén moi khoang (—o0;-3) va [1 ;+oo) do d6 f(u)<f(1); Yu>1.
Con 0 < f(-3) < f(u) <1, Vu>-3.
Vay gié tri I6n nhat cia A bang 16.

C. BAI TAP REN LUYEN

Bai 1. Chitng minh rang véi moi sé thuc x ta c6 _L_2Zsinx+cosx+1_
2 sinx-— Zcosx+3

Bai 2. Chang minh rang véi moi s6 thuc x va y ta c6

(0053x+ ysin3x +lj2 § 3y2 +2+2¢3y? +1
< 5 .

COS3X + 2

Bai 3. Chting minh rang véi moi s6 thuc x,y thoa man diéu kién

2
2 2 (2+y?
x2—y2+E=3.X +y _( ) .

4 2 2

5_2\/§ 2+y2£5+\/§.

<X
2

Bai 4. Cho x,y 14 cac s6 thyc thoa man diéu kién x2 + xy + y? <3.

Chiang minh ring

Ching minh ring —4+/3 —3< x? —xy —3y? <4+/3-3.

X+y+z=3

2

Bai 5. Cho x,y,z la cac s thuc thoa man diéu kién ,
X“+y +2°=5

X—y+3
z7+2
Bai 6. Cho x,y 14 hai sb thuc thay ddi thoa man diéu kién ~/2x+3 +./y+3=4.

Tim gié tri I6n nhat va gia tri nho nhét cia biéu thirc P =v/x+2 +./y+9.

Tim gid tri 16n nhét, gia tri nho nhit caa biéu thiac P =

D. HUONG DAN GIAl - PAP SO

Bail.bat y= 2_sz+COSX+1 = (2-y)sinx+(2y+1)cosx =3y —1.
sinX—2cosx+3

Pidu kién dé phuong trinh ¢6 nghiém 1a: (2— y ) +(2y +1)* > (3y —1)?
<:>4y2—6y—4§0<:>—%§y£2.

Bai toan dugc chirng minh.
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cos3X+ ysin3x +1

Bai 2. it m=
COS3X + 2

= (m-1)cos3x - ysin3x =1-2m.

Diéu kién dé phuong trinh c6 nghiém la (m —1)2 +y?> (1- 2m)2

\/3y +1 1+«/3y2+1

I/\

o3m?-2m-y? <0

3 3
2
Suvra |m| 1+w/3y +1 1Jm/3y2 +1] 3y2 +2+2\/3y2 +1
Y 3 3 - 9 '
Bai toan duoc chirng minh.
m? —5m+5
Xf=————
Bai 3. Tim duoc: 4
y2 = m? -m+5

4
Diéu kién dé hé phuong trinh c6 nghiém Ia:

2
- m —5m+5>

4 =0 5-45 5++/5

, om?-5m+5<0< 5 <m<

_ 2
m m+520
4

Bai toan dugc chirng minh.
Bai 4. Néu y =0 bt dang thic ludn dung.

x> —xy-3y* t?-t-3

2

Xétvai y =0 dat m= == :
X“+Xy+y to+t+1

Suy ra m(t2 +t+1)=t2—t—3<:>(m—1)t2 +(m+1)t+m+3=0.

Diéu kién dé phuong trinh c6 nghiém la A:(m +1)2 —4(m—1)(m+3)2 0

3-4y3_ _3+4/3
3 3

Chiydo 0<x2+xy+y233:>—4\/§—3 2 _xy—3y? <4.3-3.

Bai toan dugc chirng minh.

<3m?-6m-13<0 <

X+y=5
x2+y2=1
Khid6 (z+2)P=x-y+3<(z+2)P-3=x-y.

Tu hé diéu kién ta cé

Bai 5. Chuy z # -2 vinguoc lai ta co v6 nghiém.
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X+y=3-12 X+y=3-2 2 2
, = (x-y) =-3z"+6z+1.

@yt =5-22 | (xry) +2(x-y) =52

Khidé [(z+2)P-3]" =322 +62+1
& (2+2)°P2—6(2+2)P+322-62+8=0
& (P?+3)2° +(4P® ~6P —6)2+4P* ~12P+8=0
Diéu kién phuong trinh c6 nghiém la
(4P% 3P —3)2 ~(P?+3)(4P* ~12P +8) 20

<:>23P2—54P+15£0<:>M£ PSM
23 23

Viviy P - 27—8\/6;Pmax _ 27+ 86 |
23 23

3J10
,

Bai 6. Thyc hién tuong ty bai tap mau: P, = §+ V22;P =2
CHU DE 5: KY THUAT SU DUNG NGUYEN LY DIRICLE

BAI TAP MAU
Bai 1. Cho x,y,z 1 c4c sb thuc duong thoa méan didu Kién x+y+z+1=4xyz.
Ching minh rang xy + yz+ zx>x+y+z.
Loi gidi
Theo nguyén Iy Dirichlet ton tai 2 trong 3 sb (x—1),(y—1),(z—1) clng dau,
khdng mét tinh tong quat gia sir (x—1)(y-1)20< xy 2 x+y-1.
= XY+ YZHIXZ X+ Y1+ yZ+2X.
Vay tacan chimg minh x+y—1+yz+2x>2X+y+z < z(x+y-1)>1.
Theo gia thiét ta co z = xty+l
4xy -1
Vay ta chitng minh
X+y+1
4xy -1
Bat dang thire dugc ching minh. Dang thire xay ra khi va chi khi x=y=z=1.

(x+ y—1)21<:>(x+y)2 —124xy—1<:>(x—y)2 >0.
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Bai tip twong tw
Cho a,b,c 1a céc sb thuc duong thoa man diéu kién a+b+c+abc=4.
Ching minh rang a+b+c>ab+bc+ca.

Bai 2. Cho a,b,c 1a c&c sb thyc khdng am thoa man diéu kién a+b+c=3.
Chung minh rang (1— a+ az)(l— b+ bz)(l— c+ cz) >1.
Loi gidi
Trong ba s 1—a,1-b va 1—c ludn ton tai hai s6 ciing dau khéng mét tinh tong
quat gia sir hai sé d6 1a 1-bva 1-c¢ suyra (1-b)(1-c)=0.

Khi d6 (1—b+b2)(1—c+c2)=(b2 —b)(c2 —c)+b2+c2 —b-c+1
=bc(b-1)(c-1)+b® +c*~b-c+1
sz+C2—b—c+12%(b+c)2—(b+c)+1

1

2
:E(3_a)2_(3_a)+1=w

Vi vay bat dang thire dugc ching minh néu ta chimg minh duoc

a’-4a+5
g -ero
2

(1—a+a2). 1<:>(a—1)2(a2—3a+3)20(1u6ndﬁng).

Ding thirc xay ra khi va chi khi a=b=c=1.
Nhan xét. Ngoai ra bai toan c6 thé giai bang ky thuat don bién xem chuong 4.
Bai 3. Cho x,y,z 1a cac s6 thuc khong &m thoa mén diéu kién
X2 + y2 +7? +2xyz =1.
Tim gid tri 16n nhét cua biéu thic P = xy + yz + zx — 2xyz .
Loi gidi
Trong 3 s6 (2x—-1),(2y —1),(2z —1) ludn tdn tai hai s6 cung diu, khéng mat tinh

tong quat gia str (2x-1)(2y -1)= 0= 2(x+y)-4xy <1= z(x+y) - 2xyz s%.

Chly 1-22 =2xyz + X + y? > 2xy + 2xyz = 2xy(z +1) = xyﬁl_Tz.

Vi vay Psl_—z+£:1.
2 2 2

Véi x=y=1z =% thi P bing % Vay gia tri 16n nhét caa P bang %
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Bai tip twong tw
Cho a,b,c 1a cac sb thuc duong thoa man diéu kién a? +b% +c% +abc=4.
Ching minh rang ab+bc+ca—abc<2.
Bai 4. Cho x,y,z la c4c sb thuc duong c6 tich bang 1.
Ching minh ring ! =+ ! =+ ! =+ 2 >1.
(x+1)"  (y+1)° (z+1)* (x+1)(y+1)(z+1)
Lo gidi
Trong ba s6 (x—1),(y—1),(z-1) ludn c6 hai sé cung diu, khdng mét tinh tng

quéat gia st (x—1)(y-1)20=xy+1>x+y=2(xy+1)>(x+1)(y+1).
Str dung bét dang thic ! =+ ! > !

(x+1)" (y+1)° 1+xy
Chitng minh xem chuong 3.
1 N 1 N 1 _ 1z N 1 N z
1+xy (z+1)2 (1+xy)(1+z) 1+z (z+1)2 (1+z)2
Bt ding thie dugc chimg minh. Pang thic xay ra khi va chi khi x=y=z=1.

Suyra VT > =1.

Bai 5. Cho a,b,c 12 céc sd thuc khong am. Chung minh

abc+2+i[(a—1)2 +(b-1)° +(c—1)2}2a+b+c.

J2
Lo gidi
Ludn ton tai hai trong ba s6 (a—1),(b—1),(c—1) cung dau, khdng mét tinh tong
quéat giasu (a—1)(b-1)>0=ab>a+b-1.
Khi d6 ta chi can ching minh

c(a+b-1)+2+—[ (a1 +(b-1 +(c-1) [>a+bec

V2
& (a-1)° +(b-1)° +(c-1)* =v2(a+b-2)(c-1)
Str dung bét déng thirc C =S va bét dang thuc AM — GM ta c6

(a=1)2 +(b—1) +(c-1)? z(‘”%zh(c_l)z > 2\/@

=\/§|(a+b—2)(c—1)|2\/§(a+b—2)(c—1)

(c-1)°

Bai 6. Cho a,b,c 1 céc sd thuc khdng &m chirng minh

a® +b? +c® +2abc+1> 2(ab+bc +ca).



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Loi gidi
Bai toan da duoc triqh bay trong chﬁgdé K§¥ thuat st dung tam thac bac hai.
Dudi day la loi giai tiép can theo nguyén ly Dircihlet.
Ludn ton tai 2 trong 3 s6 (a—1),(b-1),(c—1) cing dau, khéng mét tinh tong
quét ta gia s (a—1)(b—1)>0=2c(a—1)(b—1)>0« 2abc>2(ac+hbc—c).
Vay ta chi can chang minh
a’ +b? +c® +1+2(ac+bc—c)>2(ab+bc+ca)
= (a-b)*+(c-1)*>0
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai toan twong tw
Cho a,b,c 1a céc s6 thuc khdng am chung minh
a’ +b? +c® +a’b’c® +2>2(ab+bc+ca).
Bai 7. Cho a,b,c la cac sb thuc khdng 4m thoa man diéu kién a® +b% +c? +abc=4.
Chung minh rang abc <ab+bc+ca<abc+2.
Loi gidi
Bat dang thuc vé trai don gian bai trong 3 s6 ¢6 it nhat mot s6 khong vuot qué 1
gia sir 1a ¢ khi d6 ab+bc+ca—abc=ab(1-c)+c(a+b)>0.
Ding thuc xay ra chang han tai a=2,b=c=0.
Ta ching minh bat dang thuc ve phai:
Trong ba sé (a—1),(b—1),(c—1) ludn c6 hai s cung diu, khdng mat tinh téng
quéat giasu (a-1)(b-1)>0=ab>a+b-1=abc>c(a+b-1).
Vay ta ching minh c(a+b-1)+2>ab+bc+ca<ab<2-c.

Chiy 4=(a%+b?)+c?+abc>2ab+c’+abc=ab<2-c.

Bat dang thire dugc ching minh.
Bai 8. Cho a,b,c la c&c sb thuc dwong c6 tich bang 1.

1 1 1
5>+ >+ >+ >1.
(1+a)” (1+b)° (1+c)” a+tb+c+l
Loi gidi

Theo nguyén Iy Dirichlet thi 2 trong 3 s6 (a—1),(b—1),(c—1) ciing dau, khdng

Chirng minh rang

mét tinh tong quat ta gia sir (a—1)(b-1)>0=1+ ab=t1sap.
c
chiy. ——+—+ > 1 __ ¢
(1+a) (1+b) l+ab c+1
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Goi P 14 bidu thurc vé tréi taco P >——+ ! =+ ! =1.
c

Bat dang thire dugc chitng minh. Bang thirc xay ra khi va chi khi a=b=c=1.

A. BAI TAP REN LUYEN
Bai 1. Cho a,b,c 1a cac sd thuc thoa man diéu kién
1 1 1 1
——t———t—— =T,
a+8 4b°+8 9c“+8 3
Tim gié tri I6n nhat va gia tri nho nhét cua biéu thic P=a+2b+3c.

B. HUONG DAN GIAl - PAP SO

Bai 1. Pé don gian dat x=a,y =2b,z =3cta co 1 .t %

1
X2 +8 y2+8+22+8
Tacan MaxvaMincia P=x+y+z.
Theo gia thiét két hop sir dung bét dang thirc AM — GM ta c6
1 1 1 1 1
x2+8_g_y2+8 5_22+8

y2+2 22 +2

y2+2 22 +2 1
3\ y?+8 2% +8

= + >
6(y2+8) 6(22+8)

Twong tu ta cé

11 C+222+2 1 J1yP+2 X242
y2+8 3\ x®+8 z2+8 z2+8 3\ y?+8 x*+8

Nhan theo vé ba bat ding thirc trén ta duoc:
(x2 + 2)(y2 + 2)(22 + 2) <27(1).

Mt khac (x2 + 2)(y2 +2)(22 +2)23(x+ y+ z)2 2).
That vay bét dang thte da cho tuong dwong véi:
x2y%z2% + 2(x2y2 +y27% + 22x2)+8 > 6(Xy +yz +2X).
Trong ba sé (x? —1),(y? —1),(z? —1) ludn c6 hai s6 cung diu, khéng mat tinh
tong quat gia str
(x2 —1)(y2 —1)20:> x2y2 > %2+ y2 -1= xzyzz2 > 22(x2 + y2 —1).
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Do d6 ta chi can chirng minh
22(X2 +y? —1)+ x2+y24+z2+ 2(x2y2 +y2z2 4 22x2)+826(xy+ yz + 2X)

& (x=y)? +3(yz-1° +2(xy -1)* +3(x2-1)* >0

Bat dang thuc cubi dung suy ra diéu phai chirng minh.

Két hop (1) va (2) ta co

(x+ y+z)2 <9& -3<X+y+2<3.

Vay gia tri nho nhét cua P bang -3 dat tai a=-1b= —%,c = —%.

Gid tri 16n nhét cua P bing 3 dat tai a=1b =%,c =%.

CHU DE 6: KY THUAT SU DUNG TAM THUC BAC HAI

Céc tinh chit vé nghiém va diu cua tam thirc bac hai c6 mét tng dung hét stc
Sau rong trong giai toan. Du6i day t6i trinh bay mét (tnhg dung cua tam thirc bac hai
trong chung minh bat dang thire. Bat dang thic tiép can bang phuong phap nay co
thé nai Ia rat ty nhién.

A.NOI DUNG PHUONG PHAP

Xét tam thirc bac hai f(x) =ax® +bx+c.

Dinh Iy 1. Néu a > 0 thi f(x) dat gid tri nhé nhat tai x, = —23 va gid tri nho nhat
a

b? — 4ac
f(xy)=— )
(Xo) "

DPinh ly 2. Néu a <0 thi f(x) dat gia tri 16n nhét tai x, = —23 va gia tri 16n nhat
a

b? — 4ac
4a

DPinh Iy 3. Néu A =b? —4ac > 0 thi f(x) luén cé nghiem.

f(x)=-

thi f(x) >0 vai moi x.

. . |a>0
binh ly 4. Neu )
A=b"-4ac<0

., |a<0 . .
DPinh ly 5. Néu { thi f(x) <0 vai moi x.

A=b%—-4ac<0
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B. BAI TAP MAU
Bai 1. Chang minh rang vai x,y,z |a céc sé thuc c6 téng bang 1 ta c6
(3x+4y+52)2 > 44(Xy + Yz + 2X).
o Lo gidi

Thay z =1- x— ybat dang thuc tré thanh:

(3x+4y+5—5x—5y)2 >44xy +44(x+y)(1-x-y)

< 48x% +16x(3y —4)+ 45y 54y + 25> 0

V& trai 1a tam thiee bac hai cua x véi hé s cua x? dwong va 6

A'y =64(3y —4) —48(45y2 ~54y+ 25) —-176(3y 1)’ <0.

Vay bat dang thire dugc ching minh. Dang thirc xay ra khi va chi khi

1 1 1
X:—1 :—,Z:—

2 V73 Ty
Céch 2: Bat ding thie da cho tuong duong véi:

9x? +16y2 +257° > 20xy +4yz +14zx .
Str dung bét déng thic AM — GM ta c6

g(4x2 +9y2)2 2.2«/4x2.9y2 > 20Xy
1(4x2 +3622)2 2.l\/4x2.36z2 >14xz
12 12

y2 +472 > 2«/y2.4z2 >4yz

Cong theo vé ba bét dang thic trén ta c6 dpem. Nhur vy khong can gia thiét bai
toan ba sé c6 tong bang 1(Xem thém chu dé ki thuat tham s hoa — Chuong 2).
Bai 2. Chang minh riang véi moi sé thuc a va b ta ludn co

3(1—a+a2)(1—b+b2)22(1—ab+a2b2).

Loi gidi
Viét lai bat dang thirc dudi dang:

(a2 —3a+3)b2 —(3a2 —5a+3)b+3a2 ~3a+1>0.
V& trai 1a tam thic bac hai caab co a? —3a+3>0,Vae R va

Ay =(3a2 —5a+3)2 —4(a2 —3a+3)(3a2 —3a+1)=—(a2 —3a+1)2 <0,vaecR

Do d6 vé trai luén khong 4m. Bai toan dwoc ching minh.
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a’?-3a+1=0 f
v +
bang thirc xay ra khi va chi khi § 3a® —5a+3 <:>a=b:3_2 >
2(a® -3a+3)
Bai tap twong tuw NE

Ching minh rang véi moi sé thuc a,b,c,d ta c6
3(a? —ab+b?)(c? —cd +d?) > 2(c%a® —abcd +b?d?).
Ta cling xét mat sé bai toan cling dang sau day
Bai 2.1. Cho a,b,c 1a cac sb thuc khong am. Chang minh rang

3(1—a+az)(l—b+b2)(l—c+cz)21+ abc +a%b%c?.

Loi gidi
Taco 2(1-a+a’)(1-b+b’)=1+a’h’ +(a-b)’ +(1-a)’ (1-b)".
Suy ra 2(1—a+a2)(1—b+b2)21+ ab?.
Do ta chi can chirng minh bét dang thirc sau

3(1+ azbz)(l—c + cz) > 2(1+ abc + a2b2c2) .
<:>(3+ azbz)c2 —(3+2ab+3a2b2)c+1+3a2b2 >0.
Coi V& tréi la tam thirc bac hai cua ¢ c6 hé sé cua c? duong va
2
A=(3+2ab+3a%h?) —4(3+a%h?)(1+3a°h° ) =-3(1-ab)" <0.
Do d6 vé trai luén khong am.
Bai toan dugc chimg minh dang thirc xay ra khi va chi khi a=b=c=1.
Bai 2.2. Cho x va y 1 hai sb thuc khong cing duong ta ludn c6
4/ 2 2 2.2
§( —x+1)(y —y+1)2x yo—xy+1.

Lo gidi
Theo gia thiét trong hai s6 luén c6 mot sé khong duong khong mét tinh tong
quét ta gia str y <0khi do6 viét lai bat dang thuc dudi dang:

(y—2)2 X2 —(4y2 —7y+4)x+(1—2y)2 >0.

Coi vé trai 1a tam thirc bac hai cua x ta c6

A:(4y2 —7y+4)2 —4(y-2)° (1-2y)’ = y(24y2 —51y+24)so,wso.
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Bai toan dwoc chimg minh dang thuc xay ra khi va chi khi x:%, y =0 hoic

x=Qy=%.

Mé réng bai toan cho 3 bién ta co két qud
Cho x,y,z la cé4c sb thuc khong cung duong ta ludn co
16/ 2 2 2 2,22
E( —x+1)(y —y+1)(z —z+1)21—xyz+x yez©.
Bai 3. Cho a,b,c 1a cac sb thuc khdng am théa man diéu kien a? +b% +c?=2.
Chiing minh rang: 1+ 2abc > ab +bc +ac .
Loi gidi

Gia str c:max{a,b,c}:cz\g.

Khi d6 dit S=a+b,P =ab theo gia thiét bai toan ta c6

2,2
S2_2p+ct-2mp=> "2 +; 2.
2,2 2,2
Ta can chiang minh 142¢.2 +(2: 2,5 +; 2. ¢s

& (2c-1)S% - 2¢S +2¢® —c® ~4c+4>0
Vé tréi 1a tam thac bac hai véi hé s6 duong do vay ta chi can chimg minh
A'g =c? —(2c—1)(2(:3 —c? —4c+4)£0

©4(c-1)°(c?+c-1)20

Bat dang thuc cubi ludn ding do ¢ > \E :

Bat dang thirc dugc chimg minh. Dang thie xay ra khi va chi khi a=b=1,c=0
hodc cac hoan vi.
Bai tip twong tw
Cho a, b, ¢ 1a cac s6 thuc duong thoa man diéu kién
(@a+D(b+1(c+1) =1+4abc.
Chang minh rang: a+b+c<1l+abc.
Bai 4. Cho a,b,c 1 céc s6 thuc khong am thay ddi thoa man diéu kién
a+b+c=1.

Tim gid tri 16n nhat ciia biéu thic P=a(b-c)* +b(c-a)* +c(a-b)*.
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Loi gidi
Khéng mat tinh tong quét gia sir a>b>c, khi d6
P= a(b—c)4 +b(c—a)4 +c(a—b)4 < a(b+c)4 +ba* +ca’

*rat(brc)=a(bro) (brc) +a’ |

a(b+c) +
a(b+c)|(a+b+c) —3a(b+c)(a+b+c)}
(b+c)

a

b+c)(1-3a(b+c))=-3[a(b+c)]* +a(b+c)

2
=-3 a(b+c)—l Lt
6 12 12
Vay gia tri 16n nhat cua P bang %dat tai a= 3+6\/6,b= 3_6\@,c=0hoac

cac hoan vi.
Chuy. Ta cd bat dang thirc manh hon nhu sau

a(b+c)' +b(c+a)* +c(a+b)’ sé(a+b+c)4
Bai 5. Cho céc s6 thuc thay ddi x,y,z thda man diéu kién
x2+y2+2° +%xy=3.
Tim gi4 tri nho nhét cua biéu thic
Pzg(x2 + y2)+gz2 +xy—\/m.
Loi gidi

Nhan xét. Truéc hét ta chua quan tim dén diéu kién cua x,y,z ma dé y dén tinh
chat d6i xting cta x va y trong diéu kién ciing nhu biéu thirc ciia P nén ta str dung
2
: X+
danh gia: X2 + y2 2%
Str dung bét ding thfrc AM-GM ta duoc:

P>—(x+y) EZ + Xy —+/10(Xy + yz + 2X)

>2 %(x+ y) 222 +xy —[10(xy + yz + 2)

=|(x+ y)z|+ Xy = J1O(Xy + yz + 2X) = Xy + yZ + 2X —/10(XY + YZ + 2X)

Mot danh gia d& nhan ra 1a dwa vé tam thuc béc 2:
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2
Xy + yz+zx—\/10(xy+ yzZ + 2X) ={1/xy+ yz+zx—\/§} —%2—%.

Ding thirc xay ra khi va chi khi

W+W+U=g

K=y =2 =3 =

X=Y P 34, \/?E, 17
X2+y? 472+ 0y 3 K=y =2 =3,
25 J34 34 17

z(x+y)=0

. . . 5 . 5 5 M
Vay gia tri nho nhat coa P bang ——dat tai —,y=——,z =-3,/— hoic
v 9 g 2 \34 y \/34 17

x——5 y——5 z —3\/z
NEYERGENEYS 17
Bai 6. Cho x,y,z |a cac s6 thuc thoa mén diéu kién x% + y? + 22 =3.
Tim gid tri 16n nhit va gié tri nho nhét cua biéu thirc P =xy + yz +2yz.
Loi gidi
Ta tim gia tri nhé nhit caa P
Xuit phét tir bt ding thirc co ban:

2,2, 2
(x+y+z)220<:>xy+yz+zx2—uz—3

E.
3 3 X2+ _ 3 x2+y2+z2
Suyra P=(Xy+yz+2X)+ X2 ——+ X2 ——— >2————=-3.
Y (y+y ) 2 2 2 2 2
Ding thirc xay ra khi va chi khi
X+y+z=0 x:_\/§ y=0z= 3
x2+y2+22=3 = 2 2.
3 3
2,52 2,2, 2 - 2 v=07=-12
xz=—x +2° X HYy 47 Z_E X ﬁ,y 2z \fz
2 2 2

Vay gia tri nho nhit cua P bing —3dat tai x=—\E, y=0, z=\Ehoéc

3 3
X=,—y=0,z=—]—-.
(33-05--;

Céch 2: Viét lai biéu thie P dudi dang
P+3=(x+2)"+y(x+2)+y? & (x+2)° +y(x+2)+y?-P-3=0 (1).
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Coi (1) 1a phwong trinh bac 2 vai an 1a (x+2z) ta c6 diéu kién c6 nghiém cua
2 2 3y?
phuong trinh 14 Ay, = Y —4(y - P—3)20® P>-3+2 > 3.

4
=0

y 2 2

3 3

X =
bang thirc xay ra khi va chi khi {x+z=-2=0 <

; .
x2+y?+272=3 x:\/;,yzo,z:—\/g

Ta c6 két qua twong ty cach trén.
Tim gid tri lén nhat cia P
Ta tim s6 thuc k >0 nho nhit sao cho P = Xy + yz + 2zx < k(x2 +y2+ Zz)dﬁng
vGi moi X,y,z va x2 + y? + z2. Khi d6 gia tri 16n nhét cua P bang 3k.
Viét lai bt dang thire trén dusi dang: ky? — y(x+2)+kx* +kz® -2x2 >0

Pay 1a mot tam thirc bac hai vai hé sé cua y? dwong nén ta chi can tim k sao
cho A, <0.
Tuc

(x+ z)2 —4k(kx2 +kz? —2xz)30c> (1—4k2)(x2 + 22)+2xz(1+ 4k)<0,vx,z.

Day 1a mot bt ding thirc d6i xung véi x va z nén ta chon x =z =1.

ksl_\@
Suyra 1-4k2 +1+ 4k <0< 2k? — 2k —1>0 < 2
1+3
k>
2
3(1++/3
Vay k=1+2\@:>Pg¥.

3+4/3 _\/3—\@

s VT2
Nhin xét. Ngoai 15i giai bang tam thic bac hai nhur trén ta c6 thé sir dung ky thuat
tham s6 hoa hoac st dung C -S.

Ding thuc xay ra khi va chi khi x =z =\/

Bai 7. Cho a,b,c 1a cac sb thuc thudc doan ES} Chirng minh

a b c
+ +
a+b b+c c+a

v
22—,
5
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Loi gidi
Khong mét tinh tong quét gia st a = max{a,b,c}.
Bt dang thire da cho tuong duong voi
(3a-2b)c? —(Za2 —ab—3b2)c+3a2b—2ab2 >0.
Vi 3a—2b >0 tachi can chitng minh
2

(2a° —ab—-3b%)" ~4(3a—2b)(3a’b - 2ab’ ) <0

< (a- b)(a—9b)(4a2 + bz)s 0
Bat dang thuc cubi dung do a—b>0; a—9bs3—9é=0.

Bt dang thire dugc chirmg minh. Dang thirc xay ra khi a=3, b= % c=1.

Nhan xét. Bang cach tuong ty ta chitng minh dugc
a + b + ¢ < § .
a+b b+c c+a 5
Ngoai ra co thé dua vé xét tinh don diéu cua ham sé (Xem chuong 3).
Bai tap twong tw
(TSPH Khéi A 2011) Cho c4c s6 x,y,z €[1;4] thoa man diéu kién

X>Y,X>Z7.
< Y SU | , X y z
Tim gia tri nho nhat caa biéu thirc P = + + :
2X+3y y+z z+X
HD: Chang minh P, =%.

Bai 8. Cho a,b,c I cac sé thuc khong am.

Chimng minh rang a? +b? +c? + 2abc +1> 2(ab +bc +ca) .

Lo gidi
Viét lai bt ding thic dudi dang: a® +2(bc—b—c)a+(b—c)’ +1>0.
Coi V& trai bat dang thuc trén 1a tam thuc bac hai cua a ta duoc:
Ay =(bc—b—c)’ —(b—c)’ —1=bc(b—2)(c—2)-1.

TH1: Néu bc —b—c>0ta c6 ngay diéu phai ching minh.
TH2: Néu bc—b-c <0< (b-1)(c—1)<1taxét hai kha nang sau:

Kha ning 1. Néu (b-2)(c-2)<0= A', <-1ta c6 ngay diéu phai ching minh.
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b,c>2

Kha néing 2. Néu (b—2)(c—2)20<:{b ceo M (b-1)(c-1)<1nén b,c<2

khi d6 st dung bat ding thire AM-GM ta duoc:
b+2—bj2 [c+2—c

2
J -1=0,ta c6 diéu phai
2 2

A, - b(2—b).c(2—c)—1§[
chirng minh.

Cha y. Xem thém 1i giai bing Nguyén ly Dirichlet trong chu dé twrong tng.

Bai tap twong tw
Cho a,b,c 14 cac sb thuc duong thoa man didu kiena? +b? +c2 —2abc—1>0 .

Chung minh ring |a—b|+|b—c|+|c—a|2\/a2 +b%+c?—2abc-1.
Bai 9. Cho x,y,z 1a c4c sb thuc thoa man diéu Kién x+y +z = Xy + yz + 2X..
Ching minh rang 2X + 2y + ZZ -1
x“+1 y“+1 z°+1 2
Loi gidi
Theo gia thiét taco: z(x+y—1)=x+y—Xxy.

£ x+y=1 . A
+ Néeu x+y=1= , V6 nghiém.
Xy =
+ Vay x+y=1lva , XYY
X+y-1
X+Yy—Xy
Vay ta can chirng minh X Y 4 x+y-1 2—l

2 2 2
X“+1 +1 _ 2
y (x+y xyj 1
x+y-1

o X L2y 2(x+y-xy)(x+y-1) 1

el YL (xy o) (e y 1)
2 2 2
SO ), by -1) :
x“+1 YT+l (x+y-xy) +(x+y-1)
Cha y theo bét ding thirc C-S ta c6

(+1)°  (y+)° _(x+1°(@-y) (y+1)°(1-x)°

X241 yi4l _(x2+1)(1— y)’ (y2 +1)(1—x)2

N [(x+1)(1- y)+(y+1)(1—x):|2 ~ 4(xy—1)2

- (x2 +1)(1— y)2 +(y2 +1)(1— x)2 (x2 +1)(1— y)2 +(y2 +1)(1— x)2
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Vay ta chi can chang minh
4(x+y- xy)2 +4(x+ y—l)2 z(x2 +1)(1— y)2 +(y2 +1)(1—x)2
@(y2 —3y+3)x2 —(3y2—8y+3)x+3y2 ~3y+1=0
Vé tréi bat dang thirc 1a tam thac bac hai cua x véi hé s6 ciia x* duong va c6
A, =(3y2 —8y+3)2 —4(y2 —3y+3)(3y2 —3y+1)=—3(y2 —1)2 <0.

Didu d6 chung to bat dang thic dung. Pang thac xay ra khi va chi khi
X =Yy =-1,z=1hoac cac hoan vi.
Bai 10. Cho ab,c la cac sd thuc théa man diéu kién a+b+c=2va
ad+b®+c®—3abc=2.
Tim gi4 tri 16n nhét cua biéu thac P =max{a,b,c} —min{a,b,c} .
Loi gidi
Khong mét tinh tong quét gia st a =max{a,b,c},c=min{a,b,c}=>P=a-c.
Taco: 2:a3+b3+c3—3abc:(a+b+c)(a2+b2+cz—ab—bc—ca).
:»z:%(a+b+c)[(a-b)2+(b-c)2+(c-a)2]
& (a=b)’ +(b—c)’ +(c—a)* =2
Suyra: P2 +(a—b)’ +(b-c)* =2,
=P +[(a=c)+(c-b)] +(b—c)’ =2
e P2+(a-c)’+2(b—c)*-2(a—c)(b-c)=2.

& P2-P(b—c)+(b—c)*-1=0
Coi dang thirc trén 1a phuong trinh bac 2 véi an 1a (b — ¢). Bé phuong trinh nay

¢6 nghiém ta phai c6 A, ¢ = P? ~4(P?~1)>0 < P? sgjpg%.
a—c=-2 a=2+\@
NE] 3
Ping thirc xay ra khi va chi khi {(b—c)’ —i(b—c)ﬁ:o@ =2
3 3 3
a+b+c=0 2-.3

azb>c 3
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Vay gia tri l6n nhat ctia P bang id@lt tai a= 2+\3 2—3@

J3 3

,b:g,c= hoic
3

cac hoan vi.
Céch 2: Khong mét tinh tong quét gia str a=max{a,b,c},c=min{a,b,c}=>P=a-c.
Taco
a?+b2+c?—ab—bc—ca=1< (a+b+c)’ —3(ab+bc+ca)=1
< ab+bc+ca=1

Suyra: P2 =(a—c)”’ =(a+c)’ ~4ac=(2-b)’ —4[1-b(a+c)]

2V 4 4
:(2—b)2—4+4b(2—b):—3b2+4b:—3(b——) +—<—
3) 373
b 2 a:2+J§
3 3
Ding thirc xay ra khi va chi khi a—c=2 oip=2
J3 3
a+b+c=2 C_2—«/§
-3

Cach 3: Khdng mat tinh tong quat gia sir c=min{a,b,c} .
bat a=x+c,b=y+c,(x,y>0).
Taco: a®+b%+c?—ab—bc—ca=1suyra

<:>(x+c)2+(y+c)2 +02—c(x+c)—c(y+c)—(x+c)(y+c)=1.

2 2
(x—%) +3%=1 xSi
<:>x2—xy+y2:1: 5 = 3.
5_ +ﬁ—l ygi
2 V) Ta T V3

Suy ra P =max{Xx,y} si.

3

C.BAI TAP REN LUYEN

Bai 1. Cho a,b.c 1a d6 dai 3 canh mot tam giac va x,y,z 1 céc sb thuc thay
ddi théa man ax+by +cz=0. Chang minh xy + yz + zx<0.

X+y+z=1

Bai 2. Cho x,y,z la cac s thuc thoa man diéu kién 5 ) ,
X*+2y°+32° =4
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Tim gia tri I6n nhat cua x.
Bai 3. Cho x,y la hai s6 thuc thoa méan diéu kién x° + xy + y> —6(x+y)+11=0.
Tim gié tri I6n nhat, gia tri nho nhat caa biéu thae P =y + 2x.

Bai 4. Cho x,y,z la cac s6 thuc khdng am c6 tong bang 1. Tim gié tri Ion nhat cua
biéu thac P =9xy +10yz +11zx.

Bai 5. Cho hai s8 thue duong x,y thoa man diéu kién x2?y =1. Chang minh ring
x«/x2+y2 +x2>2.

Bai 6. Cho n sé thuc a;,a,,...,a, thudc doan [0;1]. Ching minh
(1+a +a,+..+a,) 24(a12 +al +...+a§).
Bai 7. Tim tat ca cac sb nguyén duong n sao cho v&i moi sb thuc Xy, Xp,-., X, ta €O
X2 A XG ot XE 2 (X + X ot Xy ) X
Bai 8. Ching minh vai moi s6 thuc x,y,z va a,b,c 1 d6 dai ba canh mét tam giéc ta
c6 a(x—y)(x—z)+b(y-z)(y—z)+c(z-x)(z-y)=0.
Bai 9. (Vasile-Cirtoaje) Chang minh véi moi sb thuc a,b,c ta cé
(a2 +b? +¢? )2 > 3(a3b +b¥c+ cga) :
Bai 10. Cho a,b,c 1a cac s6 thuc duong c6 téng bang 3. Chirng minh
a+ab+2abcs%.
Bai 11. Cho a,b,c 1a cac sb thyc khong am. Chang minh rang
a®+b? +c® +2abc+3>(1+a)(1+b)(1+c).
Bai 12. Cho a,b,c la cac sb thuc khdng &m. Chang minh
2(&12 +b? +c2)+abc+825(a+b+c).
Bai 13. Cho a,b,c 1a cac sé thuc khéng am. Chirng minh
(a2 + 2)(b2 + 2)(02 + 2) >9(ab+hbc+ca).
Bai 14. Cho tam giac c6 ba goc A,B,C ching minh vaéi moi s6 thuc x ta co
1+%x2 > cos A+ x(cosB +cosC).
Bai 15. Chting minh riang véi moi sb thuc x va y ta co
X2 (1+sin2 y)+ 2x(siny+cosy)+1+cos?y>0.
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Bai 16. Chirng minh rang voi moi sb thuc x va y ta ludn co
(x+y)* —xy+1=/3(x+Y).
Bai 17. Chang minh rang véi moi sé thuc x,y,z va ba goc A,B,C cua mot
tam giac ta co x® + y% + 22 > 2xycosC + 2yzcos A+ 22xcos B .
Bai 18. Cho x,y,z 1 cac sb thuc khéng &m thoa man diéu kién
XYZ+X+y+2=4.

Chang minh rang x+y+z =Xy + yz + 2X..

.. O<ac<h< .
Bai 19. Cho { <4 ¢ Chang minh
X, y,2>0
ac(xa+ b+zc)(x+y+zj<(a+c)2(x+ +2)
y a b c) dac y '
X S cAe oA A Lia a2 +b%=1
Bai 20. Cho a,b,c,d la cac so thuc thoa man diéu kién :
c+d=3
Chang minh rang ac+bd +cd < 9+2\/§.
Bai 21. (TSPH Khéi A 2011) Cho céc s6 x,y,z e[1;4] thoa man diéu kién
x>y, x>z . Tim gié tri nhé nhét caa bidu thac P=— >+ ¥, 2

2X+3y  y+z Z4+X
Bai 22. Cho a,b,c,d 1a c4c s6 thuc thoa médn b >c >d . Chitng minh
(a+b+c+d)*>8(ac+bd).
Bai 23. Cho a,b,c,d,p,q la c4c sb thuc théa man diéu kién
p?+q?-a?-b*-c?-d?>0.
Chtrng minh (p2 —a® —bz)(q2 —c? —dz)s(pq—ac—bd)z.
Bai 24. Cho a,b,c 1a d6 dai ba canh mét tam giac va p,q,r 1a ba sé thyuc thay
dbi thoa man diéu kién p+q+r=0. Chang minh a%qr +b?rp+c?pgq<0.
Bai 25. Chitng minh rang véi moi sé thuc a,b ta c6 (a2 + 2)(b2 + 2) >3(ab+a+h).
D. HUONG DAN GIAI - PAP SO

ax+ by
c

Bai 1. Tir gia thiét ta co: z =— . Viét lai bat dang thirc can chimg minh dudi

(x+y)<0e= ax® —y(a+b—c)x+by?>0.

dang: xy - ax+ by
C
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Coi V& trai bat dang thuc trén 12 tam thic bac hai cua x ta duoc:

Ay =y?(a+b—c)’ —4aby? = yz[(a+b—c)2 —4ab}

- yz[(a—b)2 +c? —20(a+b)}§ y? [CZ +c? —20(a+b)}:20y2(c—a—b)so
Ta c6 diéu phai ching minh.

Bai 2. Thay z=1-x—-y vao phuong trinh thir hai ta dugc
x2+2y2+3(1—x—y)2—4=0
<:>5y2+6(x—l)y+4x2—6x—1=0
= A’y =9(x~1)" =5(4x* -6x-1) >0

6—--/190 6-+-/190
<X<
11 V11

_6+4190 Ly 15-3v190 ,_1o- 2190
11 T '

55 55

6++/190
11

S11x% —12x-14<0 =

—

Khi x

Vay gié tri Ion nhat cia x bang
Bai 3. Rt y = P —2x thay vao diéu kién bai toan ta dwoc:
X2 +x(P=2x)+(P —2x)° —=6(x+P—-2x)+11=0
< 3x* ~(3P-6)x+P?-6P+5=0
= A, =(3P-6)" ~12(P?~6P +5)>0
< P2-12P+8<0=6-24/7<P<6+27

Vay P =6-27;Pi =6+27.
Bai 4. Thay z =1—x—y vao biéu thirc cua P va rit gon ta dugc

11x% +(12y -11)x +10y ~10y + P =0
= A, =(12y -11Y’ —44(10y2 ~10y + P) >0

2
<_74( 2 22 121)__74( _11) 195<195

=P<-—— Ly ey e
11 37° 196 11 37 148 ~ 148
195 25 11 27
Vay Py =— < (XY 2)=| —1—i1— |.
WY Fmax 148 (xy:2) (74 37 74)

Bai 5. Goi P la biéu thuc ve trai taco y =—-suy ra
X
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1 1
P=x’+ [X*+—oP-x’= [x*+—
X2 x?

= P?2 - 2Px+x* =x4+i2<:>2Px4—P2x2 +1=0
X

= A, =P'-8P>0= P(P?-8)20= P22
1
\/E,
Bai 6. Xét tam thirc bac hai

f(x) = x —(1+a1+a2+...+an)x+(a12 +a) +...+a,f).

Khi x=——,y=2thi P bing 2. Vay Min cua P bang 2.

Taco

f(0)=al+a5 +..+a; >0, f(1) =a (8 —1)+a,(a, -1)+...+a, (a, -1)<0.
Suyra f(0).f(1) <0= 3x, €[0;1]sao cho f(x,)=0tuc f(x) cé nghiém.

Vi vay A20<:>(1+a1+a2+...+an)224(a12+a22+...+a§).

N A < y , , - . X A , , - X1=X2=:Xn—l
Bai 7. Bat dang thirc dung v6i moi s6 thuc nén ding véi )
X, =

Khi d6 bat dang thic tre thanh (n-1)+22 >2(n-1) < n<5=1<n<5.
Ta ching minh véi n=1,2,3,4,5 la cac gi tri can tim.
Xeét tam thuc bac hai f(X,) = X3 — (X +Xp + et Xog )Xy + X + X5+t X4 -
Tac A, = (X + % ot X yg)’ —4(x12 X5 4 xﬁ_l).
Do n<5 vatheo bat dang thirc C-S ta c6
4(x12 X5 4 xﬁ_l)z(n —1)(x12 X5 4 x,f_l)
> (X + X+t Xn—l)z
= Ay, <0=f(x,)=0
Diéu d6 chiing to bét ding thtc ludn dung véi n=15. Vay n=1,2,3,4,5 1a tt ca
cac gid tri can tim.
Bai 8. \Vé trai viét lai thanh tam thac bac hai cta x ta duoc
ax? —(ay+az+by—bz+cz—cy)x+(ayz+by2 —byz +cz? —cyz) .
. 2 2 2
Taco A—(ay+az+by—bz+cz—cy) —4a(ayz+by —byz+cz —cyz).

2(32 +b%+c? —2ab—2bc-2ca)(y— Z)Z
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Chay a® +b®+c? <2(ab+bc+ca)=A<0=0.
Bai 9. bat b=a+ x;c =a+ y. Bat dang thic dugc viét lai duéi dang:
(x2 —xy+ yz)a2 —(x3 —5x2y + 4xy? + y3)a+x4 33y +2x%y2 +y* >0.
V& tréi 1a tam thac bac hai cia a c6 hé sb cua a® khong am.
Chay x? —xy+y? =0« x =y =0=> bt ding thirc luén dung.
Vi x2 —xy +y? >0 khi do
A, =(x3 —5x2y+4xy2 + y3)2 —4(x? —Xy+ yz)(x4 —3x3y+2x2y2 + y4)
:—3(x3—x2y—2xy2+y3)2 <0

Diéu d6 ching to bat dang thae ludn dung(dpem).
Bai 10. Thay b=3-a—c va dwa vé chiang minh

f(a)=(20+1)a2+(2c2—5c—4)a+%20.
Chay A, =(202 —50—4)2 ~18(2c +1)=(2c—1)2 [c(c—4)—2] <0,vce[0;3].
Diéu d6 ching to bat dang thic ludn ding.
Ping thte xay ra khi va chi khi a:%,b:l,c:l.
Bai 11. Bét dang thirc tuong duong véi:
a? +b?+c? +2abc+3>1+a+b+c+ab+bc+ca+abc.
< a?+a(bc-b-c-1)+b”+c®~bc—b-c+2>0.

e a?+a(bc—b-c-1)+(b—c)’ +bc—b—c+2>0.
Coi V& trai bat dang thuc trén 12 tam thic bac hai cua a ta duogc:

A, =(bc—b-c-1)° —4[(b—c)2 +bc—b—c+2}
=b2c? —2b%c —2bc? —3b? —3c? + 4bc+6b +6c—7 .
=b?(c* ~2c-3)-2(c? ~2c-3)b—3c> + 6c -7
Lai coi day la tam thirc bac hai ctia b ta duoc:
A'y =(c2 —20—3)2 ~(¢? —2c—3)(—3c2 +6c—7)
= (c? —2c-3)(c? ~2c-3+3¢* ~6c+7)

=4(c? —2c-3)(c-1)" =4(c-1)*(c +1)(c-3)
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TH1: Néu bc—b—c—1>0ta c6 ngay diéu phai chirng minh.

TH2: Néu bc—b-c-1<0< (b-1)(c—1)< 2ta xét hai kha ning
Kha ndng 1. Néu c<3=c® -2c-3<0,A', <0=> A, <0ta c6 ngay diéu phai
chirng minh.

Kha ndng 2. Néu czs:»b—lsilﬂ@bszmc ndy ta lai coi Al tam
C_

thuc bac hai cua ¢ va thuc hién tuong tu trén taco ngay A', <0= A, <0taco
ngay diéu phai chirng minh.
Bai 12. Viét lai bit ding thirc dudi dang:
2a% +a(bc—5)+2b* +2¢* ~5b~5c+8>0.
Coi Vé trai cua bat ding thirc 1a tam thirc bac hai cua a ta duoc:
A = (bc—5)° ~8(20” +2¢ ~5b—5c +8)
=b?c? —16b? —16¢? —10bc + 40b + 40c — 39 .
=b?(c? ~16)—10b(c ~4)~16¢” + 40c —39

Taco: 2b? +2¢? —5b—5¢ +8> 0, Vb, ¢ (xét tam thiic bac hai vai b hoic c).
TH1: Néu bc >5ta c6 ngay diéu phai ching minh.
TH2: Néu bc <5lai coi A, 1a tam thic bac hai caa b ta dugc:

A'y =25(c—4)" —(c” ~16)(~16¢” + 40c -39
28(2c4—5c3—24c2+55c—28):8(c—1)2(c—4)(2c+7)'
Kha ning 1. Néu c<4=c? -16<0,A', <0=A, <0ta c6 ngay diéu phai
chirng minh.

Kha ning 2. Néu c>4=b s§s%< 4 1tc nay coi A, la tam thirc bac hai cua ¢
c

va thuc hién tuong tu tréntaco A', <0= A, <0taco diéu phai ching minh.
Vay bit dang thirc duoc chimg minh. Dang thirc xay rakhi a=b=c=1.
Bai 13. Ta can chung minh: (a2 + 2)(b2 + 2)(02 + 2)—9(ab +bc+ca)>0.
=N 4(a2 +b? +cz)+ 2(a2b2 +1)+ 2(b2c2 +1)+
2(c2a2 +1)+a’b’c? +1-9(ab+bc +ca) 2 0.
Str dung bét déng thirc AM-GM ta duoc:
2(<';12b2 +1) + 2(b2c2 +1) + 2(c2a2 +1) +a°b%c? + 2 > 4ab + 4bc + 4ca + 2abc +1.
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Ta can di chiring minh.
4(a2 +b? +c2)+4ab+4bc+4ca+2abc+1—9(ab+bc+ca)20.

<:>3(a2+b2+c2—ab—bc—ca)+[a2+b2+c2+2abc+1—2(ab+bc+ca)]20

(ludén dung) do

a®+b? +c® —ab—bc—ca>0va a® +b* +c? +2abc+1-2(ab+hbc +ca)>0.

Ding thuc xay ra khi va chi khi a=b=c=1.
Bai tap twong tw
Cho a,b,c 1a cac sb thuc khéng am. Chang minh

abc+3(a2 +b? +cz)+1127(a+b+c).
Bai 14. Viét lai bat ding thirc dudi dang
x? - 2x(cosB +c0sC)+2(1-cosA)>0.

Tacd A', =(cosB+cosC)” —2(1—cos A)=4sin2§(cos2 B;C —1j§0.
Do d6 bat dang thirc dugc ching minh.

Bai 15. Chi y
A’y =(siny+cosy)’ —(1+sin2 y)(1+ cos? y)z—(l—sin ycosy)’ <0.

Bai 16. ChG ¥ A, =—(v3y 1) <0= dpem.

Bai 17. Chuy A", =—(ysinC —zcosB)2 <0.
__ Yy __z
sinA sinB  sinC’
Bai 18. Khdng mat tinh tong quét gia sir z=min{x,y,z} = z <1.Khi d6

Ding thire xay ra khi va chi khi

x=_2=Y2
Y+Z+YZ
A , . 4—yz 4—yz
Tacan chiing minh ————+y+z>(y+z)———+yz
Y+Z+YZ Y+Z+YzZ

@(1+z—22)y2+(22+z—4)y+(z—2)220

A

y =(22 +z—4)2 —4(1+z—22)(z—2)2 =z(z—1)2(52—8)30
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Bai toan duoc chimg minh. Pang thic xay ra khi va chi khi x=y=z=1
hoac x=y=2,z=0hoac cac hoan vi.(xem thém k¥ thuat phan chung).
Bai 19. bat f(x)=x*—(a+c)x+ac=0 c6 2 nghiéma,c

Maa<b<c= f(b)<0<b%—(a+c)b+ac<0

<:>b+%£a+c<:> yb+ac%£(a+c)y
:(xa+ac§j+(yb+ac%)+(zc+ac£)s(a+c)x+(a+c)y+(a+c)z
a c

= Xxa+ yb+zc+ac[§+%+%js(a+c)(x+ y+12)

Theo bat dang thic AM — GM ta c6

:>2\/(xa+ yb+zc)ac(§+%+9 <(a+c)(x+y+2)

< 4(xa+ yb+zc)ac(§+%+§js(a+c)2(x+y+z)2

2
a+c
<:>(Xa+yb+ZC)aC(£+l+£j§u(x+y+z)2(dpcm)
a b ¢ 4ac
Bai 20. Thay d =3—c vao biéu thiic vé trai duoc tam thirc bac hai cua ¢
f(c)=ac+b(B-c)+c(3-c)=-c?—c(b-a-3)+3b
2
< f(3+a—bj:12b+(a4—b+3)

Ta chi can chitng minh

12 +(a-b+3)° _9+62
4 4

& 6(a+b)-| (a+b)’~1]<6v2-1
<:>(a+b—\/§)(a+b+6\/§)20

< 6(a+b)-2ab<6y2-1

Biit ding thuc cudi ding do [a+b|<,[2(a” +b%) =2.

Bit dang thire dugc chimg minh. Dang thtc xay ra khi va chi khi

a:b:iic:d :§

J2 2
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Bai 21. Ta chiing minh
S S 23—4
2X+3y y+z z+x 33

& (31x-3y) 2 +(96y2 —35x° —5xy)z +31x%y —3xy2 >0

V& tréi 1a tam thic bac hai cua z vai hé sé cua z° duong nén ta chi can
ching minh
2
(96y2 —35x2 —5xy) — 4(31x —3y)(31x2y ~3xy°)<0
& (x- y)(x—4y)(1125x2 +2631xy + 2304y2)s 0
Bit dang thirc cudi diing do x—y>0;x -4y <0.
Nhan xét. V&i cach 1am nay ta chi can gia thiét bai toan 1a x>y .
Bai 22. Viét lai bat dang thace dudi dang:
a?+2(b+d -3c)a+(b+c+d)* -8bd >0.

V& trai 1a tam thirc bac hai cua a dat gia tri nho nhat tai 3c—b—d gia tri nho
nhét nay bing

Prin =(3c—b—d)*=2(3c—b—d )’ +(b+c+d)’ —8bd
—(b+c+d)*—(3c—b—d)*—8nd
=8(b-+d—c)c—8bd =8| c® ~(b+d)c+bd |=-8(c-b)(c—d)>0

Bat dang thire dugc ching minh.

Bai 23. Vi p2+q2—a2—b2—c2—d2=(p2—a2—b2)+(q2—c2—d2)>0nén
ton tai it nhat mot trong hai s p? —a% —b?, g> —c?> —d? duong. Khong mét
tinh téng quét ta gia s p2—a®-b%>0.

Xét tam thae bac hai

f(x):(p2—a2—bz)xz—2(pq—ac—bd)x+(q2—02—dz).

Taco: p2.f(q)=—(aq—pc)2—(bq—pd)stnén f (x) ludn c6 nghiem.

Suy ra A'Xzoc(pq—aC—bd)zZ(pz—az—bz)(qz—cz—dz).

Ta c6 diéu phai chiing minh.

Tong quét vai n sé thuc thoa man diéu kién a —a5 —...—aZ > 0ta co

(al2 ~a; —...—aﬁ)(bf —b? —...—bﬁ)s(albl —ayb, —..—ab, )’
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Bai 24. Thay r = —p —qVvao bat dang thirc can dua vé chiing minh:
a’q(-p-q)+b*(-p-q)p+c’pg<0e -a’g® + p(c2 —b? —az)q— p%h? <0.
Coi V& trai bat dang thuc trén 1a tam thuc bac hai cua q ta duoc:
2
Ag=p° (02 —b? —az) —4p2a%h? = p? (c2 —b%-a? —2ab)(c2 —b%-a%+ 2ab)
= p*(c” ~(a+b)’)(c* ~(a-b)*| <0
Do c>[a-b|,c<a+b. Vay ta c6 diéu phai ching minh.
Bai 25. Bat ding thirc di cho twong duong véi:
a’h® +2(a” +b’)+4-3ab—3(a+b)>0
< a’(b?+2)-3a(b+1)+ 20> ~3b+4>0
Ta chi can chirng minh rang
Aq =9(b+1)" —4(b%+2)(2b* ~3b +4)
~—(b-1)*(80° +4b+23) <0

Bat dang thire cudi ding.
Bat dang thirc dugc chimg minh. Pang thirc xay ra khi va chi khi a=b=1.

CHU DE 7: KY THUAT DANH GIA BAT DANG THUC TICH PHAN

Duéi day chi trinh bay mét s6 bai toan bat dang thirc tich phan ma phuong phap
giai chi théng qua cac bat dang thic dai sé roi lay tong tich phan s& din dén két
qua cua bai toan.

Bat déng thirc tich phan 1a bai toan kha hay dé tim hiéu thém ban doc tim doc
cac Chuyén dé khac vé bat dang thac tich phan trén Dién dan hoc tap truc tuyén
Mathlinks.vn
A. NQI DUNG PHUONG PHAP

Bai toan: Cho f,g,h:[a,b]—> RIla cdc ham kha tich trén [a,b] ddng thoi thoa

man diéu kién g(x) < f(x) <h(x) véi moi xe[a,b] taco

b b b
Joedx< [ £ (x)dx< [h(x)dx.

Céc bt ding thuc phu hay duoc sir dung
3 3 .5
X

. . . x> X
» sinX< Xvax——<sSinXx<xXx——+—,¥x>0.
3! 3! b5l
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2 2 2 4
>cosx>1—x—va 1—X—<cosx<1—x—+x VX >0.
2 2 2 41

> L<In(1+x)<x.
x+1

Yéu ciu. Cac bit ding thirc dai s6 nhu Cb si, Cauchy — Schwarz, ... can nam viing.
Nhu vay dang bat dang thirc co ban ciia tich phan chinh 1a quy bai toan vé déanh
gia bit ding thirc trong diu tich phan.

B. BAI TAP MAU
b
NG . ; M 2 —x2 —a? 2 FQA
Bai 1. [IMC 2011] Ching minh rang j(x +1)e dx>e™® —e " VG moi sO

thuc a<b.
Loi gidi

Véi moi sé thuc xta ludn cd x? +1> 2x suy ra
b b

2 2 2 2
_[(x2 +1)e‘x dx > J'er‘x dx=e2 —e™" .
a a
Bai toan dugc chirng minh hoan toan.

1 .
Bai 2. Chting minh rang ILn_de <1-In2.
01+ Xsin x
Loi gidi
. O . T dx
Viet lai bat dang thuc can chirng minh dudi dang: f ———>1In2.
1+x9nx
1 1
Volmo|x>0:>smx<x:j j =—>In2
1+ Xsin x ol
Bai toan dugc chirng minh hoan toan.
—SmX,Xe(O;l]
Bai 3. Cho ham s6 f (x) dwoc xac dinh bai f (x) =
sin x
lim — x= O
x—0t X

1703

Chang minh ring —<j f(xX)dx < 1800
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Loi gidi
RO rang véi gia thiét ham sé f (x) da cho thi f (x) lién tuc trén [0;1].

. L e X3 X
Tiép dén sir dung bat dang thuc phu X——<SinX<X—E+—,VX>O, ta
2 H 2 4
duge 1- 2 NX g X X
6 X 6 120

Chuyén qua tich phan hai vé cua bat déng thirc trén ta dugc

1 1 2 .
J- 1__ IsmxOI <I 1_x_ X < 17 jsmxdx<1703.
0 0 6 120 18 5 X 1800

Bai toan dugc chu:ng minh hoan toan.

T

4
Bai 4. Chung minh rang < J.tann xdx < v6i moi s6 nguyén duong

1 1
2(n+1) 2(n-1)
n>2.

Loi gidi

T

4
< . . 7 _
bit anz.[tan”xdx voi - moi OsXSZ:OStanxsl:tan”xstan“1x
0

= a, <a, tec ddy {a,} giam.
Suyra a,,, +a, <2a, <a, +a,_,.

T

4 z
Mat khac ta lai c6 a,,, +a, = jtan“ x(1+tan2 x)dx:itann X| 4 -1
n+1 n+1
0 0
v
4 1 z
Vaa,,+a,= J‘tan”‘2 x(1+tan2 x)dx:—tan”‘2 X[4=—-.
0 n-1 0 n-1

Tl‘J:d(’)suyra2 ! <a

4
Tur ching minh trén suy ra lim njtan xdx _%

n—o0
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4
Bai 5. [VMC 1994] Xét tich phan 1, = [x"/4—xdx,neN".
0

a) Tinh 1.

1
b) Chang minh rang 1, <2*"*%(2ne) 2.
Lo gidi
Taco
il g .
4 5 ; .
1y = [x"a—xdx= 22" [ cos®™tsin” tdt = 2°"*| [ cos™*tdlt — [ cos™™*tdt
0 . ) o

V6i x=4cos’t,t e {0%} :
i
2

Xét tich phan J,, = jcosmtdt,m >1.
0

Tich phan ting phan ta dugc:
T

2
cos™tdt = Icosm’ltd (sint)=
0

In= (m—1)sin® tcos™ 2tdt

o—nN |y
O N |y

T T

2 2
=(m-1) _[ cos™%tdt — f cos™tdt
0 0

T

m-1 ; 2
=J, :TJW2 .Tacd J; = Jcostdt:l suy ra
0

|n:22n+4(‘]2n+1—Jzn+3)=22n+4(—2n 2n—2.%.1_2n+2 2n %1}

2n+1 2n-1' 2n+3 2n+1"
onea 2n(20-2)..2 ( 2n+2j 2n+4 2n(2n-2)..2
=2 1- =2 .
(2n+1)(2n-1)..3 2n+3 (2n+3)(2n+1)(2n-1)..3

Chung minh 1, <223 (2ne) 2.
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1
Pat x =4t. Khi do I, =22”+3J.t”\/1—tdt ta chiang minh t"V1—t <

L hay
N2ne
1
2" (1-t) <—.
( )<2ne
Str dung bat dang thiac AM — GM ta dugc:
t t t 2n+1
2 t 2n 2 —+—+..+—+1-t (Zn)Zn
@ a-)=(n 5] a-ns(an| 22| |
2n 2n+1 (2n+1)2n+1

Nhu vay ta chirng minh

2n 2n+1
2
(n)z < ! <:>e<(2n+1J <:>1<(2n+1)|n(1+ij.
(2n+1) N+ 2ne 2n 2n

D3 dang chimg minh dugc In(1+x) > Ll vx>0.
X+

Tir d6 ta c6 didu phai chfrng minh.

Bai 6. Chiing minh ring j | |nnx| (L+L+___+ij_
1+n 2+n 2n
Léi gidi
2n l
Pit t=nx. Khidoé I, j|5'””x| j|5'”t| -3 f |S'”t|
k=n Kz
n-1 (k+l)7r on_1 )

> 2. kf” sintdt= 2. Gy

Bai toan dugc chirng minh hoan toan.

2 1
Bai 7. Chting minh rang 6n+—in+1<'[\n/1+ xdx < 20+ e moi neN,n>2.

6n 0 2n
Loi gidi
Ta s€ chung minh
n-1 . . *
1+2- (2 ) <yTx <1+ X e moi x>0,neN"  (L1)
n n2 n
Khi d6 14y tich phan hai vé cua (1.1) trén [0,1] ta cé diéu phai ching minh.
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1 2n+1
= va

=1+—
0 2n 2n

jli(l+£—n—_21x2jdx={x+ﬁ—(n_lz)Xng _6n’? +3n;(n—1) _6n’ +22n+1.
oL h2n 2n 6n 0 6n 6n
Viéc chitng minh bat dang thac (1.1) chi viéc khao sat ham so.
Binh luan: Vi sao loi giai nghi dén viéc chirng minh bat dang thirc (1.1)?.
Day 1a mot kinh nghiém khi giai toan, d6 1a dwa vao khai trién Taylor ciia ham
s6 f(x)=Y1+x tai x=0 ta duoc

1 2
1
That vay ta co I(1+§de = [x+x—]
5 n 2n

Vtrx=1+2- n(n-1) X2 + n(n-1)(n-2) X+ ...
n  2n? 6n®
~ ) 3 i _ 1 ix —ix N i _ 1 ix —ix > :
Ciing tu tuong nay voi cosx_E(e +e ) va smx_—(e —-e ) va khai

trién Taylor cho ham e* va ta c6 cac bat dang thirc sau day.

3 3 X5 2 2 4

S L. X X2 xt
X——<SINX<X——+—Vval-—<cosX<l—-—+— véimoi x>0.
6 6 120 2 2 24
Lac nay chi viéc lay tich phan hai vé trén [a,b],(0<a<b)ta c6 céc bat dang
thire hét stc tha vi.
E
Bai 8. Chirng minh ring j sinx2dx > 0.
0

Léi gidi
3

Trudc tién ta ching minh: sin x> x—%,Vx >0

3
That vay xét ham s§ f (x) =sinx— x+% ta co

2
f '(x):cosx—1+x7:> f7(x) = —sinx+ x = f"(x) =1-cosx>0.

Suyra f'"(x)>f"(0)=0= f'(x)>f'(0)=0= f(x)>f(0)=0.
W3
Tuc la sinxzx—F,VXZO.

Suy ra

V2 Jor 6 3 7
f sin x2dx > J' VA e
) e 3 @

Jor _amfon _4niox _2nem (| om)
0 3 21 3 1)
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Bai 9. Chting minh rang véi mdi n nguyén dwong ta ludn co

b X" +1 2

_[ —— dx > .

o X X T+ +x+1 n+l
Loi gidi

Véi moi k e[0,n] va xe[0,1] taco (L-x")(1-x"*)20= x + X" <x"+1,
Cho k=0,1,2,....,n va cong theo vé caan +1 bét ding trén theo vé, suy ra

n

X' +1 S 2 .
X"+ x" 4 x+1 n+l

2
+1

2(xn X"t x+1)£(n +1)(x“ +1):

X" +1

1
Suy ra _[

0
Bai toan dugc chirng minh hoan toan.

1
2
—— dsz. dx=
X" X"+ x+1 oh+1 n

3

8 iaAN+2 n+2
.- ‘ i, . e, .2 , Sin X COS X
Bai 10. Tim gia tri nho nhat cua biéu thiac |, = —+—— (dx.
cos'x  sin”x

AN —

Loi gidi

Véi moi x{%,%ﬂ:cosx>0,sinx>0 khi d6 ta cé

n+2

. n{.: 2(n+1) 2(n+1)
sin™2 x N cos™2x B 2 (sm X + COS X

cos"x sin” x sin" 2x

> 2" (sinz(n”) X + cosz(”+1)x) .

Mt khac ham f (n) =a™*!1a ham 13i nén ta c6

f (sin2 x) + f (0032 x) —sin?™Y x 4 cos™Yx

cos? X +sin® x cos?x+sin?x ) 1
>2f =2 =

2 2
Suy ra

3

3
8 [ i N+2 n+2 8
on (SinZ(n+l) X+COSZ(n+1)X)21:> In _ I [sm X N cos XJdXZ J~ dX:%.
T
4

n son
z COS X Sin- X

4
Bai 11. Vé6i moi s6 thuc a;,i =1,2,...,n. Chiang minh rang

aa;

> —1->o0.

I<i<n,I<j<n I+ +1
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Loi gidi

2
noo noo

Xétdathuc f(x)=> ax' taco fz(x)z(Zaix'J = > a,alx
i=1 i=1 1<i<nI<j<n

Dén day 14y tich phan hai vé trén [0,1] ta c6 diéu phai ching minh.

C. BAI TAP REN LUYEN
Bai 1. Chtng minh rang

)
a) 2\/§<J.\/x —37—6x+5dx<\/_ d) Ies'” de>3—”.

i) 0 2
1 T
dx 2 >
b) %SI\/ — Sﬂ{- o 1 Tsmx Inz—In2
0VA-X" =X 2cosly X T-2
1
2 3 ox ..
0) isj X 7 vneN. f [T dxs
2 0 71— x2N 6 1 X2 +1 12e

Bai 2. Chting minh rang véi moi x > 0 ta luén c6

e* —1<_)|(‘\/e2t +etdt <\/(ex —1)[ex —lj .
0

2

7Z'

2
Bai 3. Chang minh ring E< I sin X4 ﬁ
6 X 2

T
6

(In X)2013 1

Bai 4. Chang minh ring X > .
x? 2014.2015.2016

(COS X)sinx

Bai 5. Chang minh ring dx <1.

sin x CoS X

oty P

(cosx)™ " +(sinx)
Bai 6. Cho O<a<b ching minh rang
) X +x+1 1 2b+1

x+2 54 2a+1

QD

X+ x% 41 dx < 1 | (2b-1)(2a+1)

b) n :
(X +3X+2) 2916  (2a-1)(2b+1)

oy
i



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

1
Bai 7. Chtng minh rang 1+u<je dx<1+—1 voi neN",

Bai 8. Chting minh rang f«/1+x In? x+1

Bai 9. Vi moi s6 nguyén dwong n. Ching minh rang I tan" xdx >

0 2n72'+4

Bai 10. Chirng minh rang voimoi ke(0,1).

z
.T
0

NIEI

\/1 kzsm X 2\/1—k2

NN

. 4 2 2
sinnx n“r .

. dx < vGi n>1.
sin X 8

Bai 11. Chirng minh rang jx(
0

Bai 12. Vi moi s6 nguyén du:orng nx>2.

Chang minh réng <Ie "ax < EE0
n+1
Bai 13. V&i k >0 ching minh rang j(x—xz)k dx < 2 :
4 Jk+1+2k+1
I, > 1 n=2
2In2n

Bai 14. Cho céc s6 thuc duong aj,a,,...,ay .

N
Chting minh rang <zyal.
mz‘z)nz(“)m+n+1 Zi
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Clurong 2:
BAT PANG THUC VA PHUONG PHAP TIEP CAN
CHU DE 1:
CAC KY THUAT SU DUNG BAT DANG THUC AM - GM CO BAN
A I\!QI DUNG PHUONG PHAP ’
I. Bat dang thirc C0 si (AM-GM) cho 2 so khéng am

a+b2\/%.

2
Ding thuc xay ra khi va chi khi a=b.
Céc dang tuong duong ctia bat dang thuc trén

2 2
abs(a;b) va a2+b22@.

Vi du 1. Chting minh rang véi moi s6 thyc duong a va b ta ¢6

1 1 4
—+> :
a b a+b
L&i giai. Sir dung bat dang thirc AM-GM cho 2 s6 ta ¢6
1 1 2
a+b) —+=|>2vab.—=4.
( )La bj Jab
Dodo L+l 4
a b a+b

Dang thirc xay ra khi va chi khi a=b.
I1. Bt dang thic Co si (AM-GM) cho 3 s6 khong am

a+g+c >3/abc .

Ding thuc xay ra khi va chi khi a=b=c.
Céc dang tuong duong ctia bt dang thirc trén

a+b+cj3

abcg(

Vi du 2. Chang minh ring véi moi sb thuc duong a,b,c ta c6
1 11 9
R e e .
a b ¢ a+b+c

L&i giai. Sir dung bat dang thirc AM-GM cho 3 s6 duong ta c6
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=9.

(a+b+c)(§ o c) \/F_

Do d6 1+ ! +1_ J .
a b ¢ a+b+c
Ding thirc xay ra khi va chi khi a=b=c.
I11. BAt ding thirc Cd si (AM-GM) cho n sé khong am
a+a,+..+a
%zwalaz...an :
Dang thuc xay ra khi va chi khi &, =a, =...= a,.

1. Céc bt diang thic hay sir dung
Trudc tién nhéc lai mot s6 bat ding thirc hay duoc sir dung

a® +b? z%(aler)z;(aer)2 > 4ab
a?+b®+c®>ab+bc+caa®+b?+c? 2%(&1+b+c)2
(a+b+c)’ >3(ab+hc+ca);(ab+hbc+ca)’ >3abc(a+b+c)

(a+b)(b+c)(c+a)>

© | o

(a+b+c)(ab+bc+ca) (1)

a®b +b%c+c2a+abc s%(a\erJrc)3 2)

Chirng minh (1) va (2) xem bén dudgi

2. Ky thuat danh gia trung binh ¢ng qua trung binh nhan
Gia thiét bai toan thuong cho tich cua cac s6
Str dung bét déng thirc AM — GM cho n s6 dang

+a,+...+a
1 2 n
—21”/a1a2...an .

n
Vi du 1. Chiing minh véi moi a,b,c 1a céc sb thuc ta c6

(a2 + bz)(b2 +02)(02 + a2)28a2b2c2.

Loi gidi

a® +b% > 2\/a’h® =2|ab|
b? +c? > 2Vb%c? =2|oc|
c® +a% 2 2yc%a’® =2|ca

Nhan theo vé 3 bt dang thirc trén ta c6 diéu phai chiing minh.

Taco
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Vi du 2. (TSPH Khéi D 2005) Cho x,y,z la cac s6 thuc duong thoa mén diéu kién

3.3 3,.3 3.3
\/1+x +y +\/1+y +12 +\/1+z + X >33,
Xy yz X

xyz =1. Chang minh ring
Loi gidi
Str dung bét déng thic AM — GM cho 3 s6 duong ta dwoc
\/1+x +y° \/ 3x3y3 /
\/1+ y*+ 23 \[3\/y3z3 1 /

\/1+ AR \/3§/z‘°’x3.1 _\/E
X ~ ox

Cong theo vé 3 bit ding thirc trén ta duoc

\/1+x +y3 \/1+y +7° \/1+z +x3 >3 1 1
Xy yz X \/_ \/ﬁ Jx )

M3t khdc AM — GM cho 3 sb dwong ta dugc

1+1+1>331.1.1:3

Tir d6 suy ra diéu phai chimg minh. Pang thic xay ra khi va chi khi x=y=z=1.

Vidu 3. Choa,b,c la cac s6 thuc duong c6 tong bang 3.
Chung minh rang \Ja(b+c) +/b(c+a) +,/c(a+Db) >3+/2abc .

Léi gidi
Str dung bat ding thac AM — GM ta ¢6
Ja(b+c)+yfb(c+a)+,/c(a+b)>38abc(a+b)(b+c)(c+a).

3
Mat khac abcs(a+g+cj =1

(a+b)(b+c)(c+a)=8abc
Suy ra
\/a(b +c)+ \/b(c +a)+ \/c(a +b) > 38/8a%b2c? > 3%/8a%03¢c3 = 3+/2abc .

Bat dang thirc dugc chimg minh. Bang thire xay ra khi va chi khi a=b=c=1.
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Vi du 4. Cho a,b,c |a c4c s6 thuc dwong thoa man didu a>b;a+b+c=4.
3

(afb)b'

Tim gia tri nho nhét cua biéu thic P =4a+3b+

Loi gidi
Chu y didu kién a+b+c=4,a>b,c>ta s& tich P thanh tdng cua cac sé duong
dé str dung AM — GM sao cho mét di (a-b) va xuit hién téng (a+b+c) vé phai.
Str dung bat dang thie AM — GM cho ba s6 dwong ta c6
3 3

PR LA P>

P=4a+3b+ +3(a+b)

Zsi/(a_b)'b'(afb)b +3(a+b)=3(a+b+c)=12

3
C
, —b=b=
Dang thtrc xay ra khi va chi khi 2 (a-b)b &a=2b=c=1

a+b+c=4

Vy gia tri nho nhét caa P bang 12.
Bai tap twong tw
108

(a—b)g(b—c)zcz

Vi du 5. (IMO 2012) Cho a,,as,...,a, la cac s6 thue duong thoa man diéu kién

Cho a>b>c>0 chang minh a+

8,8;..2, =1. Chung minh ring (1+a, )" (1+2;)°...(1+a,)" >n".
Loi gidi
Str dung bét déng thuc AM -GM ta c6

1 1 1 k
+ + ot >k".a,.———— k=2,n.
k=1 k-1 7 k-1 (k—-1)“*

(k-1) times

(ak +1)k = ak

Dang thic xay ra khi va chi khi a, =ﬁ,k= n.

Khi d6 a,as...a, =ﬁ =1, vo ly. Vay diu bang khong xay ra khi d6
n—1)!
Nhan theo vé (n — 1) bat dang thirc trén ta dugc:
2 a3 n
(1+a,)" (1+35)°..(1+a,)" .2 3 N aa,.a,=n".

1_1.¥... (n _1)”71
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Bat dang thire dugc ching minh.
Vi du 6. Cho x,y,z 1a cac sb thuc chimg minh

_13 (x+y)(y+2z)(z+x)(1-xy)(1-yz)(1-2x) sl.
D e e
Loi gidi

Str dyung dang thic va bat dang thicc AM — GM cho hai s ta ¢6

(1+ xz)(1+ yz)z(x+ y)2 +(xy—1)2 > 2|(x+ y)(xy—l)|

(1+ yz)(1+ 22):(y+ 2)’ +(yz-1)° > 2|(y+2)(2zyz-1)

(1+ 22)(1+ x2)=(2+ X)? +(2x-1)° 2 2|(z+x)(2x ~1)

Nhan theo vé ba bit ding thirc trén ta duoc

8|(x+y)(y+2)(z+x)(1-xy)(1-yz)(1-2x)|< (1+ x2)2 (1+ y2)2 (1+ 22)2
1. (x+y)(y+2)(z+x)(1-xy)(1-yz)(1-2x)

8 (1+ x2)2(1+ y2)2(1+ 22)2
Bt dang thire dugc ching minh.
Bai tap twong tw

1
<=
8

1 (x+y)(1-xy)
(1+ xz)(1+ yz)

Vi du 7. Cho x,y,z 1a cac s6 thuc duong théa man diéu kién x > max{y, z}.

Tim gi4 tri nho nht caa biéu thic P=>+2, 1+ +331+ 2.
y z X

Loi gidi
Str dung bat dang thic AM — GM ta c6

P2§+2\/¥+3§/¥:§+ zﬁz\lgw%s/%
=%(§+4‘\1/g+6§/§}+(1—%]§—3(\/§—§/§)5\3/%

Str dung bat ding thac AM — GM ta c6

4 6
£+4‘\1/z+6f\3ﬁ2111\%1(</2J [eij ~11.
y z X ylVz X

Cha y gia thiét bai toan ta c6

Cho x,y 1a hai sé thuc. Chitng minh —= <

1
<—.
2
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%1; §31:»(b%}%21—%;—3(\/5—%)3/52_3(&—%).
Tir d6 suy ra lel.%{l—%}—s(ﬁ—%):n 242 +3%2.

DAu bang xay ra khi va chi khi x=y=1z.

Vay gi tri nho nhat cua P bang 1+ 2+/2 +3%/2..
Bai tap twong tw
Cho x,y,z la cac s6 thuc dwong thda man diéu kién x> max{y, z} .

Tim gia tri nho nhat caa bidu thic P =X 12 /1+1 + 44/1+E :
y z X

3. Danh gia trung binh nhan qua trung binh cjng
Str dung bt dang thirc AM — GM theo chiéu Jaa,..a, < L:"'Jra” :
Ta c6 2 hudng xur ly
+ Danh gia tryc tiép.
+ Nhan thém hang sé muc dich lugc bo bién hoic hang sé khong thich hop.
Nhan dang bét dang thac c6 dang: A +T/A, +..+ A, <B.
Khi d6 dap dung bt dang thie AM — GM theo chiéu trung binh nhan qua trung
binh cong cho mdi can thuc vé trai.
Vi du 1. Chiing minh rang véi moi a,b>1tacé avb—1+bJa—-1<ab.
Lo gidi
Nh4n xét. V& phai khong chira hing sé do vay st dung AM — GM dé triét tiéu cac
s0 —1 trong 2 can thirc do d6 nhan thém vao moi can vai 1.
Str dung bat dang thic AM — GM ta c6

b-1+1 ab
b-1=a,/(b-1).1<a. =—
a/ a\/( )1<a ;

a-1+1 ab
T2
Cong theo vé 2 bat dang thirc trén ta co diéu phai chirng minh.
Ding thuc xay ra khi va chi khi a=b=2.
Bai tap twong tw

1) Chtng minh rang x,/12 -y +Jy(12—x2) <12véi X, y la cac sb thuc dé cac

can thire ¢6 nghia.

bva-1=b,/(a-1).1<bh.

2) Cho x,y 12 hai s6 thyc thoa man diéu kien xy1—y2 + yy1-x2 =1.
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Chtng minh rang : x? + y? =1.

0<x<3

Vi du 2. Cho { ~ . Tim gid tri 16n nhét caa biéu thic
0<y<4

P=(3-x)(4-y)(2x+3y).
Loi gidi
Nhan xét. Ta can triét tiéu di x va y vi vy nhan thém vao (3—x)va (4—y)lan
luot thanh 2(3-x),3(4 - y) khi d6 st dung AM — GM cho 3 s6 duong.
Str dung bét déng thic AM — GM cho 3 s6 khong 4m ta duoc

P zé[g(g_x)].[3(4—y)].(2x+3y)

<£[2(3—x)+3(4—y)+(2x+3y)J3 a

6 3
Ding thuc xay ra khi va chi khi x =0,y =2. Vay gia tri 16n nhét cua P bang 36.

Bai tap twong tuw
Cho 0<x< %,0 <y <3.Tim gid tri 16n nhét cua biéu thuc

P=(5-2x)(3-y)(2x+3y-5).
Vi du 3. Cho a,b,c 1a cac s6 thuc khong &m théa mén diéu kién a+b+c=1.
Tim gia trj 16n nhét cua biéu thic P =(a+2b+3c)(6a+3b+2c).
Lo gidi
Véi cac hé s6 léch nhau trudce tién giam bién bang phép thé ¢ =1—a—b. Khi do
duavé P=(3-2a-b)(2+4a+b).
Ta thdy néu 4p dung truc tiép AM — GM cho hai s6 triét tiéu duoc b tuy nhién
con du 2a khong danh gia duoc Vi vay nghi dén triét tiéu a bang cach nhan thém
2vao (3—-2a-bh).

Taco: P=(a+2b+3(1-a—b))(6a+3b+2(1-a—h))
=(3—2a—b)(2+4a+b)=2(3—2a—b)(1+2a+g]

2 2
3—2a—b+1+2a+9 4—9

<2 2| -2/ —2| -8
2 2

Vay gia tri 16n nhit cua P bing 8 dattai a=c==,b=0.

N |-
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Vi du 4. Cho a,b,c la cac s thuc khéng &m c6 tong bang 3.
Tim gia tri 16n nhét cua biéu thac P = (5a +b)(b? + 4ac) .
Loi gidi
Taco: 5a+b 35(a+g);b2 +4ac =b% +2(ab +bc) + 4ac =4(a+g)(c+g).

Str dung bét ding thic AM — GM ta c6:

2a+2b+2c

Ple(a+g)2(20+b)310( ) =80.

DAu bang xy ra khi b=0;a=2c=2.
Vi du 5. Chang minh riang véi moi sb thuc duong a va b ta co
\/Za(a+b)3 er\/z(a2 +b2) s3(a2 +b2) .
Loi gidi
Truéc hét chuyén bat dang thac vé dang mot bién bang cach chia hai vé bat

ding thic cho b? va dua vé chirng minh bét déng thac:

\/2x(x+1)3 +\/2(x2 +1) s3(x2 +1) :
Chu y diu bang dat tai x=1va bac vé phai la bac hai do vay ta can tach
2x(x +1)3 =2x(x+1).(x +1)Zdé st dung bat dang thaec AM — GM thuan tién
cho viéc so sanh véi vé phai.
Str dung bét déng thiuc AM — GM ta c6

2

3 2 _ 2x(x+1)+(x+1)
\/Zx(x+1) :\/Zx(x+1).(x+1) < 5

2
2(X2+1)SM
2
Cong theo vé hai bat dang thirc trén ta duoc
2
\/ZX(X+1)3 +\/2(X2+1)<(X+1) +2X(X+1)+x2+3.
- 2
Vay ta chi can chang minh
(x+1)° +2x(x+1)+x% +3
2
©6(X° +1)2 4 +4x+4 o 2(x-1) 20

3(x2 +1)z

Bt dang thirc cubi dung va ta c6 dpem.
Ding thuc xay ra khi va chi khi a=b.
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Vi du 6. Cho a,b,c la cac sé thuc dwong chirng minh
81abc(a2 +b? +c2)s(a+b+c)5.
Loi gidi

Sir dung bét dang thirc 3abc(a+b+c)<(ab+bc+ ca)2 :

Ta chi can ching minh 27(a2 +b? +c2)(ab +bc+ca) <(a+b+c)’.

That vay sir dung bat dang thic AM — GM cho ba sé duong ta dugc

2 12, 2 3
[a +b%+c +2(ab+bc+ca)} 1 6

(a2+b2+cz)(ab+bc+ca)2£ =—(a+b+c)
3 27
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .
Bai tap twong tw
Cho a,b,c 1a cé4c sb thuc dwong c6 tich bang 1. Chitng minh

a+b+c_la’+b%+c?
24/ .
3 3

Vi du 7. Cho a,b,c 1a céc s6 thuc duong. Chirng minh ring

a+3 ab.a—erbjL3 abc sSi/a.a%b.aJrngc .

Lo gidi
Bat dang thire da cho twong duong véi

, 6a’ +§/ B 6hc <3
(a+b)(a+b+c) a+b+c \(a+b)(a+b+c)

Str dung bét déng thirc AM — GM cho ba sb dwong ta c6

6a’ 2a  3a 1( 2a 3a j
3 =31l ——-. <= 14—
(a+b)(a+b+c) a+b a+b+c 3\ a+b a+b+c
'i/ 3 =§/1.1. 3 Sl(1+1+ 3b j
a+b+c a+tb+c 3 a+b+c

6bc \/ b 3 1( 2b 3c j
3 P R | P
(a+b)(a+b+c) a+b a+b+c 30 a+b a+b+c
Cong theo vé ba bit dang thuc trén ta c6 dpem. Dang thuc xay ra khi va chi khi
a=b=c.

Bai tap twong tw
1) Cho a,b,c 1a c4c sb thuc dwong. Chirtng minh
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a+ ¥ab + 3abc <§/a a+b a+b+c
3 N2 3

2) Cho a,b,c,d Ia céc s6 thuc dwong. Chirng minh

3a be 2b%d 25
2 +33 +44 3 <—.
a+b+c (a+b)(a+b+c+d) 8l(a+b)’(a+b+c+d) 6

Vi du 7. Chting minh rang véi moi x,y,z khdng am ta c6

3 3 3
yz3/y342rz3 +in/z3;x3 +xy§/x3;y3 (x+y) +(ygz) H(z+x)

Loi gidi
Str dung bat ding thac AM — GM ta ¢6

3.3
3l Y +27 Yy +2Z 2 )
YZ\/T—i/ > .yz.yz.yz.(y yz+z)
2 2\* 3
oYtz 3yzHy —yr+z :(y+zj
<35 y .
34 %8 3 3, .3 3
Tuong tu ta c6 2x3 > S(Z“ij ;Xyi/WS[XﬁLyJ |

Cong theo vé ba bit dang thuc trén ta c6 dpem. Dang thuc xay ra khi va chi khi
X=y=2.

Vi du 8. Cho a,b,c Ia céc sb thuc khdng am ching minh rang
(a+b)*(b+c)’(c+a)’ > 4(a2 + bc)(b2 + ca)(c2 + ab) .
Loi gidi
Khong mét tinh tong quat gia sir a>b>c.Khi do a® +bc<a® +ac<(a+ c)2 :
Vay ta chang minh (a+b)?(b+c)’ > 4(b2 + ca)(c2 + ab) .
That vay st dung bat dang thuc AM — GM ta co
4(b2 +ca)(c2 + ab) < (b2 +ca+c?+ ab)2
=(b2 +ab +bc +ca +c? —bc)2
—((b+a)(b+c)+c(c-b))’
<(b+a)’ (b+c)

Bat dang thirc dwoc ching minh. Dang thic xay ra khi va chi khi a=b,c=0
hodc cac hoan vi.
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Bai tip twong tw
Cho a,b,c la céc s6 thuc khdng am thoa man diéu kién
(a+b)(b+c)(c+a)=2
Tim gia tri 16n nhét cua biéu thuc P = (a2 + bc)(b2 + ca)(c2 + ab) .
Vi

du 9. Cho a, b, ¢ 1a cac s6 thude doan [0, 1].
Tim gia tri I6n nhét cua biéu thac A = (a-b)(b-c)(c—a)(a+b+c).

Léi gidi

Gia st a=max{a,b,c}.

Néu a>b>c= A<O0.

Néu a>c>b .

Khi dé AS2(c—b)-(1+\/§)(a—z)-(—1+x@)(a+b+c)'

Str dung bét déng thirc AM-GM cho ba s6 dwong ta c6 :
2(c—b)-(L+~/3)(@-c)-(-1++/3)(@a+b+c)

_2(0—b)+(1+\@)(a—c)+(—1+\/§)(a+b+c) ’

3

“+23a+3) _(243) 83
3 3 9

Suy ra Py =¥ tai (a,b,c)=(1, 0,%).
Chu y. Ta c6 thé mo rong doan [0;1] va giai bai toan bang tinh don diéu caa ham
sd(xem chuong 3).
4. Ky thuat ghép cap

Xem chi tiét trong chu dé sau
Vi du 1. Cho a,b,c |a c4c sb thuc dwong c6 tdng bang 1. Chang minh

a+bc b+ca c+ab
+ +
b+c c+a a+b
Léi gidi
Chu y diéu kién tong bang 1 ta c6
a+bc b+ca c+ab
+ + =

b+c c+a a+b

a(a+b+c)+hc . b(a+b+c)+ca+c(c+a+b)+ab
b+c c+a a+b

(a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)
b+c c+a a+b

IN

>2.
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Str dung bat dang thie AM — GM cho 2 s dwong ta c6
(a+b)(a+c) . (b+c)(b+a)
b+c c+a
(b+c)(b+a) . (c+a)(c+h)
c+a a+b
(a+b)(a+c) . (c+a)(c+b)
b+c a+b
Cong theo vé 3 bat dang thirc trén ta c6 diéu phai ching minh. Bang thirc xay ra

Khi va chi khi a=b=c=%.

>2(a+h)

>2(b+c)

>2(c+a)

Vi du 2. Cho a,b,c |a c4c sb thuc dwong. Chirng minh
\/1+ a’ \/1+ b? \/1+ c?
+ + >3.
b+c c+a a+b
Loi gidi
Str dung bat ding thac AM — GM ta c6

\/1+a2 +\/1+b2 +\/1+02 >3§/(1+32)(1+b2)(1+02)

b+c Vc+a Va+b '\ (a+b)(b+c)(c+a)

Ta chi can chiing minh
(1+ az)(1+ bz)(1+ 02)
(a+b)(b+c)(c+a)
& (1+a%)(1+b?)(1+¢?)2 (a+b)(b+c)(c+a)

21

Té6i day ta danh gia ghép cap (1+ az)(1+ b2)2 (a+b)*.
Cha y sir dung bét déng thirc C-S ta co:

(1+ az)(1+b2):(1+ az)(b2 +1)2(a+b)2;
(1+b2)(1+c2)=(1+ bz)(c2 +1)2(b+c)2;
(1+cz)(1+ a2)=(1+02)(a2 +1)2(a+c)2.

Nhan theo vé ba bit ding thirc trén ta c6 dpem.
Ding thire xay ra khi va chi khi a=b=c=1.

Chay. Ta ¢6 dang thuc sau: (1+ xz)(1+ yz)z(x+ y)?+(xy—1)°.

Tir do ciing c6 ngay bat ding thirc trén twong tu nhu dung C-S.
Béng céch twong tu ta chirng minh dugc véi moi k duong ta cd
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\/k+a2 +\/k+b2 +\/k+02 -
b+c c+a a+b
5. K§y thuit danh gia mau sé
Céc bt ding thtrc hay duoc str dung dé danh gia mau sb
YR > xy(x+y)x°+y° 2 xPy? (x+y).
Cha y dang toan nay thudng cho cac didu kién rang bugc ta can tinh té phan tich
mau s6 thanh nhan tir dwa vao diéu kién.
Cha y néu miu sb c6 chira can hodc téng cac bién ta co thé dat mdi mau sb 1a
mot an khi d6 dwa vé sir dung bat dang thiuc AM — GM don gian hon.
Vi du 1. Cho a,b,c |a c4c s6 thuc dwong.

, S 1 1 1 a+b+c
Chirng minh rang 5 +— +— < .
a“+bc b“+ac c“+ab 2abc
Lot gidi
Ap dung bit ding thirc AM — GM ta c6
a2 +be > 2avbe = —2 L 1(1 1)
a? ++bc a\/70 2\ab ac
. 2 1 1( 1 1 J
Tuongtu:taco
24ac b\/7 2\bc ab

2 1 . l(i+ij
c+ab cvab  2lac bc
Cong theo vé ba bat ding thirc trén ta dwoc

2 2 2 a+b+c
+ < )

2 2 t3 =
a+bc b“+ac c“+ab  2abc
Bat dang thirc dugc chimg minh. Bang thire xay ra khi va chi khi a=b=c.
Vi du 2. Cho a,b,c Ia c4c s6 thuc dwong. Chirng minh

1 1 1 1
n n <.
a®+b>+abc b +ci+abc c*+ad+abc  abe
Loi gidi
Taco
a® +b*=(a+b)(a? —ab+b2) ab(a+b)+(a+b)(a—b)*>ab(a+b)
1 1 1

TR vabe ab(a+b)+abc ab(a+b+c) abc(a+b+c)
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] a
Tuong tu ta co <
et b +c®+abc abc(a+b+c)
1 b
<

cd+ad+abc abc(a+b+c)
Cong theo vé 3 bit dang thirc trén ta c6 diéu phai chirng minh. Bang thirc xay ra
khi va chi khi a=b=c.
Bai tip twong tw
1) Cho x,y,z 1 cac s6 thuc duong c6 tich bang 1. Ching minh
! + ! + ! <1.
X+y+1l y+z+1 z+x+1

HD: Pat x =a,y =b?, z = c®dua v& bét ding thuc trén.
2) Cho x,y,z 1a céc s6 thuc duong c6 tich bang 1. Chang minh

X z X
5 Z RN y5 t 5 5 1.
XCHY +Xy Y H+z27+yz 20+ X +2X

Vi du 3. Cho a,b,c 1a cac sé thue duong thod méan diéu kién a? +b? +c¢? =1.

Chiang minh ring 2a =+ 2b =+ ZC 223\@.
b +c® c¢“+a® a“+b 2
Lo gidi

Chu y diéu kién ta c6 thé viét bat dang thirc dudi dang
a b c 33
2 2 + 2 2 + 2 2 =
b +c® c“+a”~ a“+b 2

(a2+b2+c2).

Diéu nay lam ta suy nghi danh gia %Zﬁaz.
b*+c 2
2 2
That vay ta co za 5= a2= a = J2a .
b?+c? 1-a a(l_az) \/Zaz(l—az)(l—az)
J2a? 3./3a?

> -
3 2
\/(Zaz +1-a’ +1—a2J
3

b 33?2 ¢ g 3./3c?
c2+a? 2 a’+4+b® 2
Cong theo vé 3 bat dang thic trén ta co diéu phai chirng minh.

, . ) 1
Pang thuc xay ra khi vachi khi a=b=c=—.
g y NE

Tuong tu ta co



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Bai tip twong tw
Cho a,b,c 1a céc sb thuc dwong. Chirng minh

ab+c>3\/§

+ > .
b2+c® c?+a® a’+b? 2Ja?ip?4c?

Vi du 4. Cho a,b,c 1a cc sé thuc dwong c6 tong bang 1.

Ching minh rang ab , be @ 1
Je+ab +Ja+bc b+ca 2
Loi gidi
Theo gia thiét ta co
ab ab ab 1( ab ab ]
= = <= + :
Jc+ab \/c(a+b+c)+ab \/(c+a)(c+b) 2\c+a c+b
bc bc 1( bc bc j
= <= + :
Jat+be J(a+b)(a+c) 2\c+a a+b
ca ca 1( ca ca j
= <= + .
Jb+ca \/(b+c)(b+a) 2la+b b+c

Cong theo vé 3 bit ding thirc trén ta duoc
ab bc ca_ _a+b+c 1

n n < ==.
Je+ab Ja+bc +b+ca 2 2

Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi a=b=c = % :

Bai tap twong tw
Cho a,b,c 1a c4c sb thuc duong c6 tdng bang 1. Chang minh
1 1 1 1
+ + < .
Ja+bc +b+ca +c+ab 6abc
Vi du 5. Cho x,y,z la cac s6 thuc dwong thoa man diéu kién xyz =1.

, S 1 1 1
Chirng minh rang 5 s+ s+ <.
X“+2y“+3 y“+2z°+3 z°+2x°+3 2
Léi gidi
Str dung bét déng thiuc AM — GM ta c6
X2 +y2 > 2xy;
y2 +1>2y.

Cong lai theo Vé ta dugc: x* +2y2 +3>2(x+xy +1).
1 1

Suy ra <—. .
Y x2+2y? +3 2 x+xy+1
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. 1 1 1
Tuong tu ta co 5 5 <—.
y +2z°+3 2 y+yz+1
1 <l 1

22 42x%2 43 2 z+2x+1
Cong theo vé 3 bat ding thuc trén va goi P 1a biéu thirc vé trai cia bt dang thirc

ta duoc PSE( ! + 1 1 j

+
2\ x+xy+1 y+yz+1 z+zx+1

Vay ta can chirng minh t ot ot
X+xy+1 y+yz+1 z+zx+1

Tuy nhién day 1a mot dang thic ludn ding, that vay
1 1 1
+ +
X+xy+1 y+yz+1 z+zx+1
B 1 N 1 N 1
X+xy+1 y+y.i+1 i+i.x+1
Xy Xy Xy
_ 1 N X N Xy
X+xy+1 xy+1+x 1+X+Xxy
Bt ding thie dugc ching minh. Pang thic xay ra khi va chi khi x=y=z=1.
Nhan xét. Ban doc luu ¥y ding thic quan trong vai x,y,z ¢ tich bang 1 ta cé
1 1 1
+ + =
X+xy+1 y+yz+1 z+zx+1

1

1.

Bai tap twong tw
1) Cho x,y,z la cac s6 thuc duong thoa man diéu kién xyz =8.
1 1 1
+ + <=
2X+y+6 2y+z+6 2z+x+6 4
2) Cho x,y,z la cac s thuc dwong c6 tich bang 1. Ching minh

Chiang minh ring

1 N 1 N 1 <1

x5—x2+3xy+6 y5—y2+3yz+6 -2 +3x+6 3
Vi du 6. Cho a,b,c la c4c sb thuc dwong thoa man diéu kién 1+%+i =1.
a c
2 2 2
Ching minh rang ;0 ¢° ,a+b+c
a+bc b+ca c+ab 4
Loi gidi

Chu y diéu kién duoc viét lai duéi dang: abc =ab+bc+ca.
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a’ a’ a’ a’

a+bc a’+abc a’+ab+bc+ca (a+b)(a+c)’
Str dung bét déng thuc AM — GM ta c6
as a+b a+c_3a as 4a-b-c
+ + > = >
(a+b)(a+c) 8 8 4 (a+hb)(a+c) 8
2 A 2 A
Tuong tu ta co 24b a C; ¢ 24C a b.
b+ca 8 c+ab 8

Cong theo vé ba bit dang thuc trén ta c6 dpem. Dang thuc xay ra khi va chi khi

a=b=c=3.
Vi du 7. Cho a,b,c la cac sé thuc dwong.

Tim gié tri nho nhét cua biéu thirc

Khi d6

_a+3c N b 8
a+2b+c a+b+2c a+b+3c’
Loi gidi

x=a+2b+c a=-Xx+5y-3z
bat {y=a+b+2c=>{b=x-2y+z
z=a+b+3c c=z-y

_x+2y+4(x—2y+z) 8(z-vy)

Khidé P= -
X Yy Z
:ﬂ+ﬂ+£+8_y_l7
X Yy y z

=2[1+§]+4(5+ﬂ]—17
Xy y z
Str dung bét dang thic AM — GM ta ¢6

p 24\/13 +8\/E.ﬂ—17=12ﬁ—17.
Xy y z

Ding thuc xay ra khi va chi khi

Vay gid tri nho nhat cua P bang 124/2 -17 .
Bai tap twong tw

Cho x,y la céc s6 thuc duong.

Tim gia tri nho nhat caa biéu thic
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_ X+ 3 N 49 8
X+2y+1 X+y+2 x+y+3
6. Ky thuat nghich dao
Mot s truong ap dung truc tiép AM — GM lam bt diang thue doi chiéu vi vay
ta khéo léo chia phan thic cho tir thirc ap dung AM — GM. K¥ thuét nay hay duoc
ap dung véi bit ding thic Bernoulli(xem chu dé sau).
Vi du 1. Cho a,b,c la cic sé thuc dwong chirng minh

a’ b? c?
3 3 T3 3.3 721
a’+(b+c) b°+(c+a)” \c*+(a+h)

Loi gidi
Str dung bét ddng thic AM -GM ta c6

2 2
Vi+x® =\/(x+1)(x2—x+1)s X oxalrxHl x+2

2 2
bing thirc xay ra khi va chi khi x =0hodc x=2.

3
Tacéd 3 a 7= ! 32 22
\fa +(b+c) {1+(b+cj (b+cj 9
a a
2 2
2a S 2a

a2

=2a2+(b+c)2 _2a2+2(b2+02):a2+b2+c2

3 b2
Twong tu ta cé >
. 35,2, 12, 2
b*+(c+a)’ a“+b°+c
3 2
C S C

¢t +(a+c)’  a’+b’+c?
Cong theo vé 3 bat dang thirc trén ta co diéu phai chirng minh.
bing thirc xay ra khi va chi khi a=b=c.
Bai tap twong tw
Cho a,b,c 1a c4c sb thuc duong thoa méan diéu kién abc =8.

2 2 2
Chirng minh a + b + ¢ >

\/(1+ aS)(1+ b3) \/(1+ b3)(1+ 03) \/(1+ 03)(l+ a3)

Vi du 2. Cho a,b,c Ia c4c sb thuc dwong chiing minh rang

frslosa e
+ + >2.
b+c c+a a+b

w| A~
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Lo gidi
Str dung bét dang thicc AM — GM ta c6
2a

a 2a
Vb+c zla(b+c)_a+b+c’

2b

b 2b
\c+a 2/b(c+a)_a+b+c’

c _ 2C S 2C
Va+b 2\/C(a+b)_a+b+c'

Cong theo vé 3 bit ding thirc trén ta duoc

\/ a \/ b \/ c ( a b c j
+ + >2 + + =2.
b+c c+a a+b a+b+c a+b+c a+b+c

Dang thirc xay ra khi va chi khi a=b+c,b=c+a,c=a+b

—a+b+c=2(a+b+c) vo ly. Vay dang thic khdng xay ra ta c6 diéu phai
chirng minh.

Bai tap twong tuw

1) Cho a,b,c la cac s6 thuc dwong. Ching minh

2 2 2
3( ZaJ +3( 2b j +3( 2c j 3.
b+c c+a a+b
2) Cho a,b,c 1a cac sé thuc khong am thoa man didu kién a +b? +¢? =2.
Ching minh rang 1+b02+ 1+ca2 +\/ € )
(b+c) (c+a) a+b

3) Cho x,y,z la cac sb thuc khéng am va téng d6i mot khac 0. Chirng minh rang
X

y z
+ +
\/y2+z2 \/zz+x2 \/x2+y2

4) Cho ab,c la cc s6 thyc khong am thoa mén dicu kién ab + bc + ca > 0. Chimg minh

\/a +\/ b +2\/ ¢ >2.
b+c 2c+a a+b+c

5) Cho x,y la cac sé thuc khong am. Ching minh rang

X +\/ y + ! >2.
y+1 X+1 X+Y

Vi du 3. Cho a,b,c la cc sé thuc dwong co tong bang 3. Chiing minh

\/a2+b2+c+\/b2+cz+a+\/c2+a2+b>3
a+b+c? b+c+a’ c+a+b?

>2.
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Lo gidi
Str dung bat dang thiec AM — GM cho hai s6 duong ta c¢6

2 2
a?+b’+c a2 +b%+c . 2(a +b +C)

a+b+c? _\/(aJFbJFCZ)(aZ+b2+c)_a+b+c+a2+b2+c2

b%+c’+a 2(b2+02+a) c2+a+b 2(02+a2+b)
N > ol >
b+c+a’? a+b+c+a’+b®+c® NV c+a+b? a+b+c+a®+b?+c?
Cong theo vé ba bat diang thirc trén va dua vé chirng minh
4(a2 +b? +c2)+2(a+b+c)
a+b+c+a®+b?+c?
Bat dang thuc cubi dung theo AM — GM.
Bai toan dugc chimg minh. Bang thuc xay ra khi va chi khi a=b=c=1.
Bai tip twong tw
Cho a,b,c,d Ia céc s6 thuc dwong. Chirng minh
a N b N C N d
Jb2+c24d? Je2+d?+a? Jd2+a2+b?  a?+b?+c?
Vi du 4. Cho a,b,c 1 cac sé thuc khong 4m thoa man diéu kién ab+bc+ca> 0.
Tim gia tri nho nhét cua biéu thuc

F)_\/a(b+c)+\/b(c+a) \/c(a+b)
“Va?+bc \Vb%+ca VcZ+ab '

Lo1 gidi

>3 a’+b%+c?>3.

>2.

Chay
a(b+c) = a(b2 +c? +2bc)2 a(b2 +cz)
(a2+bc)(b+c)=b(a2+c2)+c(a2+b2)
Do véy néu dat x = a(b2+c ) y= b( ) (a +b2)taco
a(b+c) (c+a) c(a+b)
Va +he \/y+z b2+ca VZ+x Vc +ab \IX+
Nhu vay sau khi cong theo vé ba bét déng thirc trén dwa vé bai toan da trinh bay.

\/X+\/y+\/222.
y+2 Z+X X+Yy

Ta c6 gia tri nho nhat cua P bang 2 dat tai a=b,c =0 hoic cac hoan vi.
Céch 2: Néu c6 mot sé bang 0, khdng mét tinh téng quat gia sir 1a ¢, khi d6
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DAu bang xay ra khi va chi khi a=b,c=0.
Néu ca ba s6 déu duong khi d6 sir dung bat dang thic AM — GM ta c6
a(b+c) a(b+c) a(b+c) 2a(b+c)
> = .
+bc Ja +bc a(bic) @ +bera(bre) (a+b)(a+c)
2
b(c+a)2 2b(c+a) ; c(a+b)2 2c(a+h) .
b2+ca (b+a)(b+c) | c?+ab (c+a)(c+b)
Cong theo vé ba bat dang thic trén ta duogc:
\/a(b+c) \/b(c+a) \/c(a+b) 2a(b+c) 2b(c+a) 2c(a+b)
5 +a— +4= > + +
a’+bc Vb*+ca Vc?+ab (a+b)(a+c) (b+a)(b+c) (c+a)(c+b)
_2a(b+c)’ +2b(c+a) +2c(ath)’
- (a+b)(b+c)(c+a)
_2(a+b)(a+c)(b+c)+8abc
~ (a+b)(b+c)(c+a)
N 8abc )
(a+b)(b+c)(c+a)
So sanh hai truong hop ta c6 gid tri nho nhat cua P bang 2 dat tai
a=Dh,c=0hoac cac hoan vi.
7. Ky thuit sir dung bat dang thitc AM — GM dang luy thira

Tuong tu ta co

a' +ag +.tan (A +apt.+ay m
n N n '
Trong d6 a,,k =1,n la cac s khong &m va m,n 1 cac sé nguyén dwong.
Dang thic xay ra khi va chi khi a; =a, =...=a, .
Cha y. Xem chuang minh trong chu dé Bt déng thuc Bernoulli.
CAc bt dang thirc dang nay hay dwoc sir dung
1 1
a®+b? Zz(a+b)3 ;at +b* zg(a+b)4.

Vi du 1. Cho a,b,c Ia c4c sb thuc dwong. Chirng minh

3 3 3
a b c 3
+ + 2—.

(b+3c)® (c+3a)’ (a+3p)° 64
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Loi gidi

Str dung bat ding thiuc AM — GM dang luy thira ta c6

3 3 3 a , b , ¢ 3

a@ b ¢ _alb+3c c+3a a+3b
(b+3c)® (c+3a)’ (a+3b)’ 3
Ch y sir dung bét dang thirc C-S ta c6

2
a b c (a+b+c)

+ + >

b+3c c+3a a+3b a(b+3c)+b(c+3a)+c(a+3b)
) :

(a+b+c)” _ 3(ab+hc+ca) 3

4(ab+bc+ca) 4(ab+bc+ca) 4

a’ b? c 3
=+ =+ T
(b+3c)” (c+3a)” (a+3p)” 64
Ding thuc xay ra khi va chi khi a=b=c.
Bai tap twong tw
Cho a,b,c 1a c4c sb thuc dwong. Chirng minh

5) (5m) “(5m) =5
+ + >,
a+2b b+2c c+2a 9

Vi du 2. Cho a,b,c la cac sé thuc dwong. Chirng minh

Suy ra

at 1pt 4 Let 2i(a+b+c)4.
8 64

Loi gidi
Str dung bét déng thirc AM — GM dang luy thira ta c6
atb+ o4+ S ’
at+btrictoatppty Loty Letng 2 2 =i(a+b+c)4.
8 16 16 4

BAt déng thirc duoc chimg minh. Ding thic xay ra khi va chi khi a=b =% .

Ngoai ra bat ding thuc c6 dang ding cap ta cd thé chuin hod dua vé xét ham
s(xem chuong 3).
Vi du 3. Cho a,b,c 1a d6 dai ba canh ciia mot tam giac. Chirng minh
Ja+b-c+3¥b+c-a+Yc+a-b<¥Ya+Ib+3c.
Loi gidi
Str dung bat dang thiee AM — GM dang luy thira ta c6
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Ya+b-c+b+c-a<34(a+b-c+b+c-a)=2%b
Po+c-a+Icra-b<3a(b+c-a+c+a-b)=2%c
Je+a-b+Ya+b-c<34(c+a-b+a+b-c)=2%a
Cong theo vé ba bat ding thirc trén ta c6 didu phai ching minh.
Ding thuc xay ra khi va chi khi a=b=c.

Bai tap twong tw
Cho a,b,c 1a d6 dai ba canh mot tam giac. Ching minh

Jatb-—c++vb+rc—a+Jc+ra-b<Ja+Vb++c.

Vi du 4. Cho x,y,z la cac s6 thuc duong. Ching minh

A\l/x+y+‘\1/x+y \/x+y>\/—(\/ +[{/ y +4\1/ z J
z z y+z Vz+x \x+y

Loi gidi
Sir dung bét ding thic: 8(A* + B4) > (A+ B)* ta co:

EN x _ x
\/y+z_£\l/(<,/§+g./;)4 Yy+¥z

8
Mat khéc: Ux f L
G\
Xay dung cac BDT con lai rdi cong vé theo Vé, ta dugc:
<2, pRunAL Yerdlz )
2
Lai 6 \/§+\f [BE+%)

4y y

Suy ra: VT£4\1/2+X+</X+y+Z{/y+Z =VP.
y z X

Bat dang thirc dugc chimg minh. Pang thirc xay ra khi va chi khi x=y=1z.

8. Ky thuét bién déi twong dwong két hgp AM - GM

Doi khi danh gia bat dang thic truc tiép bing AM — GM khdng hiéu qua khi do
can két hop bién doi giira diéu kién bai toan va bat dang thirc can ching minh. Pua
vé cac bat dang thire don gian hon dé 4p dung AM — GM.
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Vi du 1. Cho a,b,c la céc sb thuc duong thoa man diéu kién
1 1 1
+ + =
a+l b+l c+1
1 1
+ + >1.
4a+1 4b+1 4c+1
Loi gidi
Bat dang thirc da cho tuong duong véi
D (4a+1)(4b+1)>(4a+1)(4b+1)(4c+1) < 2(a+b+c)+1>32abc.
Chu y diéu kién bai toan tro thanh
> (a+1)(b+1)=2(a+1)(b+1)(c+1)<>ab+bc+ca+2abc=1.
Str dung bét déng thuc AM — GM ta c6
a+b+cz\/3(ab+bc+ca) =\/3(1—2abc) :

Vay ta chi can ching minh 2,/3(1- 2abc) +1> 32abc

Ching minh ring

abc< =
32
< 2,/3(1-2abc) 232abc -1 | [ 4pes L <:>abc£%.
32
| [12(1- 2abc) > (32abc - 1)

Bat dang thuc cubi dung boi sir dung AM — GM cho 3 s6 duong ta co
1=2abc + ab + bc + ca > 2abc + 3¥a%b?c?:t = 3/abc

= 2t% 43t 1< 0 & (2t -1)(t +1)? £0<:>ts%<:>abcs%

Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi a=b=c==.
Vi du 2. Cho a,b,c la céc sb thuc duong thoa man diéu kién
1 1 1
+ + =
a+l b+1 c+1

Chiang minh ring l+%+124(a+b+c).
a c

Loi gidi
Cach 1: Thuc hién twong tu bai toan trén.

Céach 2: ChﬂyténtaiCécséduorngx,y,zsaocho a= X b= y ,C= : .
- y+1z Z+X X+Yy

Bai toan dwa vé chirng minh
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y+z+z+x+x+y24( X Y, 1 j
X y z Y+Z Z+X X+Y

Bat dang thirc trén 1a tong cua ba bt dang thuc sau

S BN R SHE TR
X z) z+x \y Xx) x+y \z y) y+z

Bat dang thire dugc chirg minh. Bang thirc xay ra khi va chi khi a=b=c =% .

Vi du 3. Cho a,b,c Ia céc sb thuc dwong c6 tich bang 1. Chirng minh
1 1 1 2
+ + >
a+l b+c c+1 a+b+c+l
Loi gidi
Bat dang thic da cho twong duong véi:
2(a+b+c)+ab+bc+ca+3>3+a+b+c
a+b+c+ab+bc+ca+2 a+b+c+1
< (a+b+c+1)[2(a+b+c)+ab+bc+ca+3]

>(a+b+c+3)(a+b+c+ab+bc+ca+2)

+1.

oa?+b?+c?>3

Bat dang thuc cubi ludn ding boi theo AM — GM ta c6

a? +b? +¢c? >3¥a%%c? =3.

Bat dang thire dugc chimg minh. DPang thie xay ra khi va chi khi a=b=c=1.

9. Ky thuét sap thir tw
Ap dung véi cac bat dang thic hoan vi ta c6 thé gid sir a=min{a,b,c} hoic

a=max{a,b,c} hodc a la sé ndm giira b va c.
Duéi day 1a mot bat ding thie duoc sir dung khé nhiéu t6i xin trinh bay

a2b+b2c+c2a+abcg%(a+b+c)3.

Charng minh.
Khong mat tinh tong quét gia st b 1a sé nam giira a va ¢ ta co:
(b—a)(b-c) <0< b? +ac<ab+bc= b?c+c®a<abc+bc?

= a’b+b%c+c’a+abc <a’b+bc® +2ahc =b(a2 +c%+ 2ac) —b(a+c)
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a+c a+c3

b+ —+—
Khido VT <b(a+c)f=ab 28250y~ 2 2 | _4q p,cf
2 2 3 27

Bat dang thirc dugc chimg minh. Bang thie xay ra khi va chi khi a=b=c.

Vi du 1. Cho a,b,c la cc sé thuc dwong c6 tong bang 3. Chiing minh
(ab2 +bc? +ca2)(ab+bc+ ca)<9.
, 7 Loi git'i‘i
Khéng mat tinh tong quat gia sir b l1a s6 nam gitraa va c
Taco: ab+b%c+c?a=b(c+a)® —abc—c(a—b)(b-c)
<b(c+a)% —abc=b(c? + ac + a?)
Ap dung bit dang thirc AM — GM ta duoc:

(ab2 +bc? + caz)(ab +bc+ca) <b(c® +ac+a®)(ab+bc +ca)

2
b (c? +ac+a?)+(ab+bc+ca)

2
_b(c+a)’(a+b+c)®  9b(a+c)?
4 4
3
b+a+c+a+c
_9p 2L 2*C g 2 2 9
2 2 3

Ta c6 diéu phai ching minh.
Vi du 2. Cho a,b,c 1a céc sb thuc khong am théa man diéu kién a+b+c=3.

Tim gié tri 16n nhét caa biéu thic P =avb3 +1+byc® +1+cvad +1.
Loi gidi
Str dung bat ding thac AM-GM ta co:

2 2
avb® +1=a\/(b+1)(b2 —b+1) sa.b+1+b2 _b+1=a+ ag .

2 2
Tuong tu: b\/c3+1sb+b%;c\/a3 +1sc+%.

Cong theo vé 3 bat dang thirc trén ta dugc:

2 2 2 2 2 ’
P§a+b+c+£+bi+ﬂ:3+w
2 2 2 >
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Khong mat tinh tong quét gia st b 1a sé nam giira a va ¢ ta co:
(b-a)(b-c)<0<b? +ac<ab+bc= ab® +a’c <a’b+abc
= ab® +bc? +ca” < a’h +abc + bc? =b(a2 +ac+cz)£b(a+c)2

Str dung bat ding thac AM-GM ta co:

3
p2tC, a+c
a+ca+c_, 2 2

2 2 3

2_4b

b(a+c)

Déng thae xay ra khi va chi khi a=0,b =1,¢c =2hoac cac hoan vi.

2 L pc? 2 b(a+c)?
Suy ra Ps3+ab +bg rca <3+ ( 5 ) <5,
Vy gia tri 16n nhit cua P bang 5 dat tai a=0,b=1,c¢ =2 hoic c4c hoén vi.

Vi du 3. Cho a,b,c 1a cac s6 thuc khong &m théa mén diéu kién a+b+c=5.

Tim gia tri 16n nhét cua biéu thac P =a*b+b*c +c*a.
Loi gidi
Khong mat tinh tong quat gia sir a = max{a,b,c}, khi d¢

4. .32 )
P=a4b+b4c+c4asa4b+a3bc+%+%=a3[ab+bc+%+c?]

:as(a+c)(b+2j:256.&&&.[ﬂj.(b+£j
2 4 4 4 4 2

a a+c ¢\ )
3—+——+b+— a+b+—

5
<256| —4 45 2 =zseT4 3256(“:”) — 256

Déng thae xay ra khi va chi khi a=4,b=1,c¢ =0hoac cac hoan vi.
Vy gia tri 16n nhit cua P bang 256 dat tai a=4,b=1,c =0hoic cac hoan vi.
Nh@n xét. Tong quét voi a,b,c khdng am théa man a+b+c =k ta lubn cé

nkn+1

a'b+b"c+cla<s———.
n+l

(n+1)

Chang minh.
Khong mét tinh tong quét gia sir a =max{a,b, c} khi dé
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n n-1.2

_ a'c a"c

P=a"b+b"c+cla<a™+a"be+— +
2

2
—a" | ab+be+ 4 S =a”1(a+c)(b+£j
2 2 2

Str dung bat ding thac AM-GM ta c6
an—l(a+c)(b+ j n 2 __(b_j
nn"n n 2
%/_/

— n+l l 1 n+1
(1-1).2+274p. arbe(5+1)e
<n" n_n 2 - "

n+1 n+1

o a+b+cjn+1_ n"k"
- n+1 (n+1)™
kn k
Ding thuc xay ra khi va chi khi a=——,b=——,¢ =0 hoic c4c hoan vi.
n+1’ n+1’

Vi du 4. Cho a,b,c 1a cac s6 thuc khong &m théa man diéu kién a+b+c=3.
Tim gia tri 16n nhét cua biéu thic
Pz(a2 —ab+b2)(b2 —bc+02)(c2 —ca+a2).
Loi gidi
Khong mat tinh tong quét gia str a > b > ¢ khi d6
b? —bc+c® =b® +¢(c—b)<b?

c?-ca+a’=c(c-a)+a’<a’

Suy ra:
p<a’t?(a® —ap+b?)= 2 320 3022 _gp . p?)
9 2 2
3
4 3ab 38D 2 apb? A . 4 .
<-|-2 2 =——(a+b)’<———(a+b+c)’ =12
9 3 9.27 9.27

Ding thuc xay ra khi va chi khi a=2,b=1c=0.
Vay gia tri 16n nhit cua P bang 12 dat tai a=2,b=1,c=0hozc cac hoan vi.
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10.Ky¥ thuit cb si ngwoc dau
Viéc 4p dung bat dang thirc AM — GM cho miu s ddi khi 1am nguoc chiéu bat
dang thic do vay trude khi &p dung ta bién di phan thirc dé c6 thé ap dung truc
tiép bat dang thic AM — GM.

Vi du 1. Cho a,b,c I c4c sé thuc duong c6 tdng bing 3. Ching minh

a b c 3
+ >—.
1+b% 1+c¢® 1+a® 2
Lo1i gidi
Tacé
2 2
a a(1+b )—ab ab® ab® ab
1+b 1+b 1+b 2b
2 2
b2=b— bczzb—E; C —c- cazzc_g
1+c 1+c 2 1+a 1+a 2
Cong theo vé 3 bit ding thirc trén ta duoc
a b c ab+bhc+ca ab+bc+ca_ 3
5+ >+ sza+b+c- =3- >—.
1+b° 1+c¢° 1+a 2 2 2

Vi ab+bc+ca£%(a+b+c)2=3.

Bat dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Vi du 2. Cho x, Y, z la cic s6 thuc dwong. Ching minh

+ + .
x+2yz  y+2Jx  z+2xy
Léi gidi

Str dung bét déng thic AM — GM ta c6

\/ﬁ 1 X 1 X
=l <= l-—
x+2\/ﬁ 2 X+2yz ) 2 X+y+2
£_1 1Y L1 1Y
y+2zx 200 y+2dx )20 x+y+z
&:l 1_; gl 1_;
z+2xy 20 z+2xy ) 20U x+y+z

Cong theo vé 3 bat dang thirc trén ta co diéu phai chirng minh.
Ding thirc xay ra khi va chi khi x =y =z.

Vi du 3. Cho a,b,c |a c4c s6 thuc dwong thoa man didu kién a+b+c=3.
Ching minh rang
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a’ b? c?
5+ 5+ 5 >1.
a+2b° b+2c® c+2a
Loi gidi
Str dung bét déng thic AM — GM ta c6
= - =a-— F>a- =a——(ab)3
a+2b a+2b a+2b 33 ap* 3
b? 2. 2 c? 2, 2
>pb—-—(bc)3; >c——(ca)3
b+ 2¢? 3( ) c+2a’ 3( )
Cong theo vé 3 bit ding thirc trén ta chi cin chitng minh
2 2 2

(ab)3 +(bc)3 +(ca)3 <3.
Bat dang thirc trén dung theo AM — GM vi
2
a+ab+b>3(ab)3
2
b +bc+c>3(bc)3
2
c+ca+a>3(ca)d

(a+ab+b)+(b+bc+c)+(c+ca+a)£2(a+b+c)+%(a+b+c)2=9

Bat dang thire dugc chimg minh. Pang thie xay ra khi va chi khi a=b=c=1.
Vi du 4. Cho a,b,c 1a cac sé thuc khong am c6 tong bang 3. Tim gia tri nho nhat
cua biéu thuc

a b c
P=— +— +— .
b°+16 c°+16 a°+16
Loi gidi
Taco:
3 3 3 3 3 3
l6P=a- 3ab +b- 3bc +C— ;a =3- 3ab + 3bc + 3ca .
b° +16 c°+16 a’+16 b°+16 c¢°+16 a’+16
3 bc® ca’

D¢ tim gid trj 16n nhét ctia P ta tim gié trj nho nhét clia ———+——+——.
b°+16 ¢*+16 a°+16

Str dung bét déng thirc AM-GM ta duoc:
ab’® _ ab® _ab® _ab?
b®+16 b*+8+8 12b 12
3 2 3 2
be” bL; ca _ca
c+16 12 'a®+16 12

Tuong tu:
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Cong lai theo vé 3 bat ding thirc trén ta duoc:

ab® N bc® . ca® _ab®+bc” +ca’
b*+16 c3+16 a+16 12 '
Bai toan dua vé tim gia tri 16n nhét cua ab? +bc? +ca® day 1a mot bai toan
quen thudc.
Khong mat tinh tong quét gia st b 1a s6 nam giira a va ¢ ta co:
(b—a)(b-c) <0« b? +ac<ab+bc= ab® +ca® <a’h+abc

= ab? +bc? +ca® <a’b + abc + bc? :b(a2 +ac+02)

a+Cc a+cC 3

b+—+
sb(a+c)2=4.b.azc.azcs4 22| =4

Ding thtc xay ra khi va chi khi a=0,b=1,¢ =2va cac hoan vi.

Suyral6P>1< Pzi.
16

Vy gia tri nho nhét cua P bang %dat tai a=0,b=1¢ =2 hoac cac hoan vi.

Vidu5. Choa,b,c la cac s6 thuc duong c6 téng bang 3.

Ching minh rang L S S )

2+a’b 2+b%c 2+c’a
Loi gidi
2 42
Ta co: 22 =1- ab2 >1--as3p3 21—1(a2+ab+ab).
2+ab 2+a‘b 3 9

Tuong tu ta co:

o 21—%(b2 +bc+ab);

Cong theo vé ba bat dang thirc trén ta dwoc:
2
2[ 12 . 12 s 12 j23_(a+b+c) _
2+a‘b 2+b°c 2+ca 9
1 1 1
= 5+ 5+ 5 >1
2+ab 2+b°c 2+c‘a

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.

O 21—%(c2 +ca+bc).
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11.Sir dung bt ding thirc (a+b)(b+c)(c+a)=

©| o

(a+b+c)(ab+bc+ca).

Charng minh.
Day 1a mot bét dang thuce duoc sir dung kha thuong xuyén véi bat ding thire doi
xung 3 bién dua trén dang thac

(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc.

Taco (a+b+c)(ab+bc+ca)—abc=(a+b)(b+c)(c+a).

Mit khéc: abC:@lﬁ.ﬁg(a;bj(bwj(waj:(a+b)(b+c)(c+a)'

2 2 8
Suy ra:
(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)-abc
>(a+b+c)(ab+bc+ca _(axb)(bre)(c+a)-
>(a+b+c)(ab+b ) .

Do do: (a+b)(b+c)(c+a)2g(a+b+c)(ab+bc+ca).

Bat dang thirc dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c.
Vidu 1. Cho ab,c 1a cac s6 thyc duong thoa man diéu kién (a+b)(b+c)(c+a)=1.

Chang minh rang ab +bc +ca < % .

Loi gidi
Str dung bét déng thuc quen thudc:

(a+b)(b+c)(c+a)2g(a+b+c)(ab+bc+ca).
Theo gia thiét bai toan két hop voi bat ding thac AM — GM ta co:
(a+b)(b+c)(c+a) zg(a+ b+c)(ab+bc+ca)

2%,/3(ab+bc+ca).(ab+ bc+ca).

:>ab+bc+ca§%

Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi a=b=c =

Vi du 2. Cho a,b,c |a c4c sb thuc dwong thoa man diéu kién a+b+c 21+%+£.
a c

Ching minh rang ! + ! + 1 3

(2a+b+c)’ (2b+c+a)’ (2c+a+b)’ 16
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Loi gidi
Str dung bat dang thiec AM — GM ta c6
(2a+b+c)’ =[(a+b)+(a+c) >4(a+b)(a+c)
1 1 1
= S<—
(2a+b+c)” 4 (a+b)(a+c)
Tuong tu cho 2 phan thuc con lai dwa vé ching minh

1 N 1 N 1 <§
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) 4
- 2(a+b+c) 3

(a+b)(b+c)(c+a) 4

o (a+b)(b+c)(c+a)=(atbtc)

w

Chi y ta co (a+b)(b+c)(c+a)zg(a+b+c)(ab+bc+ca)

Vy ta chi can ching minh ab+bc+ca>3.

Theo gia thiét ta co abc(a+b+c)>ab+bc+ca.
Str dung bat ding thac AM — GM ta c6
(ab+bc+ca)’ >3abc(a+b+c)=3(ab+bc+ca)

< ab+bc+ca>3
Bat dang thirc dugc chimg minh. DBang thire xay ra khi va chi khi a=b=c=1.
Vi du 3. Cho a,b,c |a céc s6 thuc duong thoa man diéu kién ab+bc +ca<1.

Chung minh rang a+b+c+\/§28abc( 21 + 21 + 21 j
a“+1 b°+1 c°+1

Lo gidi
Chu y diéu kién bai toan ab +bc + ca <1ta c6 danh gia
2(a+b+c)
Za2 22 2+ab+bc+ca R2 (a+b) a+c)_(a+b)(b+c)(c+a)'

Sir dung bét dang thic (a+b)(b+c)(c+a) 2§(a+ b+c)(ab+bc+ca).

, 1
Taco Za2+1_

2(a+b+c) ~ 9
~4(ab+bc+ca)’

2(a+b+c)(ab+bc+ ca)

Vay ta chiing minh
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9
4(ab+bc+ca)

< (a+b+c)(ab+bc+ca)++/3(ab+be+ca)>18abc

3
ab+bc+ca 1

Chiy ahc < = )

Y {\/ 3 ] 33

Do d6 bét ding thtc cudi 13 tong cua 2 bat diang thuc.
(a+b+c)(ab+bc+ca)>9abc
J3(ab+bc+ca)>3v/33a%0%c? = 3/3abc > 3/3abc =9abc -
3
Jabc \/ 1
3 .
33

Bit dang thic dugc chimg minh. Dang thirc xay ra khi va chi khi a=b=c=

a+b+c+\/§28abc.

i

12.Ky thuat chuan hoa
Bat dang thuc ¢ dang thuan nhét bac k ¢é dang
P(X, Xp,.eer X7) = 0 trong d6 P(txg,tXy, ..., tx,) = tXP(X(, g0, X, ) -
Khi d6 ta c6 thé thuc hién

+ Chuan hod cho x™ + y™ + z™ = const (chuyén bai toan khong c6 diéu kién vé c6
didu kien).

+ Hozc nhan(chia) véi dai lwong chia bién dé dua bat dang thie vé dang thuan
nhét giGp ching minh don gian hon.

Vi du 1. Cho a,b,c 1a cac s thuc dwong. Chitng minh

i/(a+b)2(|o+c)2(c+a)2 4

>—(a+b+c).
abc 3
Lo gidi
Bat dang thirc c6 dang thuin nhét bac 1 ta chuan hod a+b+c=3.
2 2 2
) a+b) (b+c) (c+a
Ta can ching minh i/( )( b)( ) >4 .
abc

& (a+b)(b+c)(c+a)>8abc
Chay
(a+b)(b+c)(c+a)=(3-a)(3-b)(3-c)=3(ab+hc+ca)—abc

ab+bc+ca>,/3abc(a+b+c)=3Vabc

Vay ta chitng minh 9+/abc —abc >8+/abc < abc <1.
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3
Bat dang thuc cubi dung boi vi abc < ( a+b+ CJ =1.

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .
Bai tap twong tw
Cho a,b,c 1a céc sb thuc khdng am. Chang minh

#?b)(b;c)(ua)w'

Vi du 2. Cho a,b,c & cad/sb thuc dwong cé tdng béing 1. Chang minh

a®+b%+c?> 3(a2b +b%c +02a).
o  Loigial ‘
Ta chuyén bat dang thic vé dang thuan nhat bac ba bang cach thay
a® +b? +c? =(a2 +b? +02)(a+b+c) .
Ta can ching minh
(a® +b? +c2)(a+b+c) > 3(a2b+b2c+cza)
= (a3 + ab2)+(b3 + bc2)+(c3 +ca2)z 2(a2b + b2c+cza)
Bat dang thuc nay 14 tong cua 3 bat dang thac
a® +ab? > 2a°b;b* +bc? > 2b%c;c® +ca® > 2c?a.
Bt dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi a=b=c= % .

Vi

du 3. Cho a,b,c |a c4c sb thuc dwong c6 tdng bang 1. Chang minh
a? +b%+c?+24/3abc <1.
Loi gidi
Chu ¥ ta dwa bat dang thic vé dang thuan nhét bac 2 bang c4ch thay
2+/3abc = 2,{3abc(a+b +c)
1=(a+b+c)
Bat dang thirc trong duong voéi
a? +b? +¢?+2,[3abc(a+b+c) <(a+b+c)’
< ab+bc+ca> \/W

& (ab+bc+ca)” >3abc(a+b+c)
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Bat dang thirc cudi luén ding. Bét ding thirc duoc chimg minh. Dang thuc xay
ra khi va chi khi a=b=c=l.
Vi du 4. Cho a,b,c Ia c4c sb thuc dwong. Chirng minh
2 42,2

a b ¢ 3(a +b“+c )

242> .

b ¢ a Yabc

Lo gidi

Chuan hoa abc =1ta can chitng minh

ayb,c, 3(a2+b2+02)
b ¢ a

2
@(3+9+£j 23(a2+b2+c2)
b c a

Bat dang thirc dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c.
Vi du 5. Cho a,b,c la cac sé thuc dwong chirng minh

\/a+b \/b+c \/c+a 6(a+b+c)
+ + > :
c a b Jfabc

Loi gidi
Bat dang thirc c6 dang thuan nhét bac 0 chuan hoa abc =1.

) . a+b b+c c+a
Ta can chirng minh + + >./6(a+b+c).
¢ 9 \/ c \/ a \/ b ( )

Str dung bét ding thicc Mincopski ta c6

\/a+b \/b+c \/c+a
+ + =
c a b
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2 2 2 2 2 2
a c b a c b
= =1 + =1 i ld=1 F =1 = L=
b b C c a a
2 2
Grlerls) e e
> N S TP e [ [ Ry R
b c a b c a
Str dung bat ding thuc trinh bay trong vi du 4 ta ¢6

-

s -

Suy ra diéu phai chung minh. Dang thire xay ra khi va chi khi a=b=c.

13.Ky thuat dit 4n phu

Doi khi dat 4n phu dwa vé bién méi gitp danh gia AM — GM don gian hon.
Vi du 1. Cho a, b, c I c4c sé thuc duong.
b(a-c) . c(3b+a) N 2c(a—b) .
c(a+b) a(b+c) b(a+c)

Lo gidi

batx=ab>0;y=bc>0;z=ca>0, khido
x—y+3y+z+22—2y '
Z+y X+1z X+y

Tim gia tri nho nhat caa biéu thuc P =

P=

baitm=z+y>0;n=x+z>0; p=x+y>0.
Suyra 2x=n+p-m;2y=m+p—-n;2z=—p+n+m.

Khi do P=[ﬂ+2—mj+(£+@j—4.
m n n p

Str dung bét déng thic AM-GM ta c6

P=(£+2—mj [p 2”) 42 |0 2M 2\/IO 2N _4_af2-4.

m n n p m n n p
V6i (a,b,c)=(11+2v2,-5+442) = P=—4+42.
Vivay Puin =—4+442.

Vi du 2. Cho x,y,z la cac s6 thuc I6n hon 1 va thoa mén diéu kién
Xy+Yyz+2X+xyz=20.
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Ching minh rang ﬁz(x—l)(y—l)(z—l).

Loi gidi

bit a=x-Lb=y-1c=z-1ab,c>0tacan ching minhabc(a+b+c)<3.
Chl y gia thiét bai toan tro thanh:
(a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1)+(a+1)(b+1)(c+1)=20

< ab+bc+ca+2(a+b+c)+3+abc+a+b+c+ab+bc+ca+abc=20

< 3(a+b+c)+2(ab+bc+ca)+2abc=17

Sir dung bat dang thirc AM — GM ta c6 2(ab+bc+ca) > 2,/3abc(a+b+c)

b b
g[a+b+c+abcj2£ /a c(a+b+c)
3 3 3 3

7(a+b+c)
3
Cong theo vé ba bat diang thirc trén suy ra

b b
2,/3abc a+b+c)+ 4 [abclatb+c) c(a+b+c) \/27abc (a+b+c)<17

Vé trai 1a ham dong blen Voi abC(a +b+c)tirdo suy ra abc(a+b+c)<3

7\/a+b+c) (a+b+c)> \/27abc (a+b+c)

Bt ding thire dugc ching minh. Béng thie xay ra khi va chi khi x=y =

14.Ky thuit lwa chon diém roi

Danh gia bat dang thuc didu kién tién quyét 1a dam bao diu bang. Do vay voi
bat ddng thire dbi xang cac bién thuong bang nhau day 1a co sé cho viéc ta &p dung
bat dang thire AM — GM cho cac s6 duong hop ly.

Trong trudng hop kho doan bién ddu bang xay ra tai day ta co thé sir dung
tham sé hoa hoic giai phuong trinh dao ham riéng.
Chi tiét hon vé vé phuong phap nay xem chii dé tham sé hoa.
Vi du 1. Cho a,b,c la cac sé thuc duong c6 tong bang 1. Tim gia tri 1on nhét coa

biéuthuc P=Ja+b+3b+c+3c+a.

Loi gidi
Phén tich tim loi giai:

a+b—g

3

Biéu thirc d6i xiing 3 bién diu bang dat tai a=b=c= a+2+c :%: b+c_§

2

C+a==

3
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Do d6 lya chon cac s6 %ghép cap véi ting téng (a+b),(b+c),(c+a).

L i gidi chi tiét:
Str dung bét déng thirc AM — GM cho 3 s6 duong ta co

2 2
a+b+—+—-
9 / 22 .9
3 3 3.
Ja+b=3-=3(a+b)-.—<3—-—==;
\/; ( )3 3 \/; 3
b+c+2+2
9 / 22 .19 3 3
3 3 3.
Jb+c=3=3(b+C)=.= <J——"—;
\/; ( )3 3 \/; 3
2 2
C+a+—-+—
9. 22 .9
3 3 3
Je+a=3-3/(c+a)—.—= <3———m==.
\/; ( )3 3 \/; 3

Cong theo vé 3 bat ding thirc trén ta dugc Ja+b+3b+c+3fc+a<¥18.

Vay gid tri 16n nhét cia P bing ¥18 diu bing dat tai a=b=c= % .

Bai tap twong tw
Cho a,b,c 1a cc sb thuc dwong c6 téng bang 1. Tim gia tri I6n nhét ciia biéu thirc
P=32a+30+32b+3c+3¥2c+3a.

Vi du 2. Cho a,b,c 1a cac sé thue duong thod méan diéu kién a? +b? +c¢? =1.

Tim gia tri nho nhat cua biéu thac P=a+b+c+T.
abc

Lot gidi
Phan tich tim loi gidi:

2 2, 2
DAu bang dat tai a=b=c= u:ibi=3\/§.
\ 3 J3  abc
8

Vay tach ghép cidp nhu sau: a+b+c+i=(a+b+c+iJ+—

abc 9abc /) 9abc
Lai giai chi tiét:
Str dung bét déng thuc AM — GM ta c6

P=(a+b+c+ij 8 >44lab.c L + 8 =43,

+—2 .0.C.
3
9abc ) 9abc 9abc 9[ \/mJ
3

Vay gia tri nhd nhat cua P bing 4+/3 dat tai a=b=c 1

&
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Vi du 3. Cho a,b,c & c4c s6 thuc dwong thoa man didu kién a+b+c < g

Y A , 1 1 1
Tim gia tri nho nhat cua bidu thuc P =a? +b? +¢? P
a c
Loi gidi
Phén tich tim loi giai:

Dau bang dat tai a:b:c:1:>
2 1 1
- Z-2
a C
1 11
_+_
C

a
(2 1 1}(2 1 1}(2 1 1)3(111)
=la+—+— |+| b+ —+— [+|C T+ —+— [+ —+—+—|.
8a 8a 8b 8b 8 8/ 4la b ¢
Lai giai chi tiét:
Str dung bét déng thirc AM — GM cho 3 s6 duong ta co

(21 1}(21 1}(21 1}3(111)

P=la"+—+— [+| D +—+—|[+|C+—+— |+ —+—+—

8a 8a 8b 8b 8 8c) 4la b ¢
zgi/a%i.i+3§/b2.i.i+3§/c2.i.i+i
8a 8a 8b 8b 8c 8¢  4%ahc

9 9 27
>4 >
4 4a+b+c 4

Vay can tach ghép nhu sau: a® +b% +c? +=+

Vay gia tri nho nhét cua P bang % dattai a=b=c =% .
Céch 2: Taco

9
a+b+c

Pz%(a+b+c)2+

(2(a+b+c)—3)(2(a+b+c)2 +3(a+b+c)—36) 97 97"

12(a+b+c) 4 4
Vi du 4. Cho a,b,c 1a c4c sb thuc duong thoa man diéu kien a2 +b? +¢% =12
Chiing minh ring a¥b2 +¢? +b¥c? + a2 + cYa? + b2 <24,
Loi gidi

DAu bang dat tai a=b=c=2. Khi d6 4a=2a%=b?+c? ta su dung bét ding
thirc AM — GM nhu sau:




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

2 (12, 2
§/4a.2a .(b +C )<4a+2a2+b2+02

ayb? +¢? =
2 6
3/4b.2b%.(c® +a 2 2 .2
b2 4 a2 = ( )g4b+2b +Cc“+a
2 6
3/4c.2¢%.(a® +b 2.2 w2
c3/7a2+b2= g )£4C+20 6+a +b

Cong theo vé 3 bat ding thirc trén chli y a+b+c< ,/3(a2 +b? +cz) =6 taco

diéu phai chirng minh.
Ding thuc xay ra khi va chi khi a=b=c=2.
a+b+c=9

Vi du 5. Cho a,b,c |a c4c sb thuc dwong thoa man diéu kién .
a>5a+b>8

Tim gié tri I6n nhét cua biéu thic P = abc .

Loi gidi
Tir diéu kién ta dy doan dau bang dat tai a=>5,b=3,c=1.Vi vay viét lai P va sir
dung AM — GM cho ba sé duong tir trung binh nhan sang trung binh cong.
Tacé a=5=b+c<4a+b>8=c<1.
Str dung bat ding thiac AM — GM cho ba sé duong ta duoc:

3
P= i.(Sa.5b.15c) < i M
15 15 3

1 {3(a+b+c)+2(b+c)+10cT <i(3-9+ 2.4+1o.1j3 oy

15 3 15 3
Vé6i a=5,b=3,c=1 thi P bang 15. Vay gia tri I6n nhat cua P bang 15.
Vi du 6. Cho a,b,c |a céc sb thuc dwong c6 tdng bang 1. Chang minh
1 1
+ >30.
a’+b?+c? abc
Loi gidi
Str dung bét déng thic AM - GM ta c6

1 1 1 7 1 7
V=5 7 2% * * >3 ’ '
a®+b%*+c? 9abc 9abc) 9abc (a2 +b? +c? ).9abc.9abc 9abc

4
a% +b?+¢? +3(ab+bc+ca)}

Tach (a2 +b%+c? ).3ab.3bc.3ca < { "
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1

4
(a+b+c)2+ab+bc+ca 1+§ 1
= < =—.
4 4 81
3
Chii y abcé(a+b+cj _ L
27
Tt d6 suy ra dpem.
Céch 2: Tacé: 3(ab+bc+ca)<(a+b+c)? = ! >3 S
ab+bc+ca (a+b+c)
Mt khéc: (ab-+bc+ca)(a-+b+c)>9abc= —>— 2
abc ab+bc+ca
Do dé:
1 1 1 7
P 2 + + +
a?+b2+c2 ab+bc+ca ab+bc+ca ab+bc+ca
(@a+b+c)* (a+b+c)
Ta c6 dpcm.

B. BAI TOAN CHON LOC
Bai 1. Cho a,b,c 1a c4c sb thyc duong thoa man diéu kien b>a>c>0.
o c(a-b) 1
Chung minh ring ~/ab + + >3,
Jab  c(a-c)
Loi gidi
Nhdn xét. Ta chang minh bat dang thirc quen thugc sau day:

Jab > Je(a-c)+,/b(b-c).

L c(a-c c(b-c
That vay bat dang thuc twong duong Vé’ii\/ ( . )+\/ ( 5 )Sl.
al a

Str dung bét ding thirc AM-GM cho 2 s6 duong ta c6
C j— f— —_ -
\/ (a c)+\/c(b c) s1(£+a c,c.b cj:L
ab ab 2lb a a b
Ta c6 diéu phai ching minh.
Gio ta &p dung vao bai
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. +c(a—b)+ 1 N (a-c)-c(b C)+ 1
Jab Jab  c(a-c) b Jab c(a-c)
> Je(a=0)+ Jeo-g)+—2Bz0)=cbc) 1
J )+ e(b Je(a-c)+yfc(b-c) c(a-c)
= Jc(a-c)+4Jc(b-c)+ /c(a—c)- \/C(b_c)Jrc(al_c)
2 /c(c-a) c(al—c)=\/C(a_c)+\/c(a_c)+c(al—c)

Ding thuc xay ra khi va chi khi { B

Bai 2. Cho a,b,c 1a c4c sb thuc duong thoa méan diéu kién a+b+c=3.

, . . a+b b+c c+a
Chirng minh rang + + >
c+ab a+bc b+ac

o Loi gidi
Str dung bat dang thac AM-GM ta cd
\/a+b \/b+c \/c+a \/a+b b+c c+a
+ + >36 . . .
c+ab a+bc b+ac c+ab a+bc b+ca
Ta chi can chiang minh (a+b)(b+c)(c+a)=(a+bc)(b+ca)(c+ab).
Str dung bét déng thic AM-GM ta c6

(a+bc)(b+ca)S(a+bc;b+caj2 :(a+b)24(0+1)2 |

Tuwong tu ta co:

a+c)2(b +1)2 |

—(b+c)4(a+1) ;(c+ab)(a+bc)£( 2

(b+ca)(c+ab)<
Nhan theo vé 3 bat dang thuc trén ta dugc

[(a+bc)(b+ca)(c+ab)]* <[(a+b (b+c)(c+a)]2.(a+1) (bg41) (c+1)”

(a+1)* (b+1)* (c+1)°

<1(lu6n dang).
I ( g)

Dé két thic bai toan ta chi can chitng minh

<51+1+b+1+c+1j3 _g
3 :

Ding thuc xay ra khi va chi khi a=b=c=1.

vi (a+1)(b+1)(c+1)s[
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Bai tip twong tw
Cho a,b,c 1a c4c sb thyc duong c6 téng bang 1. Ching minh
\/a+b +\/b+c +\/c+a ER
c+ab a+bc b+ac 2
Bai 3. Cho a,b,c la c4c sb thyc khdng am thoa mian diéu kién ab+bc+ca>0.
2 2 2
Chiang minh ring \/1+a +\/l+b +\/1+C >3,
b+c c+a a+b
Lo gidi
Str dung bét déng thic AM — GM cho 3 s6 duong ta dwoc

\/1+a2 +\/1+b2 +\/1+c2 >3#(1+az)(1+b2)(1+°2)_

b+c Vc+a Va+b | (a+b)(b+c)(c+a)
Vay @ ching minh (1(; j?)((lb++b§))((j . Z;) =
<:>(1+ az)(1+b2)(1+02)2(a+b)(b+c)(c+a).
Sir dung bét dang thuc C =S ta ¢6 (1+ az)(1+ bz)z(a+b)2;
(1+07)(2+¢?) 2 (b+c)’;
(1+c2)(1+ az)z(a+c)2.

Nhan theo vé 3 bit ding thirc trén ta c6 diéu phai chirng minh.
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c.
Bai 4. Cho a,b,c 1a c4c sb thuc khdng am thoa mian diéu kién ab+bc+ca>0.

Chﬁ:ngminhréng\/ 2 +\/ b +\/ C 5o,
b+c Vc+a Va+b
Loi gidi
Sir dung bt ding thirc AM ~GM ta c6 (a+b+c)’ >4a(b+c)

a 4a? [ a 2a
= > > = > .
b+c (a+b+c) b+c a+b+c

. b 2b
Tuong tu ta co >
c+a a+b+c

c o 2c
a+b a+b+c
Cong theo vé 3 bit ding thirc trén ta duoc
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\/ a \/ b \/ c a b c
+ + >2 + + =2.
b+c c+a a+b a+b+c a+b+c a+b+c
Bat dang thirc dugc ching minh. Dang thirc xay ra khi va chi khi c6 1 s6 bang 0

va 2 sb con lai bang nhau.

Nhan xét. Ngoai 1oi giai trén ta c6 thé chung minh bat ding nay bang bién doi
twrong duong, bat dang thic Holder hoic Bernuoli.
Bai 5. Cho a,b,c 1a c4c sb thyc duong. Chirng minh

T I R

Loi gidi
Str dung bét déng thirc AM — GM cho 3 s6 duong ta co

3a

3( 2a jz a a
= Z =
\lb+c 3/a.b+c.b+° a+b+c+b+c a+b+c
2 72 2
3

2

3b

3/[ 2b Jz_ b s b ~
c+a 3/b.c+a.c+a_|D+C+<'31+C+a a+b+c
2 2 2 2
3

2
3[ 2c j _ C S c X
\/ a+b 3/C.a+b.a+b_C+r’ﬂl+b+a+b a+b+c
2 2 2 2
3

Cong theo vé 3 bat ding thic trén ta c6 diéu phai chimg minh. Bang thuc xay ra
khi vachikhi a=b=c.

Bai 6. Ching minh rang véi moi a,b,c duong ta co

( a b j[ b C )( c a )
+ + + >1.
b+c c+a/l\c+a a+b/la+b b+c

Loi gidi
Str dung bét déng thirc AM —GM cho 2 sé duong ta c6
a+b=a+1+b+1—2
b+c c+a b+c c+a

=(a+b+c)(i+ij—2

b+c c+a
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2(a+b+c) _2_(a+b)+(a+c)+(b+c)_

(b+c)(c+a) - (b+c)(c+a)
>a+b+2 (a+c)(b+c) a+b
B (a+c)(b+c) (a+c)(b+c)
, b c b+c
Tuong tu ta co + > .
c+a a+b \/(c+a)(a+b)
c a_ c+a

+ P
a+b b+c (a+b)(b+c)

Nhan theo vé 3 bit ding thirc trén ta c6 diéu phai chirng minh.
Ding thirc xay ra khi va chi khi a=b=c.
Bai 7. Cho a,b,c,x,y,z 1a cac s6 thuc duong thoa mén diéu kién

(a+b+c)(x+y+z)=(a2+b2Jrcz)(x2 +y? +22)=4.
Chirng minh rang abcxyz <%.

Loi gidi
Str dung bét déng thic AM — GM ta c6
4(ab+bc+ca)(xy+ yz+2x)

=[(a+b+c) a +b2+c }[ X+y+2) x +y +zz)

=20—[(a+b+c (x +y +22)+(a +b2+c x+y+zzJ
4

s20—2(a+b+c)(c+y+z)\/(a +b? +c? )(x +y24z )
Do d6 (ab+bc+ca)(xy +yz+2x)<1.
Mit khac (ab+bc +ca)’ >3abc(a+b+c).

(xy+yz+ zx)2 >3xyz(X+Yy+2)
Nhan theo vé 2 bt dang thirc trén ta dugc

9abexyz(a+b+c)(x+y+2z) <1< abexyz s%.
Ding thuc xay ra khi va chi khi a=b=c;x =y =z khi d¢ trai véi gia thiét

(a+b+c)(x+y+z)=(a2+b2+c2)(x2+y2+22)=4.

1
Vay abcxyz < —.
ay y 36
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2 2 2
Bai 8. Cho a,b,c >-1.Chang minh 1+a 5>+ 1+b 5+ 1+c 522,
1+b+c® 1+c+a” 1+a+b
Loi gidi

1+ b2 2

+C™.

Str dung bét ding thic AM - GM tacé 1+b+c? >0,1+b+c? <1+
1+a2 2(1+a2)
22 .
1+b+c 1+b2+2(l+cz)
2
l+b2 . 2(1+b)
1+C+a2_1+02+2(1+a2)

1+C2 . 2(1+Cz)
1+a+b? _1+a2+2(1+b2)

Suy ra

Twong tur ta ¢

Cong theo vé 3 bit dang thuc trén va dat x=a +1y =b? +1,z = ¢? +1ta duoc
1+a? 1+b? 1+c? 2X 2y 2z
=+ =+ =2 + .
1+b+c® 1l+c+a® 1+a+b® y+2z z+2x X+2y
Str dung bét déng thicc C — S ta c6

X y z (x+y+2)
+ + >
y+2z z+2x x+2y x(y+2z)+y(z+2x)+z(x+2y)

2
(x+y+2) Z3(xy+yz+zx)
3(xy+yz+2x) 3(xy+yz+2x)

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 9. Cho a,b,c 1a c4c sb thuc khdng am thoa mian didu kién ab+2bc +3ca=6.
Tim gia tri nho nhat cua biéu thac P =(a+b)(b+c)(c+a)+4a+b+c.
o Lo gidi
Sir dung bat dang thirc AM-GM ta cé
P>2/(a+b)(b+c)(c+a).(4a+b+c).
Mt khéc str dung bat dang thirc C-S ta c6

(a+b)(b+c)(c+a).(4a+b+c)=| a(b+c) +b(c-a) +c(a+b)’ |(4a+b-+c)

>[2a(b+c)+b(c—a)+c(a+ b)]2
— (ab+2bc +3ca)’ =36
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Ping thtc xay ra khi va chi khi a=1,b=0,c=2.
Vy gia tri nho nhét cia P bang 12 dat tai a=1,b=0,c=2.
Bai 10. Cho céc s thyc a,b,c thude doan [0;1].
Tim gid trj 16n nhat va nho nhat cia biéu thicc P =a’h’c®(3(ab+bc+ca)-8ahc).
Loi gidi
Str dung bét déng thic AM-GM ta c6:
3(ab+bc+ca)> 3.3Ya2b2c? = 9%/a?h?c? > 9ahc > 8abc .

Suyra P>0 . Vay gié/tri nho nhal cua P bang 0 xay ra khi c6 it nhat mot s6
bang 0.

Str dung bét déng thirc AM-GM ta duoc:

P = abc.abc.abc.abc.abc| 3(ab + be + ca) — 8abc |

3(ab+bc +ca)-8abc + 5abc ° (ab+bc+ca—abc)® -
<

6 26

Mat khéc:
ab+bc+ca—abc=a(b+c—bc)+bc=alb+c(1-b)]+bc

<b+c-bc+bc=b+c<2
Do d6 P <1. Vay gia tri 16n nhat ciia P bang 1 xay rakhi a=b=c=1.
Bai 11. Cho a,b,c la cAc s thuc dwong co tich bang 1. Ching minh

(a+b)(b+c)(c+a)z%(a+b+c)+1.
Loi gidi
Str dung bd dé. (a+b)(b+c)(c+a)2g(a+b+c)(ab+bc+ca),Va,b,czO

ta duoc:
(a+b+c).33a%h%c?

(a+b+c)=%(a+b+c)+§(a+b+c)

(a+b)(b+c)(c+a)>—(a+b+c)(ab+bc+ca)>

= O] oo

w|oo ©| o

2%(a+b+c)+3abc =%(a+b+c)+1

Bat dang thire dugc chimg minh. Pang thic xay ra khi va chi khi a=b=c=1.
Nhan xét. Ngoai ra ta c6 bt dang thic manh hon nhu sau. Véi gia thiét cung diéu
kién bai todntaco (a+b)(b+c)(c+a)=4(a+b+c-1).
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Chang minh.

Ta co:

(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=(a+b+c)(ab+bc+ca)-1
Mt khac:

(ab+bc+ca)’ >3abc(a+b+c)=3(a+b+c)=>ab+bc+ca>./3(a+b+c).

Viy bai toan dugc chitng minh néu bét dang thirc sau dang:

(a+b+c)A/3?a+b+c)—124(a+b+c—1).
That vay, dat t= a+b+c,(t2\/§).Xét ham sé f(t)=+/3t° —4t? +3vai

t>4/3.
Ta ¢6 f'(t)=3/3t2—8t>0,vt>~/3nén f(t)ddng bién trén [\/§;+oo)hay

f(t)> f(+/3)=0.
Do d6 (a+b+c)3(a+b+c)-1>4(a+b+c-1).

Bat dang thirc duoc chitng minh. Ngoai ra bai toan trén cé thé thuc hién bing
phuong phap don bién(xem chuong 4).
Bai 15. Cho x,y,z la cac s6 thuc duong théa mén diéu kién

(x+y)(y+2z)(z+x)=8.

Tim gia tri nho nhat caa biéu thuc P = CENE S S S
Ixyz X+2y y+2z z+2x
Loi gidi

Str dung bét déng thic AM-GM ta c6:
1 1 1 9 3

+ + > = :
X+2y Y427 Z+2X X+2Y+Yy+2Z+7+2X X+y+zZ
Mt khac:

8

X+ +Z)(Z2+X)>2=(X+Yy+2)(Xy+yz+2X)=> X+y+2< :
(xey)(y+2)(z4x)2 50y +2) 0y +yz e x) = xey+z <o o

Suy ra
2 Xy + YZ + ZX 2 1 1
P23xyz+y é ZW-FW:W-FW-FWZ&
Vay gié tri nho nhat cua P bang 3 dat tai x=y=z=1.
Bai 16. Cho a,b,c la céc s6 thuc khdng am thoa man didu kién a+b+c=3.
Chung minh ring ~/a ++/b ++/c > ab+bc +ca..
Lo gidi

Tacé: 2(ab+bc+ca)=(a+b+c)’ —(a2 +b2+c2)=9—(a2+b2+c2).
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Vay ta ching minh bat ding thuc: a +b? +¢? + 2(\/5+ Jb +\/E) >9.
Theo bit ding thirc AM-GM ta co:

a?+Ja+va=3ab%+Vb+vb=30,c2+Jc+Jc>3c.
Cong theo vé ba bat dang thirc trén ta dwoc:

a® +b? +c? +2\/5+2\/5+2\/623(a+b+c):9.
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .

Bai 17. Cho x,y,z,t 1a c4c sb thuc khdng am thoa man didu kién x+y+z+t=4.
Tim gia tri I6n nhét va gié tri nho nhét cua biéu thirc
P =Xy/3+ Yz + yN/3+ 2t + Z4/3+ X +1/3+ xy .
Loi gidi

Do x,y,z,t khdbng &m nén
P>xv3+yV3+z/3+t3=(x+y+2+1)/3=443.

VAy gid tri nhé nhat cia P bang 4+/3 dattai x =4,y =z =t=0 hoic c4c hoan vi.
Dé tim gid tri Ion nhat cua P ta sir dung bét dang thic AM-GM cho hai s6 dwong:

P :%(Z&JBXJF Xyz +2./y~[3y + yzt + 2423z + 7tx + 24/t |3t +txy)

s%(4x+3x+xyz+4y+3y+yzt+4z+32+ztx+4t+3t+txy)

7 X+y+z+t +l XyZ + Yzt + Ztx + txy =7+1 XyZ + yzt + Ztx + txy
4 4 4

Mt khac:
X+ 2 z+t 2
xyz+yzt+ztx+txy=xy(z+t)+zt(x+y)£[7yj (z+t)+(7j (x+Y)

2
:%(x+y)(z+t)(x+y+z+t)=(x+y)(z+t)§(%+z+tj =4
Vay gié tri I6n nhat cia P bang 8 dat tai x=y=z=t=1.
Bai 18. Cho céc s6 thuc a,b,c thay di thoa man didu kién a2 +b? +¢2 =1.
Tim gia tri 16n nhét, gié tri nho nhat cua biéu thic
P=a®+b%+c®—3abc.
Loi gidi
Ta co: P:(a+b+c)(a2+b2+02—ab—bc—ca)=(a+b+c)(1—ab—bc—ca).
Suyra: P2 =(a+b+c)’(1-ab—bc—ca)’
=(1+2ab+2bc+2ca)(1-ab—bc—ca)(1-ab—bc—ca)
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Do ab+bc+ca< a? +b2 +c? =1nén céc sb trong tich caa P2 khdng am ta sir
dung bat dang thic AM-GM ta duoc:
[1+ 2ab + 2bc + 2ca + 2(1—<51b—bc—ca)j3 .,
3
Vy gia tri nho nhét cia P bang —1dat tai a=-1,b =c =0hoic cac hoan vi.
Gid tri 16n nhét cua P bang 1 dat tai a=1,b=c =0 hoic céc hoén vi.
Bai 19. Cho a,b,c la céc s6 thuc khdng am thoa man didu kién a+b+c=1.
Tim gid tri 16n nhét cua biéu thic P = (a3 + b3)(b3 + 03)(03 + a3) .
Loi gidi
Khong mét tinh tong quat ta gia sir c=min{a,b,c} .

P? <

Khi d6 :
P< (a3 + bs)(b3 + bzc)(a?’ + azc) =(a+ b)(a2 ~ ab+b2)(a+c)(b+c)a2b2
=(a+b)(b+c)(c+a)(a2 —ab+b2)azb2

Mat khéc:
(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc<(a+b+c)(ab+bc+ca)

Suy ra:
P<(a+b+c)(ab+bc+ ca)(a2 —ab+ bz)azb2

abibcicata’—abib?rabtab)
<(a+b+c). 2
a+b+c a+b2+c a+b 4 5 9
_(asbe)f(arbf +o(a+b)| (arb)(arbec)® (arbrof 1
256 256 256 256

Vy gia tri 16n nhit cua P bang 2_;6 dattai a=b =%,c =0 hoic cac hoan vi.
Bai 20. Cho a,b,c,d,ef 1a cac s6 thuc khong &m cé téng bang 1 va ace + bdf > 08"

Chang minh riang abc + bed + cde + def +efa + fba < % .
Loi gidi
Str dung bét déng thic AM-GM cho ba sé duong ta dwoc:
abc +bced +cde + def +efa+ fha+ace+bdf =(a+d)(b+e)(c+ f)

<(a+d +b+e+c+fj3_i
< 2 =

27
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Suy ra abc +bed + cde + def +efa + fbas%—(ace+bdf)<i—i L

“27 108 36
Bat dang thire dugc ching.

Ding thuc xay ra khi va chikhi a=b=c=d =e=f =%.
Bai 21. Cho cac sb thuc khong am a,b,c thoa mén diéu kién ab+bc+ca>0va
a+2b+3c=4.
1 1
+ :
Jab+bc+ca  \fap+be+c?
Loi gidi

Nhan xét. Dé P nho nhit tir a+ 2b + 3c = 4ta s& suy ra a 16n nhat va ¢ nho nhét.

1 1 2 .

+ = ,a+2b=4. P lac nay dat gia tri

Jab Jab +ab

Tim gid tri nho nhét cua biéu thae P =

Dy doan v6i c=0=P=

nho nhit tai a=2,b=1.

Ta co:
1 1 2
= + >
Vab+be+ca  \Jap+be+c? 4\1/(ab+bc+ca)(ab+bc+c2)
242 _ 2\2 Lo A2 a2

2 = = =
\/23_b+2b(;-|-(;a_.|_(;2 \/(a+c)(2b+c) a+2b+2c a+2b+3c

Vy gid tri nho nhat ciia P bang /2 xay ra khi

c=0 )

2b+c=a+c 4=
,&b=1.

ab+bc+ca=ab+bc+c c—0

a+2b+3c=4
Bai 22. Cho a,b,c 1a cac sb thuc thoamén O<a<b<cva
a?-1 b?>-1 c¢*-1
+ +
a b c

=0.

Tim gia tri nho nhat cua bidu thiac P = a+ b4 4+ ¢2015,
Loi gidi
a?-1 b*-1 c*-1__a*-1
+ + >3.

T O<a<b<csuyraO=
b c a

2

=a<lva OSB.C =c>1.

c
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Tacé:

2 2 Y
-1, et 1-a zo:b+c—1—120@(b+c)(1—ij20@bczl.
b C a b c bc

Mat khéc:

2 2 42
c-1_1-a +1 b :(a+b)(i—1j22\/£(i—lj

Khi dé st dung bét dang thire AM-GM ta duoc:

P= a+b2°14 +02015 >3 3/ b2014 2015 -3 ’abc 2013

Vay gié tri nho nhét cua P bang 3 dat tai a=b=c=1.
Bai 23. Cho a,b,c,d la cac s6 thuc dwong.
b(a+c)+c(b+d)+d(c+a)+a(d +b)
c(a+b) d(b+c) a(c+d) b(d+a)

Loi gidi

>4,

Ching minh ring

Dit P 14 vé trai cua bit ding thuc.
Viét lai P dudi dang:

P=(a+c)[0(ab+b)+a cd+d } (b+d){d(bc+0)+b(da+a)}

a+c N b+d }
ac(a+b)(c+d) bd(b+c)(a+d)

D
(1 1,1 1)( 4(a+cj (b+d)

a'b cd 1111)(1111)
—+—+—+— —+—+=
a b c¢c d a b c¢c d

Bt dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=d .

=(abc + bcd + cda + dab) {
1

(1 11 1 3

=[S+

a b c d (1 1](
a b

1 1
c d
1 1
a
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Bai 24. Cho a,b,c |a c4c sb thuc khdng am. Chirng minh
3,13, 03
asbirer, abc+%|(a—b)(b —c)(c-a)|.
Lo1i gidi
Bat dang thic trong duong voi:

a®+b®+c3—3abc _ 3
3 ZZ|(a—b)(b—c)(c—a)|.

a+b+c)|(a-b)?+(b-c)’ +(c-a)’
o i )6( )y )J2%|(a—b)(b—c)(c—a)|.

Str dung bat dang thie AM-GM cho Vé tréi ta duoc:

a+b+c[a—b2+ b-c) + c—az} 3(a—bY(b-c)(c—a)

( )| (a=b)" +(b—c)" +(c-a) 2(a+b+c)\/(a b)*(b-c)"(c-a)
6 2

Vay ta chitng minh

2 2 2
(a+b+c)§/(a—b2) (b—c)?(c-a) 2%|(a—b)(b—c)(c—a)|.
& 2(a+b+c)23Y(a-b)(b—c)(c-a)|.

Khéng mat tinh tdng quéat gia st a>b>c ta can ching minh
2(a+b+c)>33(a-b)(b-c)(a-c).

St dung bat dang thiee AM-GM cho vé phai ta duoc:
3¥(a-b)(b—c)(a-c)<a-b+b-c+a-c=2a-2c<2(a+b+c).

Bat dang thirc dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c.

Mot s6 két qua twong tur:
Bai 1. Cho a,b,c 1a c4c sb thuc khdng am. Chirng minh

a®+bd+cd 1
——— >abc+==|(a—=b)(b-c)(c—-a).
3/—2|( )( )( )|

Bai 2. Cho a,b,c la c4c sb thuc khéng am thoa man 2min{a,b,c} > max{a,b,c} .
3,13, -3
. a’+b°+c 3
Ching minh —————>abc+——=|(a-b)(b-c)(c—a)|.
: 3 Tsla-b)o-o)c-a)
Bai 25. Cho a,b,c 1a céc s6 thuc khdng am thoa man didu kién a+b+c=1.
Tim gia tri nho nhét cua biéu thuc

P= ! + ! + !

Jor 0o emal e (eobf

4 4
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Lo1 gidi
Khong mat tinh tong quét gia st ¢ = max a,b, c

2
Taco: ./a < %fb—r
4

2
<+c?+2a%+2p% < \/ a+%) +2|b

l\)lo

/—\
N I
~—

bat x=a+— ,y bt (x,y>0)vé1 X+y=1.

Tachlﬁ:ngminhdu’qc:l+£+ ! > > .
Xy 2(X2+y2) X+y

Dodé P=>5.
Vy gia tri nho nhét cua P bang 5 dat tai a=b =0,c =1hoic c4c hoén vi.

C. BAI TAP REN LUYEN
BAI TAP TRUNG BIiNH
Bai 1. Cho x,y la hai sb thuc dwong. Tim gi4 tri nhé nhét cuaa biéu thic

X+ y +Txy(x+Y)

pP—
xy\/x2 +y°

Bai 2. Cho x,y la hai s6 thuc dwong.
. 3 3 1 1
Chingminhrang | X2 +y+— || Y2+ x+= |>| 2x+= | 2y +=|.
o ag( Y 4)@ 4) ( zj(y 2)

Bai 3. Cho a,b 1a cac s thuc duong. Ching minh
(1+a)’ +(1+b)’ >128ab(a+b)".
Bai 4. Chang minh rang véi moi s6 thuc x,y,z ta co
X2 +y*+7° zx/ix(y+z).
Bai 5. Cho a,b,c 1a cac s thuc thoa man diéu kién (a+c)(a+b+c)<0.

Ching minh ring (b—c)2 >4a(a+b+c).

Bai 6. Cho a,b,c 1a cac s6 thuc khong &m théa mén diéu kién
ab+bc+ca+abc=4.

Chitng minh ring 3(a2 +b® +c2)+ abc>10.
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Bai 7. Cho a,b 14 céc s6 thuc thoa man diéu kiéen —2<a<2,-3<b<3;ab=-1.
9 >12

Chiang minh ring + —=

4—-a®> 9-b° 5
Bai 8. Cho x,y 14 hai sb thuc duong c6 téng biang 2. Chirng minh

——2>2
f f X2+ Xy + Y +\/7

C
Bai 9. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién

+ =
a+1 b+1 c+1

Tim gia tri nho nhét cua biéu thuc P =ab+bc+ca.
Bai 10. Cho a,b,c la c4c s6 thuc duong thoa man didu kién
1 1 1
+ + =
a+l b+1 c+1
Ching minh rang abc > 8.

Bai 11. Chung minh rang | /x(25— y2) +YV25-x<25.
Bai 12. Chiing minh rang , /x(108— yZ) +Yy+/108-x <108.

Bai 13. Cho x,y la hai s6 thuc thoa man diéu kién

Xy/2014— y? + y\/2014— x? = 2014,

Chirng minh rang : x* + y* = 2014 .

Bai 14. Cho hai s6 thuc X >y > 0. Chting minh X+;2 >3
(x=y)(y+1)
Bai 15. Cho a,b,c 1a cac sb thuc duong thoa méan diéu kién a+b+c<3.
1 N 2014 2015
a’ +b*+c? ab+bc+ca 3
Bai 16. Cho a,b,c 1a cac sb thuc duong thoa man diéu kién a®+b*+¢c®<3.
8 4

Chitng minh ran 1 + >—
J ga3+b3+c3 (a+b)(b+c)(c+a) 3’

Ching minh rang

2

+i:2
a+l b+1

Bai 17. Cho a,b |a hai s6 thuc duong thoa man diéu kién

Chirng minh rang ab? < %
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. . N 1 1 1
Bai 18. Cho n s6 thuc duong thoa man diéu kién + +.o.t+ =1.
l+a, 1+a, l+a

Chang minh rang a,a,...a, > (n-1)".

Bai 19. Cho a,b,c 1a cac s6 thuc duong. Chang minh

a+b+c  [a’+b*+c? l(ab bc caj
<, <z Z=4=4 2.
3 3 3Lc a b

Bai 20. Cho a,b,c 14 cc s6 thuc duong théa man didu kién a® +b® +c? =1.

Chirng minh a+b+c+i24\/§.
abc

Bai 21. Cho a,b,c 1 do dai ba canh mot tam giac ¢6 chu vi bang 1.
Tim gid tri nho nhat cua biéu thac
B (a+b—c)3 (b+c—a)3 (c+a—b)3
N
Bai 22. Cho a,b,c |a c4c s6 thuc khdng am thoa man a+b+c =3.
Chiing minh ring a’b+b’*c+c’a+abc<4.
Bai 23. Cho a,b,c 1a cé4c s6 thuc khong &m thoamén a+b+c=3.
Chting minh réng a’b +b*c+c”a+2abc+4>3(ab+bc+ca).

Bai 24. Cho a,b,c |a céc s6 thuc khdng am. Chirng minh ring
(a®b+b’c+c%a)(ab+bc+ca) < 2—17(a+ b+c)’.

Bai 25. Cho a,b,c la c4c sb thuc dwong. Tim gia tri I6n nhit cua biéu thic
abc(a+b+c+\/a2 +b? +c2)

(a2+b2+c2)(ab+bc+ca) '

P=

Bai 26. Cho a,b,c | cac sb thuc thoa mén diéu kién abc=1 .
s b+c c+a a+b
Chirng minh rang: >Ja++/b++c +3.

B h

Bai 27. Cho a,b,c 1a cac sb thuc duong thoa méan diéu kién a+b?+¢? <

Tim gid tri nho nhat cua biéu thac
1 1 1
P=(a+b)(b+c)(c+a)+S5+5+.
a b° ¢
Bai 28. Cho a,b,c 1a cac s6 nguyén duong c6 tong bang 100.
Tim gia tri 16n nhét cua tich ba s6 do.
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Bai 29. Cho a,b,c 1a cac s6 nguyén dwong c6 tong bang 2014.
Tim gia tri 16n nhat cua biéu thic P = abc.
Bai 30. Cho x,y,z la cac s6 thuc duong. Chung minh ring
1 1 1 27
2 + 2 + 2 2 2"
X“+Xy Yy +yz z°+2X 2(x+y+z)

Bai 31. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién ab +bc +ca = 3.

Chiing minh ring va® +b® +1++/b® +c® +1++/c® +a° +1>34/3.
Bai 32. Cho a,b,c 1a cac s6 thuc duong chitng minh

Ja? +2b? ++/b? +2¢7 ++/c? +2a2 >/3(a+b+c).
Bai 33. Cho n s thyce duong c6 tong bang 1. Ching minh

S

Bai 34. Cho a,b la c4c s6 thuc duong thoa man diéu kién a+b <1.
1 1
——+ :

l+a“+b° 2ab

Chu y. C6 thé dua vé& ham sé(xem chuong sau).

Bai tap twong tw

Cho a,b Ia hai s6 thuc duong thoa man diéu kién a+b < 2.

2 1
Tz o
l+a“+b° ab
Bai 35. Cho a,b,c 1a cac s6 thuc duong thoa méan diéu kién a+ 2b+3c > 20.

4

S . " 3 9
Tim gia tri nho nhat cua biéu thac P:a+b+c+—+2—b+—.
a c

Tim gié tri nho nhat cua biéu thuc P =

Tim gia tri nho nhét caa biéu thic P =

Bai 36. Cho x,y,z la cac s thuc dwong. Ching minh
2Xy N 2yz N 3xz S
(x+2)(z+y) (X+y)(x+2) (y+2)(y+Xx)

Bai 37. Cho a,b,c Ia cac sb thuc thoa man a,b,c>1.
a(b*+3) b(c*+3) c(a®+3

(543) o +3) ofe'+3)

3c +1 3a“+1 3b°+1
Bai 38. Cho x, y, z la c4c sb thuc dwong c6 tich bang 1.

Tim gid tri nho nhat cua biéu thac

5
-

Ching minh rang
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X4 y4 Z4

(1+y)(1+2) " (1+2)(1+x) " (1+x)(1+y)
Bai 38. Sir dung bat dang thixc AM — GM cho bén sé duong ta co:

x* 1+y 1+z 1
+ + +=>

(1+y)(1+z) 8 8 4

y* Jlkz Lex 1
(1+z)(1+x) 8 8 Fiakd

4

z +1+x+1+y+122
(I1+x)(1+y) 8 8 4

Cong lai theo vé ba bit ding thuc trén ta duoc:

. . N 1 1 1
Bai 39. Cho a,b,c la c4c s6 thuc duong thoa man diéu kién a+b+c> —+B+—.
a c
, s 3 2
Chung minhrang a+b+c> —.
a+b+c abc

Bai 40. Cho x,y la cac s6 thuc duong. Chirng minh

4. .4 6
2 X y 4 4 S (§J :
(x+y) (x+1) (y+1) 8
Bai 41. Cho x,y,z la cc s6 thuc dwong thoa man diéu kién z(z—-X—-Yy) =x+Yy+1.
X4y4
(x+ y2)(y+ 2x)(z + xy)*
Bai 42. Cho x,y,z la cac sb thuc thoa mian didu kién x* +y> +2z° =3.

Tim gid tri 16n nhét cua biéu thuc M =

Ching minh rang |x|+|y|+|z| - xyz < 4.
Bai 43. Cho a,b,c 1a cac s6 thuc duong c6 tong bang 3. Chirng minh
\/a+1 +\/b+1 +\/c+1 3
ab+1 \Vbc+1l Vca+l
Bai 44. Cho a,b,c 1a cac s6 thuc duong co6 téng bang 3. Chirng minh
a(a+c—-2b) b(b+a-2c) c(c+b-2a
(avc-20) b(bra-2c) clc+b-2a)

>0.
ab+1 bc+1 ca+1l
Bai 45. Cho x,y,z la cc s6 thuc 16n hon 1. Chitng minh
4 4 4
X z
+ y + >48.

(y-1 (z-1)° (x-1)
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Bai 46. Cho a,b,c la c4c s6 thuc duong thoa man diéu kién a+b+c = Zabc .

b c 3
+ + >,
a+2 b+2 c+2 2
Bai 47. Cho a,b |a hai s6 thuc duong thoa man diéu kién a+b>4.
3a°+4 2+Db°
+—
4a b

Bai 48. Cho a,b,c 1a cac s6 thuc duong tim gia tri 16n nhat cua biéu thic

Ching minh rang

Tim gid tri nho nhét cua biéu thuc P =

a b c

= + +
3a+b+c 3b+a+e 3c+b+ta
Bai 49. Cho cac sb thuc duong a, b, ¢ théa mén diéu kién
a+b+ct +(a+b+c)2 <4.
, s ab+1 bc+1 ca+1
Chting minh rang >+ >+ > > 3.
(a+b) (b+c) (c+a)
Bai 50. Cho x,y la hai s6 thuc duong. Chirng minh rang

(1 1)
(\/;+\/;)L\/X+3y+\fy+3xJS2'

Bai 51. Cho x>2,y>3,z>4. Tim gié tri I6n nhét cta biéu thirc

_ xy\/z—4 +yZ\/x—2 +zx\/y—3
xyz

P

Bai 52. Cho a,b,c la céc so thuc duong co6 tong bang r Chung minh

%/x+ 3y +§/y+ 3z+3z+3x <3
Bai 53. (TSPH Khbi B 2007) Cho x,y,z 1a c4c s6 thuc duong. Tim gié tri nho nhat

cua biéu thuc P=x(£+l] +y(z+lj +Z(E+l]_
2 yz 2 = 2 xy

Bai 54. Cho a,b,c 1a cac s6 thuc khong am thoa man diéu kién ab +bc+ca > 0.
b* e 1
7+ — Tt — > <—.
3a* +(b+c) 36 +(c+a) 3 +(a+b) 2
Bai 55. Cho a,b,c 1a cac s6 thuc khong &m c6 tong bang 3. Ching minh

Chiang minh ring

a+ab+2abcsg.
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Bai 56. Cho a,b,c 1a cac s6 thuc duong 6 tong bang 3. Ching minh
ab bc ca 3
+ + <=
N2 +3 N +3 Nbr+3 2
Bai 57. Cho a,b,c 1a cac s6 thuc duong thoa min didu kién a® +b° +¢* =1.

N bc N ca <3
E+1 A£+1 bBP+1 4

Chang minh ring

BAI TAP REN LUYEN NANG CAO
Bai 58. Cho x,y,z 1a cac s6 thyc duong théa mén x> yva xy +(x+y)z+2z° =1.

1 1 1

2 + 2 + 2"

4(x-y) (x+z)° (y+2)
Bai 59. Cho a,b,c la c4c s6 thyc duong théa mén a>bva (a+c)(b+c)=1.

1 6 12

2 + 2 + 2
(a-b)" (b+c)” (a+c)
Bai 60. Cho a,b,c,x,y,z la céc s6 thuc duong thoa man diéu kién
atx=b+ty=c+z=1

Tim gia tri nho nhat cua biéu thuc P =

Tim gia tri nho nhat caa biéu thuc P =

Ching minh rang (abc+xyz)[L+l+l] >3.

ay bz cx

Bai 61. Cho x,y,z la cc s6 thuc dwong. Ching minh rang

£+X+E22(x+y) +x(z+y)+y(x+z).

y z x Wy+z) z{x+z) x(x+y)
Bai 62. Cho a,b,c 1a cac s6 thuc khong am thoa man diéu kién ¢* > ab.

Chung minh rang 3(a3 +b* + (:3) > 2¢(ab+bc+ ca).
Bai 63. Cho a,b,c 1a cac s6 thuc khéng am thoa man diéu kién ab +be+ca> 0.
8abc > 12 (ab+bc+ca)

(a+b)(b+c)(c+a) (a+b+c)’

Bai 64. Cho s6 nguyén duong n va céc sb thuc duong XXy ey X

Chang minh rang 3+

Chiang minh ring

T+ x)1+x+x,)(1+x ++x,) > J(n+ D)™ xx, . x, .

Bai 65. Cho a,b,c 1a cac s6 thuc duong. Ching minh
abe S(a+b)(a+b+2c).
(a+b)(b+c)(c+a)” (3a+3b+2c)
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Bai 66. Cho a,b,c |a céc sb thuc khdng &m thoa man diéu kién ab+bc+ca>0.
Tim gid tri nho nhat cua biéu thic
1 1
) +
Ja(b+c)+2c2 Jb(a+4c)
Bai 67. Cho a,b,c la cac s6 thuc do6i mot phan bict thoa man/ab+bc +ca > 0va
a+b+c=1.
Tim gid tri nho nhat cua biéu thic
2 2 2 5
+ + + .
la=b| |b—c| [c—a] +ab+bc+ca

Bai 68. Cho x,y,z la céc sb thuc khdng 4m thoa man diéu kién

P =(a+2b+201l4c

P=

X +y’+2° =2(xy+yz+ ).

Chting minh rang % >3 2xyz.

Bai 69. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién
(a+ b)(b+c)(c+a) =8.

3 3
Chang minh ring a+§+c 2217/a3+b3 re

Bai 70. Cho a,b,c 1a do dai 3 canh mot tam giéc thoa mén diéu kién
(a+b—c)(b+c—a)(c+a—b) =1.

2 2
Chiang minh ring a+;)+625‘/az+l; re

Bai 71. Cho a,b,c 1a cac sb thuc khdng am. Chirng minh

@+ +c —3abc> +bc® +ca’ —3abe).

3 .2
w
Bai 72. Cho x,y,z la cc s6 thuc dwong thoa man diéu kién xy+ yz +zx = 3x)z.
yz\ 14 3x* I 1+3)° 2 1+ 32 S 3

y+3zx Z+3xy x+3yz 2
Bai 73. Cho a,b.c 1a d6 dai 3 canh mét tam gi4c c6 chu vi bang 3.
1 N 1 N 1 S 9
Jatb-c Jb+c—a Je+ra-b ab+bc+ca
Bai 74. Cho x,y,z la céc sb thuc khdng &m thoa man diéu kién

Ching minh rang

Ching minh rang

(x+y+z)2 +xy+yz+zx>0.
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Tim gia tri nho nhat caa biéu thic

P=\/ y+z +\/ Z+x +\/ Xty

2x+y+z 2y+z+x 2z+x+y

Bai 75. Cho a,b,c 1a cac s6 thuc khong &m thoa mén diéu kién a+2b+ 3¢ = 4.
Ching minh ring (2a” +bc)(2b* + ca)2c” +ab) < 32.

Bai 76. Cho a,b,c 1a c4c s thuc khdng &m thoa méan diéu kién a* +b* +¢* = 3.
Ching minh ring 8(2—a)(2-5)(2—c)=(a+bc)(b+ca)(c+ab).

Bai 79. Cho a,b,c 1a cac s6 thuc duong c6 tong bang 3.

2 2 2
. a b c
Chtrng minh rang \/ +\/ +\/ <VJ3.
& +b+ec Vb +c+a NV +a+b

Bai 80. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién

aSbSc;a+b+c=l+l+l.
a b c

Ching minh rang >

a+c—1
Bai 81. Cho a,b,c 1a cac s6 thuc duong thoa méan diéu kién
1 1 1
a<b<Lca+b+c=—+—+-—.
a b c
Tim gia tri nho nhat cua biéu thuc P=5+ .
a+c—1
Bai 82. Cho a,b,c la cac sb thuc khéng am cé téng bang 2 ching minh
1 1 1

+ + 23
‘j(az 7ab+b2)( z 7bc+cz) J( : 7bc+cz)(cz 7ca+az) \/(cz 7ca+a2)(az 7ab+b2)

Bai 83. Cho x,y,z la cac s6 thuc khdng &m thoa man diéu kién xy+yz+zx=1.

Tim gid tri nho nhat cua biéu thac

1 1 1

= + + :

V2 +xp+yt P44z NP mex’
Bai 84.(Viét Nam TST 2010) Cho a,b,c la cac s6 thyc duong thoa mén diéu kién

1 1

—+—+1S16(a+b+c).
a b ¢

P

Ching minh rang
1 1 1
+ +

(6HI;+JM)3 (1';-+.c-+\/M)3 ("*‘”WY

<

o | oo
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Bai 85. Cho a,b,c 1a cac s6 thuc duong c6 tong bang 1. Ching minh
a—bc b—ca c—ab 3
+ <2
at+bc b+ca c+ab 2
Bai 86. Cho a,b,c 1a cac s6 thuc duong c6 tong bang 1. Chirng minh
1 1 1 1
2 + 2 + 2 2 '
ab+2¢"+2¢ bc+2a +2a ca+2b"+2b ab+bc+ca

Bai 87. Cho a,b,c 1a cac s6 thuc duong c6 tong bang 3. Chirng minh
1 1 1
—2+—2+—2202 +b6 + 5
a b ¢
Bai 88. Cho a,b,c 1a cac s6 thuc duong c6 tong bang 1. Chirng minh
ab+1 bc+1 ca+l _15
+ + >,
ab+c¢ bcta cath 2
Bai 89. Cho a,b,c 1a cac s6 thuc khong &m thoa mén diéu kién ab+bc+ca=1.
3ab+1 3bc+1 3ca+1
+ +

a+b b+c¢ c+a
Bai 90. Cho a,b,c 1a cac s6 thuc khong &m c6 tong bang 3. Ching minh

Ching minh rang >4.

Ja++b+Je>ab+bc+eca
Bai 91. Cho a,b,c 1a cc s6 thuc duong. Chang minh ring
1 1 1 9

(a+b)b * (b +c)c * (c+a)a > 2(ab+bc+ca) '
Bai 92. Cho a,b,c 1a do dai ba canh mét tam giéc c6 chu vi bang 3. Chang minh
1 1 1 S 9
Ja+b-c " Jb+c—a " Je+ta-b ab+bc+ca
Bai 93. Cho a,b,c 1a cac s6 thuc duong. Ching minh

(af2 +bc)(b+c) . (b2 +ca)(c+a) N (02 +ab)(a+b) 5 3\5.
a(b2+cz) b(cz+a2) c(af2 +b2)
Bai 94. Cho a,b,c 1a cac s6 thuc khong am thoa man diéu kién ab +bc+ca > 0.
Ching minh ring

\/ a(b2+cz) +\/ b(c2+a2) +\/ c(a2+b2) 59
(a2 +bc)(b +c) (b2 +ca)(c+a) (c2 +ab)(a+ b)

Bai 95. Cho a,b,c 1 cac sb thuc thoa man diéu kién
a+b+ct= 2(ab+bc+ca)> 0.
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ab__ |p-d , le—d

>2.
JE+2ab Nat+2be B +2ca

Chiang minh ring

Bai 96. Cho a,b,c 12 cac s6 thuc duong thoa man diéu kién a+b+¢ > l +%+ l
a c

b c 3
+ + >
a+l b+1 c+1 2
Bai 97. Cho x,y,z la céc s6 thuc dwong cé tich bang 1. Chirng minh
3 3 3
x +1 vy +1 7z +1
\/ n +\/ = +\/ - >2xy+yz+2zx.
t+y+z rrzex Y x+y
Bai 98. Cho a,b,c 1a cac s6 thuc duong. Chang minh

2z 2z 2
N ENE
b+c c+a at+b
Bai 99. Cho x,y,z la cac s thuc dwong co tich bang 1. Ching minh
z
5 xj; + ] Jf + 5 5 gl
X+y +xy y 4z +yz z+x +zx
Bai 100. Cho a,b,c la c4c s6 thyc duong c6 tong bang 3. Chirng minh
1 1 1 9

+ + >
l1+ab 1+bc l+ca 2(\/54_\/54.\/5)

Ching minh ring

D. HUONG DAN GIAIl - PAP SO
Bai 1. Sir dung bat dang thic AM-GM ta dugc:

Xy +Txy(x+y)=(x+ y) +dxy(x+ y) > 4xy (x+ y) .

2, 2 |XY 2, .2 Xy 2Xy+X°+y? _\/x_y(x+y)2
Xy X% +y _\/;.1/2xy(x +y )s\/; ; =5

Do d6 P >8+/2 . Dang thuc xay ra khi va chi khi x =y .

Nhan xét. Ngoai ra ta co thé dat X =t.y, (t > 0) dua vé khao sat ham mot bién véi t.

Bai 2. Ta co:

x—1 2—x2—x+1— x2+y+E - x+y+1 :>x2+y+§>x+y+l
2 4 4 2 4 2
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, 3 1
Tuong tu y +x+22x+ y+§.

Suy ra:

(x2+ +§)( 2+x+§j>(x+y+ljz—(x+1+y+£J2
y 4 y 4) 2 4 4
24(x+1](y+£j:(2x+£j(2y+£j
4 4 2 2

Bat dang thire dugc chimg minh. Dang thire xay ra khi va chi khi x =y =

Bai 3. Sir dung bat dang thirc AM — GM cho hai s6 dwong ta 6
(1+ a)8 +(1+ b)8 >2(1+ a)4 (1+ b)4

=2[(ab+1)+(a+b)]' > 2[ 2 f(ab+1)(a+b) |

=32(ab+1)"(a+b)” >128ab(a+b)’

Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi a=b=1.
Bai 4. Sir dung bat dang thic AM — GM ta c6

x2+y2+222x2+%(y+z) >2.(x%. (y+z \/_|x y+z|>\/_x(y+z)

Bai 5. Ta c6: (b—c)2 :(a+b+c—a—2c) 24(a+b+c)(—a—20).
Vay bt dang thirc duoc chirng minh néu ta chimg minh dugc:
(a+b+c)(-a—2c)>a(a+b+c)<(a+c)(a+b+c)<0(luén ding theo
gia thiét).

Bai 6. Ta cd:

3
a+b+cj =a+b+c>3.

4:ab+bc+ca+abc§%(a+b+c)2+[

Khi @6
3(a2+b2+cz)+abc:3(a2+b2+cz)+4—(ab+bc+ca)

2(a+b+c)2+4—%(a+b+c)2

=§(a+b+c)2+42§.32+4=10

Bat dang thire dugc chimg minh dang thirc xay ra khi va chi khi a=b=c=1.
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Bai 7. Sir dung bat dang thic AM — GM ta c6
4 9 o 12

T 4w
12 12
Ve 9d —ab 136 \j37—(9a2 +45”)
12 12

> e
J37-29a 4 3

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi

f f V6 , 6

2’ 3

Bai 8. S dung bt dang thaec AM — GM ta cé
V3x V3y Vx +xy+y” \/V 3x \I3y Vx +xy+y

=3
\/3 3ap(x* “3’“’) J3 [x +xy+) +3xy]

2
_ 3V2 > 3V2 : =3\E
. 3-((x+y)2+2xy\ ((x+y)2+l(x+y)2\
A e

Bl ) ) oo

Cong theo vé hai bat dang thirc trén ta c6 dpem.
Bai 9. Theo gia thiét ta c6
a b c 1 10 2

+1- = + 2 -
a+1 b+1 c+l b+l c+1 (b+1)(c+1)

Twong tu ta co: b > 2 .
b+l J(a+1)(c+1)

Nhan theo vé hai bat dang thie trén ta duoc:
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ab 5 4 U4 (a+1)(b+1)
(a+1)(b+1) (c+1) (a+1) b+1 c+1
. a6 be s b+]1}§%_A/c+l é+1
uong tu ta co: bC = b+])/ :

Cong lai theo vé 3 bat dang thuc trén va su dung AM-GM ta duoc:
P=ab+bc+ca>12.
Ding thirc xay ra khi va chikhi a=b=c=2.

Bai 10. Theo gia thiét ta c6 i:1— ! = ! + ! .
a+l a+l b+1 c+1

Str dung bét déng thic AM-GM ta co: a_s 2 .
a+l J(b+1)(c+1)

> 2 ; ¢ > 2 .
b+1" J(a+1)(c+1) ¢+1 f(a+1)(b+1)
Nhan theo vé 3 bat dang thirc trén ta c6 ngay diéu phai chirng minh.
Ding thuc xay ra khi vachikhi a=b=c=2.
Nhan xét. Vi cach lam twong tu trén ta xir 1y dwgc bai toan téng quat cho n
sb duong.

Tuong tu ta co:

=1ta lubn cod

+ 1 +.t
1+x  1+Xx, 1+X,

Bai toan. Véi X, X,,..., X, > 0thoa mén

XX, X, = (n=1)".
Bai 11. Sir dung bat ding thirc AM — GM cho hai s ta c6
x+25—3°

x(25 —yz) < f;

2z
+25-
y25—x < %
Cong lai theo vé hai bat dang thirc trén ta c6 dpem. Dang thic xay ra khi va chi
khi x =25-3%y>0.
Bai 14. Sir dung bat dang thicc AM — GM ta c6




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Bat dang thire dugc ching minh.

. +1 4
bang thuc xay ra khi va chi khi x—yzy = s x=2y=1
2 (x—}ﬂ(y+1)
a+b+c’=3

ab+bctca=3

Bai 15. DAu bang dat tai a=b=c=1:>{

Str dung bét déng thuc AM — GM ta c6

1 2014 _( 12 )+ 2012
a?+b?+c? ab+bc+ca \a’+b’+c® ab+bc+ca) ab+bc+ca
3 2012
2 +

g/(a2+b2+c2)(ab+bc+ca)2 ;(a+b+c)2
9 2012 2015
> —+ >
(a+b+c) 1(a+b+c)2 3
3

Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi a=b=c=1.
Bai 17. Theo gia thiét ta c6

1 2 2
a+tl = b+l b+1
1 o 1 1 a b ab

= - = + =2
b+1 a+l b+l a+l1 b+1 (a+1)(B+1)
Nhan theo vé hai bit ding thirc trén ta c6 dpem. Dang thirc xay ra khi va chi khi

a=b=l.
2

Bai 18. Taco —*—= " LEEN \l/"_l k=1n.

1+x 1+ X
E 1<ie P Hx'

]
1<izk

Nhan theo vé n bit ding thtrc trén ta c6 didu phai chirng minh.
bing thic xay ra khivachi khi x, =x, =..=x, =n—1.

Bai 19. Bat ding thirc vé trai 1 hién nhién theo C - S.
Bat dang thuc vé phai trong dwong voi
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2

[ﬁ+E+E] 23(a2+b2+c2)
¢c a b
abh® bl Fd

o = + 2 + B >a+b+c*

(ab A'Jc]2 (bc caj;1 (ca .arb]2
ol = +| === 5= =0
c a a b b ¢

Bat dang thie dugc chimg minh. Pang thie xay ra khi va chi khi a= b= c.
Bai 20. Sir dung bit ding thirc AM-GM cho ba sb dwong ta dugc:

1=a’+b*+c?>33a%% 2:>abc<T:—>3x/_

Str dung bét déng thirc AM-GM cho bén sb dwong ta dugc:
L > 44 abc.i = i.
9ahc 9abc /3

Suyraa+b+c+i:(a+b+c+ij L T+ 3[ 43,

a+b+c+

abc 9abc /) 9abc

Bit diang thire dugc chimg minh. Dang thuc xay ra khi va chikhi a=b=c =

sl @

Bai 21. Str dung bat dang thiee AM-GM cho ba s dwong ta dugc:

(a+b—cf 4 1

3
w ¢ 2a+b+—c—§.

1
+—+=>a+b-c=

3c 3 3 3c c
b+c—a) c+a-b)
Tu:orngtu::“—)Zb+c+ia—l;u2a+c+£b—l.
3a 3 3b 3

Cong theo vé 3 bit ding thirc trén két hop véi diéu kién a+b + ¢ = 3ta c6 ngay
P >1.Piang thic xay ra khi va chi khi a=b=c=1.
Viy gia tri nho nhat cia P bang 1 dattai a=b=c=1.
Bai 22. Khdng mét tinh tong quét gia sir b 1a sb nam gitra a va c.
Ta co:
(b—a)(b—c)<0«b®+ac<ab+bc= b’*c+c*a<abc+bc’

= a’b+b’c+c’a+abc <a®b+bc? +2abc = b(a+c)2

,, atc arcy
—4p2FC 2*C y 2 2 :i(a+b+c)3 =4
2 2 3 27
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Bat dang thire duoc chimng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 23. Taco
3(ab+bc+ca)=(a+b+c)(ab+hc+ca) :(a2b+bzc+cza)+(ab2 +bc? +ca2)+3abc.

Do vy ta chi can ching minh ab® +bc® +ca’ +abc < 4.
Pay la mét bai toadn quen thudc da dugc chirng minh & bai toan trén.
Bai toan dugc ching minh dang thic xay ra khi va chikhi a=b=c=1.
Bai 24. Khéng mét tinh tdng quat gia sir b 1a s6 nam giita a va c.
Ta co:
(b—a)(b—c)<0« b*+ac<ab+bc= b’*c+c’a<abc+hbc?

— a’b+b’c+c’a<a’h+bc? +abc:b(a2 +ac+c2)'
Str dung bét déng thic AM-GM ta co:

2 2 2
b(az+ac+c2)(ab+bc+ca)sb(a +ac+c ;ab+bc+caj

2
bl(a+c) +b(a+c 2 2
- [( ) 7 ( )} =b(a+c) (4a+b+c) :b.azc.agc.(a+b+c)2

a+C a+cC :
A I N s
<(a+b+c) 3 :E(a+b+c)

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c.
Bai 25. Str dung bat dang thirc C-S ta co:

3(a2+b2+cz)2(a+b+c)2 :>a+b+c£4/3(a2+b2+c2).

Suy ra

abc[qls(az+b2+c2)+\/a2+b2+c2} (\/§+1)abc
P<

(a® +b”+c?)(ab+bc+ca) (ab+bc+ca)va®+b? +c?
Mt khac: (ab+bc+ca)\/a2 +h? +¢? > 3¥a%h2c? /3%a%?c? =3/3abc.

\/§+1_3+\/§
33 9

Vay gié tri Ion nhat cia P bang

Suyra P< . Ding thuc xay ra khi va chi khi a=b=c.

3dattg1i a=b=c.
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Bai 26. Sir dung AM —-GM cho 2 sb dwong ta dugc

f’rh/;zz\/z

%+\/522\/E

b+c
= \7_; 22(\/5+\/E—\/E)

Xay dung tuong tu cho 2 bat dang thic con lai rdi cong lai theo vé 3 bat ding
thire ta duoc

b+c c+a a+b
+ + >2 \/E+ b+JE >Ja+ b+JE+3.
N R )

Bai 27. Theo gia thiét va bat dang thac AM — GM ta co:

3
12ar2+152+c2 >3 a*h*ct .

Suy ra abc < %

Str dung bét ddng thicc AM - GM ta ¢6
(a+ b)(b +c)(c + a) > 8abc

1 1 1 T
8abc + + + >42 >4
WA a4\ 8abe

Str dung bat ding thac Cauchy - Schwarz ta c6

1 1 1 9
—t—Ft—=>—>12.
S SO e Y

1 1 1 3/1 1 1
Suyra P> 8abc+ + + +—-(—+—+—)213.
y T A A A \F B &

, 1 . .
bang thuc xay ra khi vachi khi a=b=c= 3 Vay gia tri nho nhat cua P bang 13.

Bai 28. Néu khong c6 didu kién rang budc a,b,c nguyén dwong ta co ngay
+b+c)’ (100
abcﬁ(ia c) =(—] :
3 3
, _ 100
biang thac xayratai a=b=c= =

Vi vy ta du doan diu bang dat tai a=34,b=c=133

Khong mit tinh tng quat gia st a>b>c=>a>34,c<33 taco
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(a cY
ab c |3 g 33 _[34(a+b+c)— ] <(34 100 — 34]
34 33 33 3 33334 A\ 33334
= abc <34.33*
Ding thie xay ra khi va chi khi @ = 34,b = ¢ = 33hoic cac hoan vi.

Bai 29. Gia su a2b203a2[¥}+1=672,c$671.

Str dung bét déng thic AM — GM ta c6

a_ . b L .
a b ¢ _|672 671 671 :{672(a+b+c)—a} <1

3

672 671 671 3 671.672.3

— P =abc <671%672
Bai 30. Str dung bt déng thize AM-GM cho ba s dwong ta dugc:

1 1 1 3
2 + 2 + 2 2 2 9 2
XXy YAy 2T+ IX g/(x +xy)(y*+yz) (2 +2x)
_ 3 _ 3
g/xyz(x+y)(y+z)(z+x) 3/(xz+yz)(xy+zx)(yz+xy)
3 27
> > ,
2(xy+yz+2X) " 2(x+y+2)
3

Bt ding thie duoc ching minh. Dang thic xay ra khi va chi khi x=y=1z.
Bai 31. Sir dung bat ding thirc AM — GM cho 3 sb duong ta dugc
a®+b°+1>3a’h* = a® +b° +1>3ab.
Tuong tu cho hai cin thirc con lai rdi cong lai theo vé ta c6 dpem.
Ding thuc xay ra khi vachikhi g=b=c=1.
Bai 32. Str dung bat dang thiec AM — GM dang luy thira ta dugc

a+2b = + b + b >3(a'+b+b)2 =(a+2b)2
- 3 3
+2b
a@+26 >4
V3

Tuong tu ta co
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b+2c¢ c+2a
N +20 >+ 2a > :
3 J3

Cong lai theo vé ba bat dang thirc trén ta co didu phai chimg minh. Dang thirc
xay ra khivachikhi a=b=c.

Bai tap twong tw
Cho a,b,c 1a c4c sb thye duong. Chirng minh

Y +70° + Y83 478 + 3 +7a° > 2(a+b+c)
Bai 33. Sir dung bt diang thirc AM — GM cho (n-1) s dwong ta dugc

j a;
L_lzl_ak_lgt:ka > 1];[" ,k=]j’n'-

a, a4 a4 a,

Nhan theo vé n bat dang thirc trén ta c6 dpem. Dang thic xay ra khi va chi khi

1
al =a2 ="'=ap! = —.
n
1+a’ +b* =
Bai 34. D4u bang dat tai a=b=—=

3

6ab=—

2

Ta viét lai P va sir dung bat dang thic AM — GM cho hai s6

2
4 4 4 4 8
= 2 + 2 = 2 7+ 2 =
1+(a+d) +4ab 3(a+b)" 1+(a+d) +(a+d) 3(a+d) 3

[ 1 1 ] 1 4 1
P= 5+ + > 3 + 5
1+a*+b* 6ab) 3ab 1+a*+b*+6ab 3[a+b]

L . . . 1
Vay gid tri nho nhat cua P bang % dattai a=b = 2

Bai 35. Viét lai P va su dung bat dang thie AM — GM ta c6
P=(§a+éj +(£+ij +(£+ij +—a+2b+3c >13.
4 a 2 2b 4 ¢ 4
DAu bang dat tai a=2,b=3,c=4.
Bai 36. Bat dang thirc da cho tuong duong voi:
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2x(x+y)+2yz(y+2)+ 3xz(x+z) >§
(x+)(+2)(z+x) 3

S 2x(x+y)+2yz(y+2)+ 3xz(x +2) = g(x+y)(y+z)(z+x)

o x(x+y)+yz(y+z)+ 4xz(z + x) 2 10xyz
- x+y+y+z + 4(x+2)
z x y

=10

. . 4 4
bén day chi can 4p dung AM-GM ta co: —x+Z24;Z+—ZZ4;£+£22.
y x z y x z

Cong lai theo vé ba bét dang thirc trén ta c6 dpem.
Bai 37. Str dung bat dang thire AM — GM cho ba s6 dwong ta duoc

a(b2+3) b(cz+3) c(az+3)>3i/a(b2+3) b(cz+3) c(a2+3)
3@+1 3+l | 3P+l N 341 3d+1 3B+l
o a(b2+3) b(c2+3) c(a2+3)=l_[a(a2+3)2lbéi v

Chu . .
Y 3¢ +1  3a°+1 3 +1 3a’ +1
ald® +3 -1\
(@+3) | _@1) s,
3a” +1 3a +1

Bt dang thire duoc chirng minh. Dang thirc xay ra khi va chi khi g=h=c=1.

pxty+z) 3.3
4 274
Bai tap twong tw
Cho X, Y, z la c4c s thuc duong c6 tich bang 1.
Tim gid tri nho nhat cua biéu thuc
x3 N y3 N Z3
(l +y)(l+z) (l +z)(l+x) (l+x)(l +y)'
Bai 39. Theo gia thiét ta c6
abc(a+b+c)2ab+bc+ca abc(a+b+c)2\/3abc(a+b+c)
1 =

1 1
at+b+c>2—+—+— atb+c>
a b c a+b+c

a+b+c2i
abe

atb+ec=>3
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Do d6 :>a+b+c> 3 2(a'+b+c) 23 —i.
3 a+b+c’3 3 abc  abe
Cong lai theo vé hai bét dang thire trén ta c6 diéu phai chung minh.
Ding thirc xay ra khi va chi khi g=b=c=1.
Bai 40. Str dung bat dang thire AM — GM cho bon s6 duong ta duoc

3 ’
xrl=2+Z 2 >4 = (x+1)' >4
3 3 3 27 27

4

Tuong tu ta co (y+ l)4 > 3

277"
Do d6
x4y4 < x4y4 B i x:y < [2]6
(;7c+y)2(3'c+1)4(y+1)4 ( +y) 4! 344y3 48-(x+y)2_ 8/
277 27

Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi x=y=13.
Bai 42. Bat ding thirc da cho 1a téng cua hai bit ding thirc

|x| +\y| +‘z\ < ,/3(3:2 +y’ +zz) =3

g 20 [(xX+y 47 ’ '
xXyz' < 3 =1=>-—xyz<1

Bat dang thire dugc ching minh.

bing thirc xay ra chang han tai x=y=1z=-1.
Chu y. Néu can tim Max cia x +y+z—xyz ta sir dung bat dang thic C S (xem
chu dé bat diang thic C -S).
Bai 43. Str dung bat dang thire AM — GM cho ba s6 dwong ta duoc

\/a+l \/b+1 \/ \/a+l b+l c+1
‘ ab+1 bc+1 ca+l  Vab+1'bc+1 ca+l
Ta chi can chitng minh
a+l b+1 c+1 >

ab+1 be+1 ca+1
S athd +2abc—3£0<:>(abc—l)(abc+ 3)£0

3
Bat dang thuc cubi ding vi abe < (i;rc] =1

Bt dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi g=b=c=1.
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4

(1)

Vay ta st dung bét dang thie AM — GM nhu sau

Bai 45. Dy doan diu bang dat tai x=y=z=> =48=x=2.

4

4
xl)z +16(J’—1)+16(y—1)+16232:>(x—),_232(x—y)+16

y—1

>32(y—z)+16

—— >32(y—z)+16
(x-1)
Cong theo vé ba bat dang thirc trén ta c6 dpem.
Bai 46. Bat dang thirc da cho twong duong véi: ab +bc+ca>12.
Bat dang thic dung vi L + i + L 2 L
ab bc ca ab+bc+ca
Bit dang thic dugc chimg minh. Dang thirc xay ra khiva chikhi g=h=¢=2.
Bai 47. Ap dung bat dang thirc AM — GM ta c6
3¢ +4 246 3a*+4 2
= +—+b
4a b 4a b

3a 1 (2 b bj b
=t = [+
4 a \b* 4 4/ 2
1 2865 b atdb a 1 3
— —+3‘/——— —=— =+
4 a ¥ 44 2 2 4 a 2
Jatb, [aT 3.9
2 4a 2 2

3a
+
- 9. ..
Vi vay Pm=§ khi a=b=2.

= ab+bc+caz12.

=

Bai 48. Dat x=3a+b+c,y=3b+a+c,z=3c+b+a.
4x—y—z,b=4y—z—x o 4z—x—y
10 10 10

[12 (i + X452y +—)]<—
y z x z ¥

= a=

Chuyy+ + +— +y+ 265 yxxzyz=6.

X y z x z ¥ Xyzxzy
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Viy MaxP =2 dattai a=b=rc.
5

Chuy. Ta c6 thé chitng minh bang bat dang thic C -S.
Bai 49. Theo gia thiétta co: 2>a* +b* +¢* +ab+bc + ca.

Chuy
ab+1 _ 2ab+2 >2ab+a2+b2+cz+ab+bc+ca
(a+b)2 2(a+b)2_ 2(.:1r+b)2
_(a+b)2 +(b+c)(c+a) 1 +(b+c)(c+a)
- 2 T AT Af . N
2(a+b) 2 2(a+b)

Tuong tu cho hai biéu thtrc con lai suy ra

.3, 1[(b+c)(c+a)+(c+a)(a+b)+(a+b)(b+c)}

2 2 (a+b)2 (b+c)2 ((:+a)2

.3 E\/(b+c)(c+a) (c+a)(a+b) (a+b)(b+c) _3

2 (a+by’ ~ (b+c)  (c+a)

P>

2 2

Bat dang thuc duoc chung minh.
Bai 50. Str dung bat dang thic AM — GM ta ¢6

xo [ x X+y _ (x+x+y]

x+3y_ X+y x+3y 2\ x+y Xx+3y

Wiy i1 )

X+3y 243y 2.2 x23y )

Cong theo vé hai bat dang thire trén ta dugc Jx +\/_ ( +3]
m 2 x+y 2

Mgl[LJj}

m 2\x+y 2

Cong theo vé hai bat ding thurc trén c6 depm.
bing thire xay ra khi va chi khi x=y.

\/x—2+\/y—3+x/z—4

X y z

J2(x-2) \/3 (y-3) \/4(2—4)
T2 y/3 27
<2+x 2 3+y 3 4+7- 4 1

11
STo2x 2By | 4 22 23 4

Tuong tu ta co

Bai51. Taco P =
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bing thirc xay ra khi va chi khi x=4,y=6,z=8.
Bai 52. Str dung bat dang thirc AM — GM ta c6

1+1+ +3
fr+3y =311 (x+3y) < TETEY

%/y+ 3z = 3/1.1.(y+ 32) < w

Jz+3x= ,3/1.1.(z+ 3x) < @

Cong theo vé 3 bat dang thirc trén ta c6 diéu phai ching minh. Bang thirc xay ra

khivachikhi x=y=z=

-l:-l—'

)

¥+y +z Ly
2 oz

Du doan dau bang dat tai khi ba bién bang nhau, khi d6
3x* 3 3x* 3 3 3x* 3 3 9

P=—t+="—4+—+—2>33— — — =
2 x 2 2x 2x 22x2x2

Tuc dau bang dat tai x=y=z=1.
Vay ta st dung bét dang thie AM — GM nhu sau
x+y +z L HEAI xytyzix

Bai 53. Taco P=

P=
2 2xyz 2xyz
3\/1'2)’222 33/1'2_}?222 3\jx2 2_2
2xyz 2xyz
222 222 2_2
>33 Rxyz -3§/xyz -32/xyzz :2
2 2xyz 2xyz 2

Dang thuc xay ra khi va chikhi x=y=z=1.
Bai 54. Sir dung bat dang thirc AM — GM ta c6
a B a* < a B a
3¢ +(b+c)' 24 +[a2+(b +c)2] “2a+2a(b+c) 2(a+b+c)

, b? b
Tuong tu ta co 7 <
3% +(c+a)’ 2(a+b+c)
2
Cc < c
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Cong lai theo vé 3 bat dang thirc trén ta c6 diéu phai chitng minh.
Ding thirc xay ra khi va chi khi a =b,c =0 hozc cac hoéan vi.
Bai 55. Str dung bat dang thiee AM — GM ta ¢6
2

b+c+1 2
5 7-2
ab+2abc=2ab(c+%)£2a 2| a( a) .

2 8

a(7-2a)° 9

Ta chi can chitng minh a+ £E<:> (4—a)(2a—3)2 >0.

Bat dang thic dugc chimg minh. Pang thic xay ra khi va chi khi

azg,bzl,c=l.
2 2
Bai 56. Chi y (a+b+c)’ >3(ab+bc+ca)=ab+bc+ca<3.
Tach < ab _ ab sl( ab ab j
Je2+3 JeZ+ab+bctca o(c+a)(c+b) 4lc+a c+b

Tuong tu cho 2 can thirc con lai cong theo vé 3 bat ding thuc ta co didu phai
ching minh.
Ding thuc xay ra khi va chi khi a=b=c=1.
Bai 57. Str dung bat dang thiec AM — GM ta c6
ab 1 (a+b)? <£[ a’ .\ b? J
Z+1 4'(02 +a2)+(c2 +b2) S 4(c?+a? c?b?

bc _1( b2 ¢2 ) ca _1f ¢ a’
<— + ; <— +
a’+1 4la?+0% a?+c? ) b*+1 4\ b%+c® b%+a?

Cong theo vé 3 bat ding thuc trén ta ¢ diéu phai chimg minh. Bang thuc xay ra

. . 1
khivachikhi a=b=c=—.
J3
Bai 58. Ta c0:
2 2 2
1 4 1 2:x +y +22(x+y)+222 =x2+y2+2(1—xy):(x—y)2+2
(x+2)" (y+2) (xy+xz+yz+zz)

1 2 1 2
Suyra P=————+(x-y) 4222 [————.(x—-y) +2=3.
sy 7Y J‘l(x—y)z( )

. - . 1 2 1
bang thuc xay ra khi va chi khi ———=(x-Yy) <& x—-y=—— do x>y.
4(x—y)2 ( ) J2
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Khi d6 z 1a nghiém duong cua phuong trinh: z2 + z (x+y)+xy-1=0.

3
@Z:—x—y+J(x+ y)2—4(xy—1) =—x—y+«/(x—y)2+4 zﬁ—x—y
2 2 rz—
Vy gia tri nho nhét caa P bang 3 dat tai A

3
A G
X—y=—]7,2=""—— | X+ y<—|.
y 7 > y NG
Nhan xét. Day 1a mot bai toan kha don gian dya vao bién d6i chu ¥ diéu kién
(z+x)(z+y)=1ngoai rataco thé dit a=x+2,b=z+y=ab=1vakhido

1 1 1
P = —2 + —2 + —2 .
4(a-b)” a° b
Day la dang toan quen thudc duoc dé cap dén trong chua dé tinh dang cip hoic
sir dung ham s ta c6 2 cach xir Iy nhu sau:

Cach 1: P:a—b2+a—g+a—5=;+3+2.
4(a-b)° a° b 4(3_2+bj b a
b a
y a b X s okt WA 1 <. s e
bat t=—+—,(t > 2) dua vé khao sat ham so f(t) = +thoac danh gia
b a 4(t-2)
dwra vao bat dang thicc AM-GM nhu sau:
1 1 1
P= t= t-2)+2>2 |———.(t-2)+2=3.
i) ey ARy Y

B
12 a2
4(a—)
a
dugc Min cua f(a) bang 3 va cd két qua twong tu hai cach dé cap trén.

Bai 59. Nhan xét. Hinh thirc bai toan nay tuong tu bai toan trude do tuy nhién hai
nhan tir sau khdng cé dang dbi xing ta can khéo 1éo khai thac gia thiét tich
(b+c)(a+c)=1.

6[(a+c)2 +2(b+c)2}
Taco: —° 5+ 12 5= 5 =6[(a+c)2+2(b+c)2]
(b+c)° (a+c) [(a+c)(b+c)]
Theo gia thiét ta c6:
(a-b)’ =[(a+c)-(b+c)]* =(a+c) +(b+c)* 2.

Céch 2: Thé b= dua vé& khao sit ham s f (a)=
a
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bit x=a+c,y=b+c=xy=1

. 1 6 12 1 12 X2 6x* +12
va P=ﬁ+—2+—2=—1+—2+6x 2 + 2
XT+y" -2 y° X° 2,1 5 X (xz—l) X
X2

2
Pén ddy ta co thé khao sét ham s o= t ; Lol
t-1

a>b=t=a+c> /(a+b)(a+c)=1.

Hoic bién dbi twong dwong nhu sau: v

2(n:2

¢ 6212 (t-2)° (6t” —8t+3)

P= >+ " -20[+20= 5
(t-1) t(t-1)

Vay gia tri nho nhat cua P bing 20 dattai t=2<>a+c=~2,b+c= !

5

véi t=x,(t>1)do

+20>20(véi t>1).

Bai 60. V& trai bat dang thace duoc viét lai dudi dang
bc ca_ab zx xy yz
y z x a b ¢

(el (S (E e (o) ()

:£+E+E+£+£+l_ :(34_5}_’_(94_5}4_ £+X 23
y z x a b c z a X b y ¢

Bai 61. Bat ding thirc da cho twong duong véi:
ZE(X _M) >0
y

y+z

Z(—+1)>3@ZX+V>3
y+z y+z

bung theo AM - GM.
Bai 62. Taco a° +b® 2%(a+b)3.

Do d6 st dung bét dang thirc AM — GM ta c6

3 .3

3(a®+b3+c®)>3| =(a+b C+C a+b).
o)z a5 fe e

Vay ta chi can chang minh

9 2 9 2
——c“(a+b)=2c(ab+bc+ca)=| —=-2|c“(a+b)=>2abc.
¢ (arh)z2( )= (5752 @)



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Bt ding thirc cudi ludn ding do S ostexab.

232
Bat dang thire dugc chiang minh.
Bai 63. Sir dung bat dang thirc AM — GM ta c6

3
(a+b)(b+c)(c+a)s(a+b+b;“°+aj -2 (asbacf.

Do vy ta chi can ching minh
9abc 12(ab+bc+ca)

>
(a+b+c)®  (a+b+c)

<:>(a+b+c)3 +3abc>4(a+b+c)(ab+bc+ca)
< a’+b®+c®+3abc>ab(a+b)+bec(b+c)+ca(c+a)
Bt dang thic cudi dung theo BDT Schur bac 3.
Bat dang thirc dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c.
Bai 64. Ta dit
X

a]_:
1+x

_ X9
L+ %)@+ %+ X)

a

Xn

a., =

T @ X Xy e Xy )L X Xy F o+ X))
1

14X + X +--+ X,

a

n+l —

Khidotacod gy +a, +---+a, +a,,q =1.
1
(n +1)n+1 '
Bt dang thirc cudi ding theo AM — GM nén ¢6 dpem.
Bai 65. Sir dung bat dang thirc AM — GM két hop Vé trai 1a ham dong bién véi tich
abtacod

Ta can chiing minh: a,a,---a,,; <
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abc c.ab

(a+b)(b+c)(c+a) (a+b)(cz+c(a+b)+ab)
> B
(awtb)[c2 +c(a+b)+(a;b)2}

c(a+b)
(a+b+2c)

c(a+b) <(a+b)(a+b+2c)'
(a+b+2c)’  (3a+3b+2c)
ec(3a+30+2c)’ <(a+b+2c)
Str dung bat ding thac AM — GM ta ¢6

Vay ta chiing minh

c(3a+3b+2c)’ =%.8c.(3a+3b+ 2¢)(3a+3b+2c)

<1(8c+3a+3b+20+3a+3b+2c
8 3
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c.

Bai 66. Ta co:

T:(ajtquZc)3

1 + 1 S 2 . 2\/5
Ja(b+c)+2c?  yJb(a+4c) ﬁ/(ab+ac+2c2)(ab+4bc) J2ab + ac + 4be + 2¢2
= 2\/5 > 4\/5 > 4\/5
(a+2c)(2b+c) @a+2b+3c a+2b+2014c
42

Suy ra PZ(a+2b+2014C)W:4 2
a—+Z20+ C

Vay gia tri nho nhat ciia P bang 4+/2 xay ra khi c=0,a=2b>0.
Bai 67. Khoéng mét tinh tong quat ta gia sa a>b > ¢ ta c6:
2 2 2 5
= + .
a-b b-c a-c ab+bc+ca

Str dung bét déng thuc: 1.1
X Yy X+Y

, VX, y >0 ta dugc:
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4 2 5 2 1
P>2. + + =5 +
a-b+b-c a-c ab+bc+ca [a—c \/ab+bc+caj

5.24/2 20

i ‘\1/(3_0)2 (ab+bc+ca) ‘\‘/(a - C)2 (4ab+4bc + 4ca)
20 2042 202

- \/(a—c)z +4ab + 4bc + 4ca :\/(a+c)2+4b(a+c) :\/(a+c)(a+c+4b)
2

2042 204/6 404/6 106

JA D) 3) 3 )Lra) 3-b+ledd

a-b=b-c a 6
Ding thirc xay ra khi va chi khi 2 _ 1 olp=t
a-c +ab+bc+ca 3
3-3b=1+3b 2

. . . . 1 1 1
Vay gia tri nhé nhat caa P ban 10\/§dat tai a==+—=,b==,c==—-—=hoic
y g g NG 3 NG
cac hoan vi.
Nhan xét. Ta c6 thé xu ly bai toan trén biang phuong phap ham s6 xem chuong 3.
Bai 68. Khong mit tinh téng quat gia st z=min{x,y,z}ta co
X2+ y2 +2% =2(xy + yz + 2X)
< (x+ y)2 +2% - 2z7(x+ y):4xy<:>(x+y—z)2 = 4xy
Str dung bat ding thac AM — GM ta c6

X+y-2 X+y-7 ..

2
X+y+z 2 2 >3z(x+y—z) i3
3 3 - 2 VL

, X+y-2=4z X+Yy=5z X=4z,y=1
Bing thirc xay ra khi va chi khi |~ Ol y
x+y-z=2xy

xy=422 " |x=zy=4z
Céch 2: Theo gia thiét ta c6 wzl.
(x+y+z)" 4

Ta can ching minh Le)si
(x+y+z)” o4
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y , a+b+c=1
bit a= b= y ,C= = 1.
X+Yy+12 X+Yy+12 X+y+1z ab+bc+ca=z

Ta can ching minh P =abc < % (xem chu dé k§y thuat sir dung tinh dang cip).
Bai 69. Theo gia thiét két hop sir dung bit ding thirc AM — GM ta c6

3

2(a+b+c

8=(a+b)(b+c)(c+a)< {%}

—=a+b+c>3
Bat dang thic tuong dwong voi:

(a+b+c)” 2326(a3+b3+c3)
& (a+b+c) 23| (a+b+c)’ ~3(a+b)(b+c)(c+a)|

<:>(a+b+c)27 2326[(a+b+c)3—24J

9
Pt x=(a+b+c)’ = x> 27ta cin chung minhx—242326.
N
1 vai x> 27tacod

Xétham sb f(x) =

8x8(x—27
f '(x):(—Z)ZO,VXZZY.
(x—24)
Do d6 f(x) 1a ham ddng bién trén [27;+w0). Vivay f(x)> f(27)=3%.
Bat dang thire dugc chimg minh. Dang thie xay ra khi va chi khi a=b=c=1.
Bai 70. bat x=b+c-a,y=c+a-b,z=a+b-c= xyz=1va

A YFLp ZEX o X+y
2 2 2
Bat dang thuc trg thanh
x+y+z>§/x2+y2+22+xy+yz+zx
3 a 6
5 2
<:>[x+;’/+zj Z(x+y+z) —6(xy+yz+zx)

Xy + yz + 2x > 33x%y?z% =3

Chu y diéu kién xyz=1=
X+Yy+2>33xyz =3
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Suyra (x+ y+z)2—xy—yz—zxs(x+ y+z)2—3.

x+y+z)° _ (x+y+z)’ -3
Vay ta chiing minh( J > 5 :

X+y+2 3 .
y >1ta can ching minh

bat t=

2
SRS DI} t4+t(t2—lj+(t2—lj >0.
2 2 2 2

Bat dang thirc dugc chimg minh. DPang thie xay ra khi va chi khi a=b=c=1.
Bai 71. Gia st a=min{a,b,c}.

bit b=a+u,c=a+v,(u,v>0)bat ding thic tré thanh

(3—%)(u2 —uw+v¥a+ud —:{'iuv2 +v3>0.

N T
Bat dang thuc cubi ludn dang do
3 .3 3,6
ud+v3=ud +—+—233&=iuv2.
2 2 4 34

Bai 72. Pat a=1/x;b =1/ y;c =1/ z bit ding thuc tro thanh:

Ja2+3 Jb2+3 2433

+ + P
ac+3b ba+3c cb+3a 2
Str dung bét dang thirc C S ta co

Ja+3 /4(a2+3) ) ,/4(a2+3) . a+3

ac+3b  2[ac+b(a+b+c)] 2(b+a)(b+c) 2(b+a)(b+c)

b2+3> b+3 _\/c2+3> c+3

ba+3c 2(c+a)(c+b) cb+3a 2(a+b)(a+c)

Vay ta chi can chang minh

a+3 N b+3 N c+3
2(b+a)(b+c) 2(c+a)(c+b) 2(a+b)(a+c)
< (a+3)(a+c)+(b+3)(a+b)+(c+3)(b+c)=3(a+b)(b+c)(c+a)
< a® +b%*+c? +ab+bc+ca+18>3(a+b)(b+c)(c+a)
Theo bt ding thirc AM — GM ta c6

>3
2
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a?+b2+c?+ab+bc+ca+18=(a+b+c)’ —(ab+bc+ca)+18

2(a+b+c)2—%(a+b+c)2+18=24

3

a+b+b+c+c+aj _a
3

Do d6 bét diang thuc cudi ding va ta c6 dpem. Dang thac xay ra khi va chi khi

Xx=y=z=1.

3(a+b)(b+c)(c+a)£3(

Bai 73. bat x=+/a+b-c,y=+b+c-a,z=c+a-b.

x*+y?+z°=a+b+c=3
= x?y? +y2? +2%x* =Y (a+b-c)(b+c-a)
=Z(b2 —(a—c)2)=4(ab+bc+ca)—9
1 36

A , .. 1 1
Ta can chung minh —+ = +=> 7 33
X ¥y Z 94Xy +y°z°4+2°X

=S (xzy2 +y22% + 222 +9)(xy+ yZ +2X) > 36Xyz .
Str dung bét dang thicc AM — GM ta ¢6
x2y? +y22% + 22x% +9>123/xyz
Xy + Yz + 2x > 33 x?y 222
Nhan theo vé 2 bt ding thurc trén ta c6 ngay didu phai ching minh.

Ding thuc xay ra khi va chi khi a=b=c=1.
Bai 74. bat a=x+y,b=y+z,c=z+x=a,b,c>0;ab+bc+ca>0.

Khi do P:\/ a +\/ b +J c_
b+c c+a a+b

N a 2a b 2b c 2C
Tim gia tri nho nhat: > : > : > .
b+c a+b+c Vc+a a+b+c Va+b a+b+c

Cong theo vé ba bat dang thirc trén ta dwoc P> 2.
DA4u bing dat tai x > 0;y =z = 0 hoic cac hoan vi.
Bai 75. Trudc hét ta chirg minh

(a+2b)° (b+2¢c)*(c+2a)"
8

(2a® +bc)(2b? +ca)(2c? +ab) <

That vay ta co %[(Zaz +bc)(2b? + ca)(2c? + ab) — 9abc} -
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=(a+ 2b)(2c2 + ab)+(b + 2c)(2a2 + bc)+(c+ 2a)(2b2 +ca)

233/(a+ 2b)(202 +ab)(b+ 20)(2a2 +bc)(c+ 2a)(2b2 +ca)

Mat khac (2a% +bc)(2b? + ca)(2c? +ab) —9abc < (2a% + bc)(2b? +ca)(2c? +ab) .
Suy ra

#(a+ 2b)(2¢? +ab)(b+2c)(2a2 + bc)(c + 2a)(2b? + ca) <

Py (2a® +bc)(2b? + ca)(2c? + ab)
- 2

(a+2b)* (b+2c)*(c+2a)

= (2a +bc)(2b? + ca)(2¢? + ab) < .

Str dung bét dang thic AM — GM ta c6
(a+2b)(b+2c)(c+ 2a) =%.(a+ 2b)(4b +8¢)(c + 2)

3
3 2b+3
LL3(@+2b+3) [
4 3
T d6 suy ra diéu phai ching minh. Pang thac xay ra khi va chi khi
a=2,b=1c=0.
Bai 76. Khong mit tinh tong quat gia sir ¢=min{a,b,c} =c<1.
Str dung bét dang thiuc AM — GM ta c6
a® +b? 3-¢2 —c?+2c+3

c+ab<c+ ;
2 3
2 2 2
(a+bc)(b+ca)<(a+b+bc+ca) _(a+b) (c+1)
B 4 4
c?+1)(a?+b?) (3-c?)(c?+1
il )(2 )| )2 )

2(2-a)(2—-b)=8-4(a+b)+2ab

:4—a2—b2+(a+b—2)2 >4-a?-b?=c?+1
Do vay ta chi can chiing minh
8(2-c)>(3-c?)(3+2c—¢?) = (7-c?)(c-1) 2 0.

Bat dang thuc cudi ding va ta c6 dpem. Pang thuc xay ra khi va chi khi
a=b=c=1.
Bai 79. Str dung bat dang thiec C — S va AM — GM ta c6
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(a2+b+c)(1+b+c)2(a+b+c)2:9

- / a’ .a b+c+1:a\/3(b+0+l)Sa(b+c+1+3)
a’+b+c 3 33 63

. b? b(a+c+1+3) c? c(b+a+1+3)
Tuong tu ta co 5 < N < .
b +c+a 6+/3 c“+a+b 63

Goi P la biéu thirc vé trai va cong theo vé 3 bat dang thuc trén va chi y

ab+bc+ca£%(a+b+c)2 =3.

4(a+h+c)+2(ab+bc+ca) 43+23_

6/3 T 63

Bat dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.

Ta cé P<

Bai 80. Theo gia thiét ta co (ab+bc +ca)’ >3abc(a+b+c)=3(ab+hbc+ca)
=ab+bc+cax>3ab<ac<bhc=hc>1

2
Do dé (a-1) . (c—b)(bc-1) S0
a bc

<:>a+c+1+l—2—b—120
a ¢ b

<:>a+c+(a+b+c—lj—2—b—120
b b
1

a+c-1
Bat dang thire dugc chimg minh. Pang thie xay ra khi va chi khi a=b=c=1.

©a+c—1—%20®b2

Bai 82. Khong mit tinh tong quét gia sir ¢ =min{a,b,c} = c* —bc <0;c* —ac <0.

Suy ra ! >

1
\/(bz —bc+c2)(cz—ca+a2) ab’

1 1
+ =

\/(az —ab+b2)(b2 —bc+cz) \/(cz —ca+a2)(a2—ab+b2)

1 ( 1 } 1 (lﬁj
Ja? —ab+b?\\Vb2—bc+c? c?-ca+a?) a?-ab+b?la b
Str dung bét déng thuc AM — GM ta c6
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1 Jab+bc+ca S 2vab+bc+ca

Ja? —ab +b? \/(az —ab+b2)(ab+bc+ca) ~a’+c(a+b)+b?

2Jab+bc+ca _2J/ab+bc+ca ab

(a+b)(a+b+c)-2ab 2(a+b-ab) a+b-ab

Goi P 1a biéu thirc vé tréi ta c6

Jab [1 1) 1 1 1 Jab
P>2—FMm— | —+— [+—=—+ +
a+b—abla b) ab ab ab a+b-ab
ZSi/i. ! Jab = 3 > 3 >3
ab \/ab a+b-ab %/ab(a+b—ab) i/({Hb)z
2

bing thirc xay ra khi va chi khi a=b=1,c=0 va c4c hoan vi.
Bai 83. Khdng mét tinh tong quat gia sir x>y > z khi d6 ta c6

(i)

XY+ YZHIX  X+Z XY +YZ+2IX  Y+12

ye4+yz+z2 y+Z X2 +zx+22 x+1

Xy +yz+zx (x+2z)(y+2)

Xaxy+y® (x+z) +(x+2)(y+2)+(y+2)°

Céc bt ding thuc (i) va (i) xem chimg minh trong chuong 1.
Ap dung vao bai toan ta co

. /X+Z+ /y+zJr : (x+2)(y+2) :

y+tz NXx+z2 \(x+2) +(x+z)(y+2)+(y+2)
patt= 22y (Y2 s P> f()=t+ !
y+z \Vx+z 21

Xét ham s6 f(t)=t+\/217

t = (tz_l)g_t> \/t>3—t >0,vt>2.
N S L N

Vi vay f(t) dong bién trén nira khoang [2;+w0)suy ra f(t)> f(2)=2 +ﬁ'

(i)

trén nira khoang [2;+o) ta c6

f(t)=1-

Véi x=y=12z=0 thi P bing 2+i.vaygiatr1 nhoé nhét caa P bing 2+%.

V3



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Bai 84. Str dung bt déng thirc AM — GM ta c6

(a+b+ 2(a+c [a+b+ /a+c /a+c a+b )(a+c)

1

= <
3

(a+b+ 2(a+C)) 27 (a+b)(a+c

Xay dung tuong tu cho ?al biéu thirc con lai va dua vé ching minh
L + L + L <12
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)
2(a+b+c)

N

(a+b)(b+c)(c+a)
Chl y sir dung bét dang thirc quen thuoc
9(a+b)(b+c)(c+a)=8(a+b+c)(ab+bc+ca).

<12<6(a+b)(b+c)(c+a)>a+b+c

Bai toan dua vé chimg minh ab +bc +ca > % <16(ab+bc+ca)>3.
Bat dang thuc cudi dung theo gia thiét vi

ab+bc+ca£16abc(a+b+c)s%(ab+bc+ca)2 :>ab+bc+ca2%.

Bai toan dugc ching minh. Bang thic xay ra khi va chi khi a=b=c =

Bai85. Taco 2-2C_q_2€ _, ¢, 2
a+bc a+hc a(a+b+c)+hc (a+b)(a+c)

Bai toan dua vé chitng minh
bc ca ab 3
+ + >=
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) 4
< ab+bc+ca>9abc < (a+b+c)(ab+bc+ca)>9abc

Bt ding thuc cubi dung theo AM — GM.

Bai toan dwoc ching minh ding thire xay ra khi va chi khi a=b=c = % .

Bai 86. Chu y diéu kién bai toan ta co

1 1 1
ab+2c?+2c ab+2c?+2c(a+b+c) (2c+a)(2c+b)
ab ab B ab

= 2 =
(2bc +ab)(2ac-+ab) (2b<=+20a+%bj2 (ab+be-+ca)’
2
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1 S bc . 1 S ca
bc+2a’+2a (ab+bc+ca)’ ca+2b’+2b  (ab+hc+ca)

Cong lai theo vé ba bat dang thic trén ta c6 dpem. Dang thuc xay ra khi va chi

khi a=b=c=—
3

Tuong tu ta co

Bai 87. Sir dung bat dang thirc AM — GM ta c6
1 1 1_1 1 1 a+b+c
—+—=+—=2>2—+—+—=
a2 b2 ¢? ab bc ca abc
_ 9 S 27
abc(a+b+c)  (ab+bc+ca)’
Vay ta chitng minh
27
(ab+bc+ca)’

Bt dang thirc cudi ding theo AM — GM vi

>a +b%+¢? c>(a2+b2+c2)(ab+bc+ca)2327.

a® +b? +c® +2(ab+bc +ca) ’
(a2 +b? +02)(ab+bc+ca)2 < 3 =27

Bat dang thire dugc chimg minh. Dang thic xay ra khi va chi khi a=b=c=1.

Bai 8. Viét lai bit ding thire dudi dang ——C+ =2  1=P

ab+c bc+a ca+b

o a+b N b+c N a+c 9
(c+a)(c+b) (a+b)(a+c) (b+a)(b+c) 2°

Str dung bat dang thac AM — GM cho Vé trai dua vé chitng minh

9
>
2

(a+b)(b+c)(c+a)s%.

Bat dang thirc cudi ding theo AM — GM.
Bai 89. Thay 1 boi diéu kién vao bit ding thirc da cho va dwa vé ching minh
dab  4bc  4ca
+ +
a+b b+c c+a
Str dung bét dang thirc C S ta co

+a+b+c>4.

ab bc ca (ab+bc+ca)2 1
+ + > = :
a+b b+c c+a ab(a+b)+bc(b+c)+ca(c+a) a+b+c

Ta chi can chiing minh +a+b+c>4.

a+b+c
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Bat dang thic cubi ding theo AM — GM. Pang thic xay ra khi va chi khi
a=b=1,c=0hoac cac hoan vi.

a2 p2 2 i o
% dua vé chirng minh bat dang thurc

a® +b? +c? +2(\/5+\/5+\/E)29.
Bat dang thuc trén 1 tong ciia cac bat dang thirc

a2+\/5+\/523a
b? +b ++/b >3c
¢ +Jc+/c>3c
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 91. Bat ding thirc da cho twong duong véi
ab+bc+ca ab+bc+ca ab+bc+ca_ 9
+ + >
(a+b)b (b+c)c (c+a)a 2
a b c a+b b+c c+a_15
+ + + + >=
a+b b+c c+a a b c 2
Bat dang thire cudi 1a tong cua hai bat déng thuc
a b c lfa+b b+c c+a
+ + +— + + >3
a+b b+c c+a 4\ a b c
3(a+b b+c c+aj 9
= + + >=
4\ a b c 2
Bai 92. bat x=+b+c—-a;y=+c+a-b;z=vVa+b—c=x? +y? +7% =3.

Bai toan dwa vé chirng minh
l+£+l> 36
Xy 7 9+x*y?+y*2t 4222

Bai 90. Su dung ab+bc+ca=

=S (xzy2 +y22% + 22 +9)(xy+ yzZ + 2X) > 36xyz

Bat dang thic trén 1a tich cua hai bt dang thirc

XY + YZ + ZX 23\3/x2y222 ;x2y2 + yzz2 +22x% +9>126 Xyz .

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 93. Chu y dang thurc:

(az +bc)(b+c)=b(c2 +a2)+c(a2 +b2);

(b2 + ca)(c+ a)= a(b2 +cz)+c(a2 +b2);

(02 +ab)(a+b)= b(a2 Jrcz)ﬁta(b2 +02)
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Bai toan dwa vé chiing minh véi ba s6 duong x,y,z ta c6

\/x+y+\/y+z+\/z+x23\/§.
z X y

Bt dang thirc nay dang theo AM — GM

\/x+y+\/y+z+\/z+x23§/(X+y)(y+z)Z+x \/2\/72\/W2\/7 23
z X y Xyz Xyz

Bai 94. Twong tu bai todn trén bat dang thirc dua vé chirng minh véi ba sb khong

émx,y,ztac()\/ X +\/ y +\/ z >2.
y+1z Z+X X+Yy

Bt dang thirc cudi ding(xem chirng minh trong bai tap mau).
Ding thirc xay ra khi va chi khi a =b,c = 0 hozc cac hoan vi.

Bai 95. Ta co ¢? +2ab=aZ +b? +2c2 - 2bc —2ca = (a—c)” +(b—c)’.

Dodo 270 =\/ (a-b)

Jez+2ab  \(c—a)* +(c-b)?

Béitoénduavéchﬁ:ngminh\/ X +\/ y +J Z 52,
y+z Vz+x \x+y

Véi x=(a—b)2,y=(b—c)2,z=(c—a)2xem bai tap mau.
Bai 96. Bat dang thirc trong duong véi 3abc+ab+bc+ca>3+a+b+c.
2
b ¢ (a+b+c)

Bt ding thuc luén ding do a+b+c>— 2 +
b a ab+bc+ca

=ab+bc+caza+b+c
a b ¢ 1(2a bj 1(2b c) 1(2c a) a+b+c
a+b+cx—+—+—= =+ —+— |+ —+— |2 .
b ¢c a 3\b ¢) 3lc a) 3 3abc
= abc>1

a b))
Bat dang thire dugc chimg minh. Pang thie xay ra khi va chi khi a=b=c=1.
Bai 97. Str dung bat dang thirc AM — GM ta c6

31 x(x2+yz) x(x2+yz)«/xy+ yZ + 2X
\/x4+y+z \/x4+xyz(y+z) \/(xz(y+z)+1)(x3+yz(y+z))
2x(x2+yz)./xy+yz+zx _me
X(y+2)+1+x° +yz(y+2)  X+y+z

Tuong tu cho 2 cin thirc con lai roi cong lai theo vé ta co diéu phai chirng minh.
Bt ding thie duoc ching minh. Pang thie xay ra khi va chi khi x=y=z=1.
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Bai 98. Sir dung bat déng thirc AM — GM ta c6

2a 3 3a
b+c \/b+c b+c b+C b+C 41 “atbic
Tuwong tu ta cé 3 2b 20
c+a a+b+c a+b a+b+c

Cong theo vé ba bit diang thuc trén ta c6 dpem. Dang thuc xay ra khi va chi khi
a=b=c.
Ch( y. Ngoai ra ta cd thé ching minh bang bt dang thie Bernoulli(xem chii dé sau).

Bai 99. Chuy x° +y° > x*y? (x+y)

Xy Xy 1 z
= < = = .
Xy +xy XEYE(x+y)+xy  Xy(x+y)+l o x+y+z
Tuong tuta co — yz < X 5 2)5( < y

V4P hyz x+y+z2 22+ +x x+y+z
Cong theo vé ba bat ding thirc trén ta c6 dpem. Dang thirc xay ra khi va chi khi
Xx=y=z=1.
Bai 100. Sir dung bét dang thirc AM — GM ta c6

1 _, @b, ab :l_«/%
1+ab 1+ab 2./ab 2
1 _, be . be zl_\/E
1+hc 1+hbc 24/bc 2
1 ca ca Jca
=1- =1-
1+ca 1+ca 2\/7 2

Cong theo vé ba bat dang thirc trén ta dugc

1 1 1 >3_J£+JE+\/E_§_(JE+\/5+\E)Z

+ + > =

l1+ab 1+bc 1+ca 2 4 4
2
Vay ta chi can ch inh (\/E-H/B-F\/E) S
ay ta chi can ching minh = — > :
4 4 2(Va+b++c)

Dit t=\/§+«/5+\ﬁ,(\/§<tg3) dua vé chitng minh

2
E—t—zg@ﬁ—15t+18s0<:>(t—3)(t2+3t—6)so.
4 4~ 2

t ding thu:c cubi dung va ta co dpem. Ding thuc xay ra khi va chi khi
b c=
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CHU DE 2: KY THUAT GHEP CAP TRONG
CHUNG MINH BAT DANG THUC AM - GM

A. NOI DUNG PHUONG PHAP
1. Ghép cap truc tiép 2 hoic 3 hang tir & mdt vé caa bt ding thirc
Ta can chung minh bét dang thirc
A+B+C=>X+Y+Z.

Néu X <+/AB,Y <+/BC,Z <+/CA.
Ta thyc hién ghép cap sir dung bat ding thie AM- GM cho 2 s6 dwong nhur sau:
A+B>2JAB >2X
B+C=>2VBC >2Y
C+A=22JCA>2Z
Cong theo vé 3 bit ding thirc trén ta c6 ngay diéu phai chung minh.
2. Ghép ciip két hep 2 giira hodc 3 nhan tir ¢ ca 2 vé cia bat ding thic
Ta can chang minh bat dang thic A+B+C>X +Y +Z.
Ta c6 thé thuc hién danh gia nhu sau
A+ X >2/AX >2Y
B+Y >2vBY >2Z
C+Z2>22JCZ 22X
Cong lai theo vé 3 bat dang thirc trén ta c6 ngay diéu phai ching minh.
3. Bién déi diéu kién hoic bat dang thire trwéc khi ghép cip
Ap dung vaéi cac bat dang thire co diéu kién chua tuong dong véi bat dang thirc
can chimg minh. Thong thuong ta sir dung phép binh phuong 2 vé, quy dong 2
vé bat dang thirc(xem bai tap mau).

B. BAI TAP MAU
Bai 1. Cho x,y,z 14 céc s6 thuc duong thoa min diéu kign 2,/xy ++/xz =1.

Ching minh rang 3V AX O sy,
X y z
Lo gidi
Goi P 1a biéu thirc vé tréi cua bat diang thrc.
Ta viét lai P dudi dang

X oy X Z z Y

Str dung bat ding thac AM — GM ta c6
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£+322 /E.ﬁzh;
Xy Xy
£+ﬁ22 E_ﬁ:Zy;
x z Nx'z
B Zsp [ E oy
z 0y zy

Suyra P>2z+4y+6x=2(x+2)+4(x+y)>4/2x +8./xy = 4.

X=y=1 1 Voo

oXx=y=z1==.
2/xy +/zx =1 y 3
Nhan xét. Dé c6 phan tich trén ta su dung ddng nhit thie nhu sau:

3£+ﬂ+5ﬂ=a[£+ﬁj+b(£+ﬁj+c[ﬁ+ﬁj
X

bing thirc xay ra khi va chi khi {

y z X y X z z y
a+b=3 a=1

&ib+c=5< b:2:>P=[£+ﬁj+2[£+ﬁj+3(ﬁ+z]
X 'y X z z y
c+a=4 c=3

Bai 2. Cho x,y,z la céc s6 thyc dwong thoa min diéu kien x2 + y? + 22 =3.

Ching minh ring 2 + Y2, 253,
zZ Xy
Lo gidi
Phan tich tim loi giai:

Néu sit dung ghép cap ching han ¥ + Y2 > 2y nhung didu kién cho dusi dang
z X

bac 2 do vay ta khong thé ghép cip sir dung truc tiép dwoc va can tao ra cac

nhan tir c6 chira x?,y?,z? nhu vy luya chon phép binh phuong 2 vé cua bét
dang thirc.

L &i giai chi tiét:

Binh phuong 2 vé bit ding thirc can ching minh duoc viét dudi dang
X2y?  y222  7%x2

+ + +2 x2+y2+z2 >9
72 X2 y2 ( )

& +
Z X y

2,2
X°y®  y‘z z>2<23

Str dung bét ding thitc AM —GM cho 2 sé duong ta duoc
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202 2.2 2.2 2.2
X7y y'z Xy yzr , 2
522 o =2y".
z X 2 x
2.2 2.2 202 2.2
. y2z2 7%x X 2%x
Tuongtu:tacoyz + >27°%: ¥+ . >2x°.

X y z y

Cong theo vé 3 bat ding thirc trén ta c6 ngay diéu phai chimg minh. Dang thuc
xay ra khiva chi khi x=y=z=1.

Bai 3. Chang minh ring véi moi a,b,c duong ta ludn co

1 N 1 . 1 S 9
b(a+b) c(c+b) a(a+c) 2(ab+bc+ca)
Lo gidi

Bat dang thire cAn chimg minh tuong dwong voi
ab+bc+ca ab+bc+ca ab+bc+ca_9
+ + > =
b(a+b) c(c+b) a(a+c) 2

c b a a b c 9
&S+ —+—+ + + >—
b a ¢ a+b b+c c+a 2
b+c a+b c+a a b c 15
+ + + + + >
b a c a+b b+c c+a 2

Str dung bat dang thie AM — GM cho 2 s dwong ta c6

b+c+ b 22/b+c. b 1

4 b+c 4 b+c

Tuwong tu ta co: a+b+ a 21;C+a+ ¢ >1.
4a a+b 4c c+a

Cong theo vé 3 bit ding thirc trén ta duoc

l(a+b b+c c+aj a b c

= + + + +

a b c

>3.

+ >
4 a+b b+c c+a

Mat khac

3 a+b+b+c+c+aj:§(3+9+g+gj2§ 3+3§/9.E.E :2_
4\ a b c 4 a b c) 4 abc) 2
Cong theo vé 2 bat ding thirc trén ta c6 ngay diéu phai chimg minh. Dang thuc

xay ra khi va chi khi a=b=c.
Bai 4. Chang minh rang voi moi s6 thuc duong x,y,z ta co

(1+§][1+%)[1+§) > 2+%.

Loi gidi
Khai trién vé trai viét lai bat dang thie da cho dudi dang
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X, ¥, Z X+y+z 3/y 2
—+= + +3—
y 2 Jxyz \/7 \/7

L : X Xy x2
Str dung bat dang thuc cho 3 so6 duong ta c6 —+ + > 33 —

Tuong tu ta co: Y, ¥,z >313fy —+ + >33—
7 1 X \ xy

Cong theo vé 3 bat ding thic trén ta c6 diéu phal ching minh. Bang thuc xay ra
khi va chi khi x=y=z.
Bai 5. Chtring minh rang véi moi s6 thuc dwong x,y,z ta c6

Loi gidi

Cong theo vé 3 bit dang thirc trén ta c6 diéu phai ching minh. Bang thirc xay ra
khi va chi khi x=y=z.
Bai 6. Cho x,y,z la c4c sb thuc khong am.
Ching minh rang (x+y—z)(y+z—X)(z+x—y)<xyz.
Loi gidi
Do tng 3 thira s6 vé trai bang x + y + z > 0 nén c6 cac kha ning sau
+ TH1: Néu c6 1 thira s6 am va 2 thira s6 dwong lac nay bét dang thic ludn ding.
+ TH2: Néu c6 2 thira sb am va 1 thira s6 dwong(diéu nay vo ly) vi téng cua 2 thira
s6 chang han (x+y—z)+(y+z—-x)=2y>0.
+ TH3: Néu ca 3 thira s6 déu khong am Iic d6 ta sir dung béat dang thirc cho 2 sé
duong ta duoc
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x+y—z+y+z—x)2 2

(x+y—z)(y+z—x)s( 5 =

2
y+z—x+z+x—y) p

(y+z—x)(z+x—y)s( 5 z

2
(z+x—y)(x+y—z)s(z+x_y+x+y_zj =x?

2

Nhan theo vé 3 bt dang thirc trén ta dugc

[(x+ y—z)(y+z—x)(z+x—y)]2 £x2y222'

< (x+y-z)(y+z-x)(z+x-y)<xyz

Bt dang thirc duoc chirng minh. Dang thirc xay ra khi va chi khi x=y=z.
Nhan xét. Vi chua biét tinh am duong ctia mdi thira s6 V& trai nén chua thé &p
dung tryc tiép bat dang thirc AM — GM va ta can phan chia cac truong hop.
+ Pay 1a mot dang cua bat dang thirc Schur bac ba cé rat nhiéu ung dung trong
viéc giai quyét mot 1op bai toan(xem chi dé sau).

Chang han véi x,y,z ¢6 téng bang 3 ta c6 bt dang thirc

4(xy+yz+12x)—3xyz<9.

Bai tap twong tw

Cho x,y,z la cac sé thuc dwong. Chirng minh

[1— X J(l— Y )(1— : jsl.
y+12 Z+X X+y) 8

Bai 7. Cho a,b,c 12 c4c sé thuc duong thoa man diéu kién a +b? +c? =3.
a3 . b? .\ c .3

Wb213 Je2+3 Nai+3 2

o Loi giéj

Sir dung bat dang thirc AM — GM cho 3 s6 duong ta ¢

3 3 2
a a b +32§a2

+ +
\/b2 +3 \/b2 +3 8 2

3 3 2

b + b + c°+3 Zgbz
Je2+3 24z 8 2
3 3 2
c N c N a“+3 S gcz

JaZ+3 aZ+3 8 2
Cong theo vé 3 bat ding thuc trén va két hop voi diéu kien a® +b%+c?=3 ta
c6 ngay diéu phai chimg minh. Dang thic xay ra khi va chi khi a=b=c=1.

Chang minh ring
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Bai 8. Cho a,b,c la cAc s thuc dwong thoa man diéu kién a+b+c=3.

2 2 2 2 2 2
Chitng minh ring (1+a) (12+ b) . (1+b) (12+ c) . (1+c) (12+ a) S04
1+c l+a 1+b
Loi gidi
Goi P la biéu thirc vé trai cua bat dang thc.
Str dung bét déng thirc AM — GM cho 2 sb dwong ta duoc:

(1+ a)2 (1+ b)2 =(1+ab+ a+b)2 >4(1+ab)(a+b)= 4a(1+ b2)+ 4b(1+ a2) .

2 2
1+a) (1+b 2 2
Suyra( )(2 ) 24a1+b2+4b1+a2
l1+c 1+c a+c
2 2
1+b) (1+c 2 2
Tuong tu ta co: (1+b) (2 ) 24b.1+c2 +4c.1+b2
l+a 1+a 1+a
2 2
1+c) (1+a 2 2
( ) (2 ) 24a1+02+4ol+a2
1+b 1+b 1+b

Cong theo vé 3 bit ding thirc trén ta c6

2 2 2 2 2 2
P24a£1+b +1+c J+4b[1+a +1+c j+4c£1+a +1+b ]

1+¢® 1+b? 1+¢% 1+a’ 1+b% 1+a?

1+b? 1+¢? 1+a® 1+¢? 1+a? 1+b?
>8a 5 5 +8b 5 5 +8c ——
1+c® 1+b 1+c® 1+a 1+b° 1+a
=8(a+b+c)=24
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.

b c
+ + =
a+l b+1 c+1

Bai 9. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién

Tim gid tri nho nhét cua biéu thuc P=ab+bc+ca.
Loi gidi
Theo gia thiét két hop str dung bét dang thac AM —GM cho 2 sé duong ta co

a b c 1 1 2
=1- +1- = + > .
a+l b+1 c+1 b+1 c+1 (b+1)(c+1)
Tuong tu ta co: > 2
b+l J(a+1)(c+1)
c 2
>

c+l J(a+1)(b+1)
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Lan lugt nhan theo vé hai bat dang thuc ta duoc:

ab N 4 <:Hjlbz4A/(a+1)(b+l).

(a+1)(b+1) (c+1)./(a+1)(b+1) c+1

4. /(b 4 1 1
Tuwong tu ta co: bc > ( ﬁjﬁ/%i (C-t:+i;+ ;
Cong lai theo vé 3 bat ddng thuc trén va st dung AM-GM ta duoc:
o g MDD JbrD)(e+) farD(cr1) |
B c+]\/ N a+1\/ N b+]\/

lei/J(a+1)(b+1)' V/(b+1)(c+1). Ja+1)(c+1) .
041]\/ a+]\/ b+]\/
Ding thuc xay rg khi va chi khi a=b=c=2.
Bai 10. Cho x,y,z la cc s6 thuc dwong thoa man diéu kién xy + yz + zx =1.

o 2y g2 ,
Chung minh ring 3—+/3+ -+ 2—+ "> (x+y+2)".
y z X
Léi gidi

Trudc hét ta chiing minh bét dang thirc sau

2 2 2 X+y+Z X2-|—y2-|—Z2
2y 2 ) )

y z X XYy + YZ + X
That vay, bat dang thire trong dwong véi:
2 2 g2

(xy + yz+zx)(x—+—+z—j2(x+ y+z)(x2 +y2 +22).
y z X

2

> xz% +7y% + yx2.

e °z v .,
Str dung bat dang thac AM-GM ta c6: — +—>2x“y.
y z
3 3
u+ﬂ22y22.
z X
3

3
X’z z
— zy >27%x.
y X
Cong theo vé 3 bit ding thirc trén ta c6 didu phai chirng minh.
Goi P la biéu thire vé trai bat dang thirc ban dau ta c6

P>3—-3+(x+y+2)(x2+y?+7?).
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Vay ta can chirng minh
3—\/§+(x+y+z)(x2+y2+22)2(x+y+z)2
S X+y+2)0C+y?+22)2x2+y? + 22 +43-1
<:>(x2+y2+22)(x+ y+z—1)2\/§—1
<:>[(x+ y+2)° —2(xy + yz+zx)}(x+y+z—1)2\/§—1

<:>[(x+ y+z)2—2}(x+y+z—l)2\/§—l

Bt dang thirc ludn dung do X+ Y +2 > [3(Xy + yz + 2x) =/3..
Bt dang thire duoc chimng minh. Diang thic xay ra khi va chi khi

1
V3
Bai tap twong tw
Cho x,y,z 1a cac s6 thuc duong co tong bang 1.
2 2 2

Chung minh rang X—+y—+z—23(x2 +y? +22).
y 7 X

C. BAI TAP REN LUYEN
Bai 1. Chang minh rang véi moi s6 thuc x ta c6

X X X
(EJ +(Ej +[§j >3 +4% + 5%,
5 4 3

Bai 2. Chang minh rang voi moi s6 duong x,y,z ta co
3 .3 .3
X z
oY oy y2 +22.
y z X

Bai 3. Chang minh rang véi moi x,y,z la c&c sb thuc dwong ta co

X5 y5 Z5 3
—2+—2+—22X
Yy zZ X

+y 428

Bai 4. Chang minh ring véi moi s6 thuc duong x,y,z ta ¢é

oy 2
— T+ —2>X+Yy+2Z.
yz X Xy

Bai 5. Cho x,y,z la cac s thyc duwong thoa man diéu kién x+y+z = xyz.

Ching minh rang %+ls+i321.
X
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Bai 6. Cho a,b,c 1 d6 dai 3 canh mot tam giac. Chirng minh rang
a b c
+ +
atbh-c b+c—-a c+a-b

>3.

Bai 7. Cho a,b,c la cac s6 thuc duong thoa man diéu kién a® +b? +c? =3.
a’ b3 c? 3
+ + >=.
241 21 Ja?+1 V2
Bai 8. Cho x,y,z 14 cAc s6 thuc duong thoa min diéu kién 2v/xz +./yz +3\/xy =1.
m + % + gﬂ >
X y z
Bai 9. Cho x,y,z 14 c4c sb thuc duong thoa mén diéu kién xyz =1.

Chirng minh rang

Ching minh rang

Ching minh rang {x+£—1}(y+l—lj(z +£—lj§l.
y z X

1 1
+

Bai 10. Cho a,b,c |a c4c sb thuc dwong thoa man + =
a+l b+1 c+1

Chiing minh rang abc > 8.
Bai 11. Cho x,y,z la cé4c s6 thuc dwong. Chirng minh

1- X (1— yjl— z_ <L
y+2 Z+X X+y) 8

D. HUONG DAN GIAI - PAP SO
Bai 1. Sir dung bat dang thirc AM — GM cho 2 s6 duong ta ¢6

32 o{ ] B
CRGRGIGES
2] (2]

Cong lai theo vé 3 bat dang thirc trén ta c6 diéu phai chimg minh. Dang thirc
xay ra khi va chi khi x=0.
Bai 2. Sir dung bat dang thic AM — GM cho 3 sé duong ta duoc
3 .3 3 .3
X_ + X_+ y2 >33 X_ X_
y |y y 'y

.y2 =3x°
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y_+y_+ ZZ 233 y_y_ 22 :3y2
YA z 7 7

3 3 3 .3

Z z z
S 4 x?>33 S x? =372
X X

Cong theo vé 3 bat dang thire trén ta c6 diéu phai chimg minh. Bang thuc xay ra
khi va chi khi x=y=z.

Céch 2: Str dung bét dang thac AM — GM cho 2 s6 duong ta c6

3 [ 3 3 3
X—+ Xy > 2 X—.xy =2x2;y—+ y222y2;2—+x22222.
y y z X

Cong theo vé 3 bat ding thuc trén két hop voi x2 + y2 + 22 > xy + yz + 2xta ¢6
diéu phai chung minh.

Bai 3. St dung bét dang thire AM — GM cho 2 sé duong ta co

5 5
X 2 X 2 3
— +XYT 22 [—.Xy" =2X
y y
5 5
Y %2 y—z.yz2 =2y®
z z
5 5
z z
—+ X2 =2 —2.zx2 =273
X X
Cong theo vé 3 bat dang thic trén ta c6
5 5 5
X z
—2+y—2+—2+xy2+y22+zx2 22(x3+y3+z3).
ye z° X

Vay ta chi can chang minh x3 + y2 + 23 > xy? + yz? + 2x°.
Bat dang thirc nay hién nhién dung theo AM — GM cho 3 sb duong
Vi C+y3+y3>axy? v+ 22+ 28 >3y2%: 22 + 3 + 3 > 322
Cong lai theo vé 3 bat dang thirc trén ta c6 diéu phai chimg minh. Dang thirc
xay ra khi va chi khi x=y=z.
Bai 4. Sir dung bat dang thic AM — GM cho 3 s6 duong ta c¢6

3 / 3
X—+y+2233x—.y.z =3X
yz yz

3 3
y—+z+x23,3fy—.z.x =3y
ZX ZX

3 [,3
Z—+x+y2332—.x.y =3z
Xy Xy
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Cong theo vé 3 bat dang thic trén ta c6 diéu phai chimg minh. Bang thuc xay ra
khi va chi khi x=y=z.
Bai 5. Theo gia thiét ta c6 1.1
Xy yz X
Vay bat dang thic can chimg minh dugc viét lai duéi dang:
x y z_ 1 1 1

R M S NNl
v o2 ¢ xy yz o«
x4z3+y4x3+z4y3>x+y+z

X3y323 Xyz

<:>x4z3+y4x‘°’+z4y32(x+y+z)x2yzz2
2 2 2
X“z X z
o x2y?z? —2+y—2+—2y >(x+y+2)x*y?z°
y z X
X’z y?x 7%y
St 2 X+ Y+ 2
y z X
Str dung bét ding thirc AM — GM cho 3 s6 duong ta co
2 2 2. 2
X°z X Xz y°x
—2+y—2+2233—2.y—22:3x
y z z
2 2 2, 2
X z X Z
_y2 +— +x233—y2 .—zyx:3y
z X 7 X
2 2 2. 2
z X“z °y x°z
—2y+—2 y233—2y. 5y =32
X y X

Cong theo vé 3 bat dang thic trén ta c6 diéu phai chimg minh. Bang thuc xay ra
. . 1
khi va chi khi x=y=z=—.
T
Bai 6. Str dung bét ding thire AM — GM cho 3 sé duong ta duoc
a + b + ¢ 23%/ a . b . ¢ .
a+b-c b+c-a c+a-b a+b-c b+c—-ac+a-b
Chuy. (a+b-c)(b+c—-a)(c+a—b)<abc.
Ta c6 diéu phai chirng minh. Bang thirc xay ra khi va chi khi a=b=c .
Bai 7. Sir dung bat dang thic AM — GM cho 3 s6 duong ta c¢6
3 a®  b+1_ 3 ,

a
>
Vb% +1 ’ Vb% +1 i 22

QD

"2
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3 3 2
b b C +1> 3 bz;
\/C +1 '\/C +1
3 a +1 3 2

Ve a v &

Cong theo vé 3 bat ding thuc trén va két hop voi diéu kien a® +b%+c?=3 ta
c6 ngay diéu phai chirng minh. Bang thic xay ra khi va chi khi a=b=c=1
Bai 8. Goi P la biéu thirc vé tréi cua bat ding thic.

Ta viét lai P dudi dang P = 3[yz ij+4(£+ﬁ)+5[ﬁ+ﬁj.
y X z z y

Str dung bét déng thuc AM — GM ta c6

Y2 2 | gy
Xy Xy
VXL, N
X z X Z

XXXy X
z Yy zy
Suyra P>6z+8y+10x=4(x+2)+2(z+Yy)+6(x+Y)

>8/xz +44Jyz +12/xy =4

. . .| X=Y=12 1
bang thuc xay ra khi va chi khi SX=y=2==.
g e Xy {2F+ Sz+afy=1" 6
Bai 9. Vi x,y,z 1a cac s6 thuc duong thoa man xyz =1nén ton tai cac s6 thyc duong
a,b,c thoa man x :E, y :9,

= khi d6 bét ddng thtc duoc viét lai dudi dang:
a
(a+b-c)(b+c—a)(c+a-b)<abc.
Pay la bat dang thic da duoc chimg minh. Pang thirc xay ra khi va chi khi
X=y=z=1.
Céch 2: Theo gia thiét ta c6

x+£—l=x[1+i—1]=x(l+z—1J
y Xy X X
:>[x+1—1][z +£—1j= x[1+ 2—1)[2 +£—1J
y X X X
2
=x{z2 —(l—lJ ]s xz2.
X
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Tuong tu ta co: (y+1—1j(x—l+1]£ yx2.
z y

(z+1—1)(y+1—1J£ zy2
X z

Nhan theo vé 3 bat dang thuc trén két hop diéu kién xyz=1ta ¢ diéu phai
chimg minh. Bang thire xay ra khi va chi khi x=y=z=1.

Bai 10. Theo gia thiét tacé —— =1+ -+ 1
a+l a+l b+1 c+1
Str dung bét déng thirc AM-GM cho 2 s6 duong ta duoc

a S 2
a+l [(b+1)(c+1)

Tuong tu ta co: b > 2 :

b+1" J(a+1)(c+1)

c 2
>

c+l J(a+1)(b+1)
Nhan theo vé 3 bt ding thurc trén ta c6 ngay didu phai ching minh.
Ping thie xay ra khi va chi khi a=b=c=2.

Nhan xét. Vi cach 1am twong tu trén ta xir 1y duoc bai todn tong quéat cho n s duong.
1

. - X . 1 1 .,
Bai toan. Vé&i X, Xy,..., X, > 0thoa mén + +..+ =1ta lubn co
1+x 1+Xx 1+ X,

X Xo.. Xy = (n=1)".
Bai 11. Bat dang thirc duoc viét dudi dang tuong dwong:
8(x+y—-z)(y+z—x)(z+x-y)<(x+y)(y+2z)(z+x).
Chiytacd (x+y—z)(y+z—x)(z+x-y)<xyz.
8xyz <(x+y)(y+2z)(z+x)
Tir d6 suy ra dpem. Dang thic xay ra khi va chi khi x=y=z.
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CHU DE 3: KY THUAT SUDUNG B{TBIING THUC AM - GM
DANG CONG MAU SO

A. NQI DUNG PHUONG PHAP
Xuét phét tir bat dang thac

(a1+a2+...+an)(i+i+...+ij2nwn/alaz...an.;znz.
& & 8y Yfayay..a
Do do i+i+...+izL.
a a, a, a +ay+..+a,
Dang thic xay ra khi va chi khi &, =a, =...= a,.
Hai bt dang thuc dang trén hay duoc str dung nhat 13
1 1 4
E a+b
1 9
E a+b+c
toan dang trén.

a
1 l
a b
Dudi day toi s€ trinh bay mot 16p bai

B. BAlI TAP MAU
Bai 1. Cho a,b,c 1a c4c sb thyc duong thoa man diéukién a + b + ¢ = 3.

, . 3 1 1 1 1 1 1
Chuing minh rang + + > + + .
a+3b b+3c c+3a a+3 b+3 c+3
Loi gidi
5 A M /. 1 1 ,
Sir dung bat dang thirc —+—> tacéd
X ¥y X+y
1 1 4 2
+ > = .
a+3b c+3 a+3b+c+3 b+3
. 1 4 2
Tuong tu ta co + > =
b+3c a+3 a+b+3c+3 c+3
1 1 S 4 2

c+3a b+3 3atb+c+3 a+3
Cong theo vé 3 bit ding thirc trén ta c6 didu phai chimg minh. Dang thic xay ra
khivachikhi a=b=c=1.
Bai 2. Cho a,b,c 1 do dai ba canh mot tam giac théa mén diéu kién 2c+b = abc .
Tim gia tri nho nhat cua biéu thirc
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3 4 5
= + + .
b+c-a a+c-b a+b-c
Loi gidi
Tur diéu kién ta c6: 2.1
ab ac

Str dung bét déng thirc AM-GM ta duoc:

2
l:l[g+1 :lg g+l]£i(§+g+i) :>§+g+322\/§
alb ¢/ 3a\lb ¢/ 12\a b ¢ a b c¢

Tacé:

1 1 1 1 1 1
P=2 + + + +3 + .
(b+c—a a+b—cj (b+c—a a+c—bJ (a+c—b a+b—cJ

Str dung bét dédng thuc 1.1

,X,y >0ta co:
X Yy X+y
ps 8,4 12 §+3+1j2m.
2b 2c 2a a b c

Ping thirc xay ra khi va chi khi a=b=c=+/3.
Vay gia tri nhd nhat ctia P bing 4+/3 dattai a=b=c=+/3.
Nhan xét. Biém quan trong nhat cta bai toan I dy doan dau bang tai a=b=c.

Ngoai ra ta c6 thé danh gia P nhu sau: P > 2(§+§+1j .
a c

Theo gia thiét ta c6: %+1 —asuyra P> 2(§+ aj > 44/3 . Béng thtc xay ra
c a

khi va chi khi a=b=c=+/3.
Bai tap twong tw
Cho a,b,c 1a d6 dai ba canh mot tam giac thoa man diéu kién
2ab +3ac + 4bc =9abc.
5 6 7
+ + :
b+c-a a+c-b a+b-c

Tim gié tri nho nhét cua biéu thic P =

Bai 3. Cho a,b,c 1a cac sb thuc duong thoa man diéu kién a® +b% +c?=3.

, . 3 1 1 4 4 4
Chirng minh rang + + > + + .
a+b b+c c+a a’+7 b*+7 c?+7
Loi gidi
Str dung bét dang thirc T 1, 4

+ > .
X ¥y X+y a+b b+c a+2b+c
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Theo AM - GM tacéd a® +1>2a
2(b2+1)24b
c?+1>2¢
Cong theo vé 3 bit ding thirc trén ta duoc
2(a+2b+c)£a2 +2b% +¢? +4:(a2 +b? +02)+4+b2 =b%+7.

Suy ra + ! > 8 .
a+b b+c p247
Tuwong tu ta co: ! + ! > 8
b+c c+a c¢?+7
1 N 1 S 8

c+a a+b a%+7
Cong theo vé 3 bit ding thirc trén ta c6 didu phai chimg minh. Dang thic xay ra
khivachikhi a=b=c=1.
Bai 4. Cho a,b,c 1a c4c sb thuc dwong chang minh ring
ab bc ca 1 (1 1 1)

n + <=
a®+b+a’c+b’c bP+cd+b%a+rcla ct+al+c’h+a’h 4la
Loi gidi

b ¢)

Tacé a®+b®>ab(a+b).
ab ab

- <
ad+b%+a%c+b’ ab(a+b)+c(a2 +b2)

ab 1 1
<= +
4 | ab(a+b) c(a2 +b2)
1 1 1 ab 1
==, += —<_ = +=c
4'a+b 4 a +b2 16 8
Tuwong tu ta cé be < 1(1 lj+i.
b +c® +b%a+c’a 16\b c) 8a
ca 1 1 (1 1) i
cd+at+c’h+a’ 16 a) 8b

Cong theo vé ba bat ding thirc trén ta c6 dpem. Dang thirc xay ra khi va chi khi
a=b=c.
Bai 5. Cho a,b,c la cac s thuc dwong c6 tich bang 1. Ching minh
1 1 1 3
+ + <=,
ab+a+2 bc+b+2 ca+c+2 4
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Loi gidi

, 1 1 1( 1 1 j 1[ c 1 j
Taco < +
ab+a+2 (ab+D)+(a+1) 4 ab+1 a+l c+1l a+l

1 1 1 1
bc+b+2 (bc+1)+(b+1) 4(bc+1 b+1)_2(a+1 b+1)

1 1 1 1
catc+2 (ca+l)+(c+) 4(ca+1 c+1j_2(b+l c+1j
Cong theo vé ba bat diang thirc trén ta c6 depm.
bing thirc xay ra khi va chi khi a=b=c=1.

C. BAI TAP REN LUYEN
Bai 1. Chting minh rang véi moi x,y,z duong ta c6
1 N 1 N 1 Xy+yz+ xz
2X+Y+2Z 2y+Z+X 22+x+y 4xyz

Bai 2. Cho x,y,z la c4c sb thuc duong thoa méan diéu kién Xy + yz + 2x + xyz = 4
1 1 1
+ + <=
2X+Yy+6 2y+z+6 2z+x+6 3

Chirng minh rang

Bai 3. Cho a,b,c 1a c4c sb thuc duong. Chirng minh
a 2b 3c _6(a+b+c)
+ + < .
a+l b+2 c+3 a+b+c+6
Bai 4. Cho a,b,c 1a c4c sb thuc duong. Chirng minh
1 1 1 4 4 4

+ + > + + .
a+2b b+2c c+2a 3a+4b+5¢c 3b+4c+5a 3c+4a+5b
Bai 5. Cho x,y,z la céc s6 thuc dwong thoa min diéu kign x +y? + 23 =13.
1 4 12

Tim gia tri nho nhat caa biéu thuc P=——+ =+ ==,
1+x y 2z

Bai 6. Chang minh rang véi moi s6 thuc duong tity ¥ a,b,c.d ta ludn c6
a—d d b N b- c c—a
b+d c+b c+a d +a

Bai 7. Cho a,b,c 1a d6 dai ba canh mot tam giac thoa man didu kién

2ab + 3ac + 4bc =9abc.

>0.

Tim gid tri nho nhét cua biéu thuc P =2 > . 6 , 7 j
b+c—-a a+c-b a+b-c

Bai 8. Cho a,b,c 1a c4c sb thuc dwong c6 tich bang 1. Ching minh

a b _, ¢ 1(a +b2+c)
ca+1 ab+1 bc+1 2
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Bai 9. Cho a,b,c 1a c4c sb thuc dwong thoa man diéu kién 1 +%+1 =1.
a c

Ching minh rang ! 8 <%.

(@a-1)(b-1)(c-1) (a+1)(b+1)(c+1)

HUONG DAN GIAI - PAP SO

Bai 1. St dung bét ding thirc i+i+i+i> 16 ta dugc:
&y a a ay ytatagtay
1 1 1
— < | —4+—+=
2x+y+z 16\x y z

1 1(2 1 1
— < | —+=+=
2y+z+x 1l6ly z X

1 1(2 1 1
— < | —4+=+=
2z+x+y 16lz x vy

Cong theo vé 3 bit ding thirc trén ta c6 didu phai chimg minh. Dang thic xay ra
khi va chi khi x=y=z.
Bai 2. Goi P la biéu thirc vé trai cua bat ding thirc da cho.
1 9

s £, 4l o1 1
Sir dung bat dang thic — + —+—>————ta duocC:
q a a, gt+ap,+ag

1 1 1( 2 1
= <= + :
2X+y+6  (x+2)+(x+2)+(y+2) 9(x+2 y+2]

Tuwong tu ta cé

1 < 1
2y+z+6 9 y+2 Z+2
1 1
<
22+X+6 9 z+2 X+2
Cong theo vé 3 bat dang thirc trén ta dugc

<1 1
3x+2 y+2 Z+ 2

Chu y diéu kién bai toan duoc viét lai dudi dang:
1 1 1
+ + =
X+2 y+2 z+2

Tir d6 suy ra diéu phai chimg minh. Dang thic xay ra khi va chi khi x=y=z=1.
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Bai 3. Bét dang thire dugc viét lai duéi dang
a N 2b 3c 6(a+b+c)

-1 -2+ -3< -6
a+l b+2 c+3 a+b+c+6

1 4 9 36
+ + >
a+l b+2 c¢+3 a+b+c+6
Bat dang thire cudi luén dung. Dang thirc xay ra khi va chi khi

b+2 c¢+3
atl=——>=""2,
2 3
Bai 4.
Tacé
16 (1+1+1+1)° 1 2 1

3a+4b+50:(a+2b)+(b+20)+(b+20)+(c+2a)S at2b bi2c ci2a
Xay dyng twong ty 2 bat dang thic nhur trén r6i cong lai ta ¢6 diéu phai chig minh.
Bai 5. Diém roi cua bai toan 1a x=1,y=2,7=2.
Str dung bat ding thac AM-GM ta c6
33=x+ y2+23+20=x+ y2+4+z3+8+82x+4y+122.
Str dung bat dang thic C-S dang phan thuc ta co:
P=i+4.1+12.12(1+4'1+12'1)2 _ a7 7% _289 17
1+x y z l+x+4y+12z x+4y+12z+1 34 34 2
bing thirc xay ra khi va chi khi x=1,y=2,z=2.

Vy gia tri nho nhét cua P bang % dattai x=1,y=2=2.

Bai 6. Cong 4 vao 2 vé bt dang thirc twong duong véi:
a+b c+d b+a c+d

+ >

b+d c+b c+a d+a

<:>(c+d)[i+ L j+(a+b)( 1 +Lj24.
b+c a+d b+d c+a
1 1 4
+ > ;
b+c a+d a+b+c+d
1 1 4
+ 2>
b+d c+a a+b+c+d
Tir d6 suy ra diéu phai chimg minh. Dang thirc xay ra khi va chi khi a=b=c=d.
Bai 7. Theo gia thiét ta c6: 2ab + 3ac + 4bc = 9abc <:>£+g+g=9.
a c
Str dung bét ding thicc AM — GM dang c6ng mau, ta c6

4.

chay
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P=2. ! + ! +4. ! + ! +3. 1 + 1
b+c—-a a+c-b at+c-b a+b-c a+b-c b+c-a
:>P>2i+4i+3i:>P>24 3 2 =18
2c 2a 2b a b c
DAu bang xay ra khi va chi khi tam giac ABC déu a=b=c=1.

<. A ., z X Z
Bai 8. Ton tai cAc so thuc duong x,y,z sao cho a=—,b= l,c =—,
y z X

Bat dang thuc trg thanh —2+y—2+2—22 2x + 2y + 2z ,
yo z° X° Yy+Z Z+4+X X+Yy

Chl y sir dung bét dang thirc AM — GM ta c6
2 2

2
X zZ X zZ
_2+y_2+_22_+l+_
y° 22 x* Yy 7 X

2 2 2
X YA X z
_2+y_2+_22_+1+_
y> 22 Xz x y

Cong theo vé hai bit déng thuc trén va chi y

X y 7 X y 1z (1 1} [1 1} [1 1}
R | i V] e Y A
y z X zZ X Yy y z X z Xy

4x 4y 47
> + +
Y+Z Z+X X+Y
Bat dang thie dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c=1.
Bai 9. Gia thiét ta c6 ab+bc+ca=abc.
Suy ra

1 8 1 8
(a—l)(b—l)(c—1)+(a+1)(b+1)(c+1) “atbic 1 2abctatbtorl

. 9
>— =0
Chuy a+b+c_1 1+E :

a b c
abc=ab+bc+ca> \/Babc(a +b+c)> 3+/3abc = abc > 27
Tir d6 ta c6 ngay diéu phai chirmg minh. Dang thirc xay ra khi va chi khi
a=b=c=3.
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CHU DE 4: KY THUAT SU DUNG BAT DANG THUC
CAUCHY - SCHWARZ

A. NOI DUNG PHUONG PHAP
Cho hai day s6 thuc (ay,a,,...,a, );(by, by, ..., b, ) khi d6 ta c6
(a4b; +ayh, +...+anbn)2 s(al2 +as +...+ar2])(bl2 +b? +...+b,f).
Piéng thuc xay ra khi va chi khi a; =kb;,i=1,nkeR.

Chang minh.
Xét tam thac bac hai

f (x) =(a12 +as +...+a§)x2 —2(ayby +a,b, +...+anbn)x+(bl2 +b3 +...+b,$)
= (ax—by ) +(apx—b, )’ +...+ (ax—b,)* >0
Theo dinh ly vé diu cta tam thirc bac hai ta co
A'<0 & (agb +a5h, +...+anbn)2 S(al2 +a3 +...+a§)(bl2 +b? +...+b§).
Hé qua(Bat dang thirc Mincopski) V6i 2 ddy s thuc a,a,,..,a, va by,b,,...,b,taco

\/a12+bl2 +\/a§+b22 +...+4/a% +b? 2\/(a1+a2+...+an)2+(bl+b2+...+bn)2 :

Dang thic xay ra khi va chi khi a;,a,,..,a,va by,b,,...,b, 12 2 bo s6 ty I¢.

B. BAlI TAP MAU
Bai 1. Cho x,y,z 1 c4c sb thuc duong thoa méan diéu kién x+y+z = %
Chung minh ring 3x2 + 4y? + 522 2%.
Léi gidi
Phén tich tim loi giai:
Ta can tim cac s6 a,b,c duong sao cho

(3x2 +4y? +522)(a2 +b? +cz)2 (a\/§x+ 2by+c\/§z)2.

Véi vé phai bat dang thic 1a mot hang sé vi vay chi can chon a,b,c sao cho
a\/§x+2by+cx/§z=x+y+z.

Taco ngay (a;b;c) =(%%%)
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Loi gidi chi tiét:

2
(3x2 +4y? +522)(%+%+%j2(x+y+z)2 =[47j |

12
= 3x° +4y2 +522 2&
12
2 s . S 55
bang thirc xay ra khi va chi khi (x;y;z) = ?Z; .
Bai 2. Cho x,y,a,b,c la c&c sb thuc thoa mén diéu kién
(x+a)° +(y+b)’ +(x+y)’ =c2.
Chiing minh ring (a+b)” <3c?,
Lo gidi
Phan tich tim loi giai:

Ta can chang minh (a+b)2 £3((x+a)2 +(y+b)2 +(x+ y)z).
Chiy a+b=(x+a)+(y+b)+(-x-y).
Nén dua vao bt ding thuc trén ta st dung bét dang thire C =S cho hai bo s6
(LL2);(x+a;y+b;—x-vy).
Loi giai chi tiét:
Str dung bat dang thic C =S ta c6
(a+b)? =[(x+a)+(y+b)+(—x—y)]2 s3[(x+a)2+(y+b)2 +(x+ y)2}=3cz.

Bat dang thire dugc ching minh.

Bai 3. Cho x,y,z 1a c4c s6 thuc thoa man x>5,y>6,z2>7;x% + y? + 22 >125.
Tim gia tri nho nhat coa biéu thuc P=x+y+z.
Loi gidi

x+y+z=\/x2+y2+22+2yz+22x+2xy

> 125+ 2xy + 2(X + Y)z

> \/125 +2xy +2(X+ y)4/125 - X2 — y2

> /125 + 60 + 22/64 =19
Co so nho nhét ta ép vé 2 bién c6 chan dudi nho nhat 1a x va y khi d6 tich xy
nhé nhit trong céc tich.
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x> +y?=9
Bai 3. Cho x,y,z,t 4 cac sb thuc thoa man didu kién { 2% +t? =16.
Xt+yz=12
Chiing minh rang |x+z|<5.
Loi gidi
Chu y hé didu Kién ta c6 ding thic sau: (xt+yz)* = (x2 + yz)(z2 +t2):144 :
Do d6 x=kt,y=kz.

N I R Y o S 2_9
Vivay x“+y° =Kk (t +2 ):>k T

:>S=x+z=x+%=kxj:>82 (kx+ y)2 S(kZ +1)(x2+y2)=25'

k k? k?
Bat dang thire dugc ching minh.
Bai tip twong tw
a?+b%+c?=9
Cho a,b,c,x,y,z 1a cac sé thuc thoa mén diéu kién { x? + y2 + 22 =16.
ax+by+cz=12

Chang minhring a+y+z<+/41.
Bai 4. Cho x,y,z la cac s thuc khong &m. Ching minh
(X+ Y +22)?
2

\/x3y+ y3z+2%x +\/x3z+y3x+z3y <

Loi gidi
Str dung bat dang thic C =S ta c6:

\/x3y+ y3z+ 2% +\/x3z +y3x+ 2%y s\/z(x3y+ v3z+ 3%+ 32+ y3x+ z3y)

=22 Xy + )
< \/Z(xy+ yz + xX)(x2 + y2 + 22)

<x2+y2+22+2(xy+yz+zx)
2
_(x+y+2)* _(x+y+22)?
2 2
Ding thirc xay ra khi va chi khi x=y,z=0.
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Bai 5. Cho X, Xy, Yy, Y, 2,2, 14 cac sb thuc thoa min diéu kign

xl,x2>0,x1y1>212,x2y2>z§.
Chiang minh ring ! =+ ! = 8 >
XY1—Z Xo¥o—Zy (X +X)(Ya+Y2)—(z+2;)
Loi gidi

Bat dang thic tuong dwong voi:

1,1 [ x) (3 v) (2228,
| J

2
V=20 XY, —1p

Str dung bat dang thic C =S ta c6

Két hop sir dung bit ding thirc AM — GM ta c6:

72 72
(x1+x2)(y1+y2)—(zl+22) 2 (% + %) (Y1 +Y,)- (x1+x2)[x—1+x—2]

1 X
75
= (X +%) yl——+y -2
Xy

x1+x { —21 Xzyi—zzJ

2

2

XYy — 22 XoYy —1

22/x1x2.2\/ W14 XoYo — 2
Xy Xy

—4\/ X1Y1 X2Y2 2)

+ ! 2 :
- XYy~ 25 \/(X1Y1 - )(Xzyz - Z%)

Nhan theo vé hai bt dang thire trén ta c6 ngay diéu phai chirng minh.
Ding thtc xay ra khi vachi khi x =%,;y; = ¥,:2 = 2,.

Mit khac

Téng quat véi x, >0,xk y, > 22, k=1ntaco

>

nS

BBy
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Bai 3. Cho a,b,c,x,y,z la cac s6 thuc duong thoa man diéu kién ax+by +cz = xyz .

Ching minh ring x+y+z>~a+b++b+c++c+a.
Loi gidi
Theo gia thiét ta LN
yz X Xy
bat a=myz,b=nzx,c=pxy=>m+n+ p=1.
Bat dang thuc tré thanh
X+ y+z>\/z(my+nx)+\/x(nz+ py)+\/y(mz+ pX) .
Str dung bét dédng thic C =S cho vé phai ta c6
\/z(my+nx)+\/x(nz+ py)+\/y(mz+ pX)

s\/(x+ y+2)(my+mz+nx+nz+ px+ py)

<J(x+y+z)(m+n+p)(x+y+z)=x+y+z
Bat dang thire dugc ching minh.
Nhan xét. Ta c6 thé tim dugc gia tri nho nhat cia tong x + y + z bang
JM(M +a)(M +b)(M +c) .
Chinh Ia nghiém duong duy nhét ciia phuong trinh
2 1 1 1

= + + )
M a+M b+M c+M

Bai 3. Cho x,y 14 2 s6 thyc dwong thoa min diéu kién x2 + y® > x3 + y*.

Chtrng minh rang x> +y3<2.
Loi gidi
Phén tich tim loi giai:

Béng cach sir dung C —S 1am xuét hién cac bac x?, y* dé tan dung diéu kién bai toan.
Str dung bét dédng thuc C - S, ta c6

(x3 + y3)2 =(x«/§.x\/§+ y2.y)2 s(x3 + y4)(x3 + y2)

ey {Etseot]

2

X +y3 e 4y?
2

Vay ta chi can chang minh x2 + y2 <2.

2

Suyra X3 +y3 < X3 +yi<x®+y2.
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That vay sir dung bat dang thic C =S ta c6
(x2 + y2)2 =(x\/;.\/§+ yﬁ.ﬁ)z s(x3 + y3)(x+ y)s(x2 + yz)(x+ y)

=X +y?<x+y< /2(x2+y2):>x2+y2$2

Bt dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi x=y=1.
Bai 5. Cho x,y,z 1a cac s thuc duong thoa mén diéu kién 4xy + 2yz — zx =25

2% + 4xy

Tim gia tri nho nhét cua biéu thuc P = X +ay” +g\/z +4xy .
Lo gidi
Ap dung bat dang thirc C =S ta c6
25 =/4xy ./4xy +2(2y — X)

<\J(dxy + 22)[4xy + 2y - %)°]

= \/(z2 +4xy)(x2 +4y?)
25

\/22 +4xy

=X +4y? >

Vivay P> 225 +§\122+4xy.

Z° +4xy
Ap dung BDT AM-GM ta co:

25 +3,/22+4Xy— 22 += \/z +Axy += \/z +4xy

22 +4xy 5 z +4xy

>33 —\/z +4xy.— \/z +4xy =3
z° +4xy S5

Vé6i x=3,y=2,z=1 thi P bang 3.
Vy gia tri nho nhét caa P bang 3.

Bai 4. Cho x,y,z 14 c4c sé thuc thoa méan didu kién x+y+z=0;x%>+y?+22=6.
Tim gi4 trj 16n nhét cua biéu thie P =|(x—y)(y-2z)(z-x)|.
Loi gidi
Khong mat tinh tong quét gia st x>y >7z.
Khido P=(x-y)(y-z)(x-2).
Str dung bét déng thicc C — S ta c6
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x—zs\/Z(xz+22)s\/2(x2+y2+22)=2\/§.

Str dung bét dang thicc AM — GM ta ¢6
2
p(%j (x-2)= 1 (-2 <65

Ding thirc xay ra khi va chi khi x =+/3,y =0,z =—/3 hoic cac hoan vi.

Bai 5. Cho x,y,z la c4c s6 thyc thoa man didu kién x2 + y% + 22 =2.
Chang minh rang x+y+z<2+xyz.
Loi gidi
Phén tich tim loi gidi:
Bét dang thic viét lai dudi dang x(1-yz)+y+z<2.

Ta danh gia théng qua tdng x? + y2 + z2 vi vy ap dung C — S cho 2 b s6
(x;y;z)va (1-yz;11) hodc (x;y +z2);(1-yz;1).
Ta lya chon 2 b6 s6 thir 2 vi khi d6 ta c6 mét biéu thuc tich cua yz.
L oi gidi chi ti’é't: 7
Sir dung bat dang thirc C — Sta co
x(1-yz)+y+z< \/(xz +(y+ 2)2)((1— yz)’ +12)

\/(2+ 2yz)(2+ y2z% — 2yz)

Vay ta chi cin ching minh \/(2+ 2yz)(2+ y2z% — 2yz) <2
< (1+ yz)(2+ y2z? —2yz) <2y <y,
Bt dang thuc cudi luén dung vi
2=x2+y*+22 2 y* + 22 2 2y7| = |yr| <1= v < yP2R
Bat dang thuc duoc chimg minh ding thirc xay ra chang han 1 s6 bang 0 va 2 sé
bang 1.
Bai tap twong tw
Cho x,y,z la céc sé thuc khong am thoa man diéu kién x* + y? + 22 =1.

Chang minh rang x+y + z S\/§+%xyz .
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Bai 6. Cho x,y,z la c4c sé thuc thoa man diéu kien x? + y? +z2 =1. Chtng minh

\/§+1
S,

rang Xy + yz +2zx <

Loi gidi
Chu y vai tro ddi xng cua X va z Vi vay st dung bat dang thic C —S ta c6

y(x+ z)sJZ(yzx2 + yzzz) =\/2y2 (1— yz)

22x < X2 + 2AE=1-y?
Cong theo vé hai bit déng thirc dua vé chang minh

2y2(1—y )+1 y \/_+1

Dén day c6 thé dwa vé khao sat ham s hoic st dung truc tiép C —S nhu sau

/2y2(1—y2)+1—y2=i2 /4y2_4y4+%(1_2y2)+%
[T

Ding thuc xay ra khi va chi khi x—z—+1 1- 13,y + /% .

3

l\)

Bai 5. Chting minh rang néu phuong trinh x* +bx +cx? +bx+1=0 c6 nghiém thi
b2 +(c-2)* >3.

Loi gidi
Néu Xo langhiém cua phuong trinh 16 rang X, # 0 viét lai phuong trinh duéi dang

2
xo+i+b(x0+i}+c O@(XOJFLJ +b[x0+iJ+c 2=0.
X X0 X0 X0

bat X =x, +i,|X | > 2 phuong trinh tr¢ thanh
X0

X2 +bX +c—-2=0=(bX +c—2)° = X*.
Str dung bét déng thuc C =S ta co
(bX +c-2)" <[ b7 +(c-2)° |(X? +1).
X4 _ 2 1
X?+1 X2 +1
Bat dang thire dugc ching minh.

Suyra b2 +(c-2)°>
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Bai tip twong tw
Cho phuong trinh x* +ax® +bx? + 2ax+4=0.
Tim nghiém cua phuong trinh biét a? +b? = 16

Bai 3. Cho x,y,z 1a cac s6 thuc thoa man didu kién x,y,z>1va 1,01,
X y z

Ching minh rang \/x+y+z >Vx-1+/y-1++z-1.
Lo gidi
Viét lai diéu kién gia thiét dudi dang
1=1—£+1—£+1—l
X y z
x-1 y-1 z-1
& + + =
X y X
Str dung bat dang thic C =S ta c6

X+ y+z:(x+y+z)(x_1+ y-1, Z_lj
X

y z

2
[f SN AN /_1] |
:(\/x—1+\/y—1+\/z—1)2
= X+y+z2Yx-1+y-1+Jz-1

1

Bat dang thirc dugc chimg minh. Bang thire xay ra khi va chi khi x=y=z= 3

Bai 4. Cho x,y,z Ia cc sé thuc thudc doan [-1;1] va thoa man diéu kign
X+Yy+z+xyz=0.
Chang minh rang v/x+1+/y +1++z2+1<3.
Loi gidi
+ Néu x+ y+z<0taco ngay diéu phai chitng minh vi

Vx+1+y+1+4/z +1s\/(1+1+1)(x+1+ y+1+z+1)

=3(x+y+2)+9<3

+ Taxétvéi x+y+2>0=>xyz=—(x+y+2)<0do d6 phai ton tai it nhat 1 sb
am va 1 s6 duong.
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xy >0

=XxYy>0.
X+y>-2>0

Khong mat tinh tong quét gia st z <0 = {

Khi d6 vai tro ctia x va y nhur nhau nén ta ap dung C — S cho 2 can thire dau tién
ta duoc

X+l fy+1+42 1< 2(x+1+y +1) +z+1
= J2(x+y)+4+z+1
Bat dang thire dugc chitng minh néu ta ching minh dugc
J2(x+y)+4+/z2+1<3

< J2(x+y)+4-2<1-+/z+1

2(x+y) - z

@ < —
J2(x+y)+4+2  1+4z+1

ey L, (-00-y)

Chiy x+y=-z(xy+1);1+z=-

Xy +1 1+ xy
Vay ta di chitng minh
—2z(xy +1) < -z
J2(X+y)+4+2 1 (1-x)(1-y)
1+ xy

& xy+J1-x)(1-y) L+ xy) <1+ /Hx;y

Bt dang thire ludn dung vi
xy +J(1-x)(1-y)(L+xy) = &.W+ Ja-%).2-y)1+xy)
< \/(x +1- x)(xy2 +(1-y)(1+ xy))

=Jlexy—y =\/1+ y(x-1)<1<1+ 1+ x;y

Bat dang thie dugc ching minh. Dang thic xay ratai x=y=z=0.
Bai 6. Cho a,b,c 1a c4c sb thuc duong. Chirng minh rang

(a2 +1)(b2 +1)(c2 +1)2%(a+b+c+1)2.

Léi gidi

Du do4n d4u bang dat tai a =b = ¢ thay vao bt ddng thuc ta tim dugc a=b=c = >

Str dung bét ddng thirc C S ta co
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2
i(a+b+c+1)2 =£(a.1+1.b+c+lJ gi(a2 +1)[1+(b+c+1)2]
16 16 1 16

Vay ta chi cin ching minh (b2 +1 +1 >—[1+ (b+c+1) }

& 16b?c? +11b? +11c% +6>10bc +10b +10c .
Bat dang thuc trén |4 tong cia cac bat dang thirc sau
16b%c? +1>8bc

b? +¢? > 2bc

1O(b2 j >10b
4

10[(:2 +%j210c

Bt dang thire dugc chirg minh. Dang thirc xay ra khi va chi khi a=b=c =% .

Céch 2: Cha'y. Véi moi sé thuc a,,a,,...,a, >—1Vva cing dau ta lubn c6
(1+a)(1+ay)..(1+a,)=1+a +ay +...+a,.

Trong 3s6 a? —%,bz —%,cz —%cé it nhét 2 sb cting dau khong mat tinh tdng

quét gia st a2 —%;b2 —%cﬂng dau ta co:

o2 o34
EE
Bt

Bat dang thie dugc ching minh néu ta chimg minh duoc:

25, i(a —lj é(bz—lj (cz+1)2£(a+b+c+1)2.
16 5 4) 5 4 16

5{1+%(a2 —%j+g(b2 —%ﬂ(c +1) (a+b+c+1)°.

o (4a2 + 4b? +3)(02 +1)2(a+b+c+1)2 .
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Theo C-Staco

(4&12 +4b? +3)(c2 +1):(4a2 +4b? +1+1+1)(%+%+02 +%+%)

2
>(2ationtiresrtinl —(a+b+c+1)°
2 2 2 2

Bat dang thirc dugc chimg minh. Bang thire xay ra khi va chi khi a=b=c==.

Bai tap twong tw
Cho a,b,c la céc s6 thuc dwong ching minh

(a2 +3)(b2 +3)(c2 +3)24(a+b+c+1)2 .

Bai 10. Cho a,b,c 12 cac s6 thuc duong thoa mén diéu kién a+b+c+1=4abc.

, Sy 1 1 1 3
Chirng minh rang 7 +— +— < .
a*+b+c b*+c+a c*+a+b a+b+c
Loi gidi

Str dung bat dang thic C - Sta co
2
(a"’ +b+c)(1+b3+c3)2(a2 +b? +cz)
1. 1+b%+¢3

= <
a*+b+c (a2+b2+02)

1 1+c¢¢+a® 1 - 1+a* +b*
b4+c+a_(a2+b2+cz)2,C4+a+b_(a2+b2+c2)
Cong theo vé ba bat dang thic trén ta dugc
3+2(a3+b3+c3)

(a2 +b? +cz)2

Tuong tu ta co

R

P<

Ta chi can chirng minh
3+2(ad+b3+c8
[@ete) s
(a2+b2+c2) a+b+c

eat+bt+cf +6(a2b2 +b?c? +02a2)2 2(a3b+b3a+b3c+03b+c3a+a3c)+3(a+b+c)

2
«:>(a2+b2+c2 —ab—bc—ca) +3(a2b2 +b202+02a2—a—b—c)20
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chay

a’b? +b%c? +c?a® 2\/3a2b202 (a2 +b? +02) >abc(a+b+c)>a+b+c

boi vi 4abc=1+a+b+c>1+33abc = abc>1.
Bat dang thire dugc chimg minh. DPang thire xay ra khi va chi khi a=b=c=1.
Bai tap twong tw
Cho a, b, ¢ I cac sb thuc duong thoa man diéu kién
1 1 1
a+b+1Jr b+c+1+c+a+1
Chang minh ring a+b+c>ab+bc+ca.
Bai 11. Cho a, b, ¢ 1 c4c sb thuc duong. Chirng minh

1 11 3 .3 3 (1 1 1)
a+b+c) —+—+=|21+35+, [[a°+b°+C° )| =+ =+ | .
\/( )(a b C) \/ \/( ) a> b c®

Loi gidi

>1

Taco \/(a+b+c)3(§+%+%j3
1 1 3(a+b)(b+c)(c+a)}

:\/[a3+b3+c3+3(a+b)(b+c)(c+a)}{%+—+—3+

a® b ¢ a’b?c?

2\/(ag+b3+c3)(i+i3+iJ+3(a+b)(b+c)(c+a)

a® b ¢ abc

Chay
(a+b)(b+c)(c+a) _ (a+b+c)(ab+bc+ca) —1=(a+b+c)(£+l+l)—l
abc abc a b c

Do d6

3(a+b+c)(l+%+1J—323(a+b+c)(l+%+£j—3\/(a+b+c)(§+%+%}+6

a C a C

Vi (a+b+c)(§+%+%)29.
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Tur d6 suy ra

3
1 11 3,3 31 1 1
[\/(a+b+c)(g+6+gj—1J 25+\/(a +b°+c )[a—3+b—3+c—3j
= [(a+b+c) i g (a3+b3+c3) NI
a b c a® b

Bt dang thire dugc chirng minh. Dang thirc xay ra khi va chi khi a=b=c .

Bai tap twong tw
Cho a,b,c 1a cac sb thuc duong chieng minh P = (a2 +b%+ cz)($+i+ij .

C. BAI TAP REN LUYEN

Bai 1. Cho a,b 1a c4c sé thuc chitng minh (1+ az)(1+ b2)

Bai 2. Cho x,y,z 1a c4c sb thyc thoa man diéu kién 1< x<y<z<4.

2 2 2
Tim gia tri nho nhét cua biéu thuc P=(x—1)2+(l— j +(—— ] +(——1) .
X

Bai 2. Sir dung bat dang thic C =S ta c6
2
le(x—1+¥—1+5—1+f—1j .
4 X y z
Chl y sir dung bét dang thirc AM — GM ta c6

x+y+z+4>44xy££_4\f:>P> (4f 4) = (\/5—1)2.
x y z \ xyz

Ding thirc xay ra khi va chi khi x:lziziox:ﬁ,yzzz:&ﬁ.
X y z

Bai 2. Chang minh rang véi moi x,y,z la c4c sb thuc duong ta co
X —+ y =+ z > J .
(y+2)" (z+x)" (x+Y) 4(x+y+z)
Bai 3. Cho x,y,z la cac s thuc khong am.

Chiing minh ring v/x2 +1+\/y2 +1+\/22+121/6(x+ y+1z).

Bai 4. Chang minh rang voi moi x,y,z la cac sb thuc duong ta co

3 3 3 2 2
z z
LA

2
y VA x2 y Z X
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Bai 5. Cho cac sb thuc a,b,c thay ddi thoa man diéu kien a2 +b? +¢? =1.
Tim gia tri 16n nhét, gié tri nho nhat cua biéu thae P =a% +b% + ¢ —abc.

Bai 6. Cho a,b,c 1a cac sb thuc thoa man diéu kién a% +b% +c? =2.
Chting minh rang ‘a?’ +b3+c3 - abc‘ <2J2.

Bai 7. Cho a,b,c 1a cac sé thuc thoa man diéu kién a® +b% +c? =9.
Ching minh rdng 2(a+b+c)—abc <10.

Bai 8. Cho a,b,c la c4c s6 thuc thoa man diéu kién x* +y? + 2% =k, (k> 0).
Chung minh ring 18k (x+y +z) — xyz < 270k+/k .

Bai 9. Cho x,y,z la céc sé thuc khong am thoa man diéu kién x* + y? + 22 =1.
Chang minh rang x+y +z < \/§+%xyz .

Bai 10. Chirng minh rang véi moi a,b,c 1a céc sb thuc duong ta c6

\/b+c+\/c+a \/a+b 4(a+b+c)
a b c \/(a+b)(b+c)(c+a) '
Bai 11. Chitng minh véi moi a,b,c 1a cac sé thue duong ta co
a’ +b? b2 +c? c?+a®
+ + >1.

Z(a2 +b2)+c(a+b) 2(b2 +c2)+a(b+c) 2(c2+a2)+b(c+a)

Bai 12. Cho a,b,c 1a cac s6 thuc duong. Ching minh \/ \/ \/ <3
a+b b+c c+a

Bai 13. Cho a,b,c 1a cac sb thuc duong. Chiing minh

a’ b? ¢ _3
2 2t 2 2t 2 2_\/"
b +(c+a) c“+(a+b) a“+(b+c) 5

Bai 14. Cho a,b,c 1a cac s6 thuc duong chitng minh

(a2 +3)(b2 +3)(c2 +3)24(a+b+c+1)2 .

Bai 15. Cho a,b,c 1a cc s6 thuc duong théa man diéu kién
L + ! + L >1.
a+b+1 b+c+l c+a+l
Chang minh ring a+b+c>ab+bc+ca.
Bai 16. Cho a,b,c 1a cac s6 thuc duong co tich bang 1. Ching minh
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a® —a? b° —b? c®—c? <0
a®+b®+c® b +c’+a’ cP+a’+b®
Bai 17. Chirmg minh rang véi moi sé thuc a,b,c ta co
2(L+abe) + 2L+ a2)A+b2)(A+c?) > (L+a)(L+b)(1L+c).
Bai 18. Cho x,y,z,t la céc sb thuc khdng am thoa mén diéu kién
[X=y|+|y-z|+|z-t]+|t—-Xx|=4.

Chtng minh ring X2 + y2? + 22 +t> > 2.

Bai 19. Cho a,b,c 14 cac s6 thyc duong thoa man diéu kién a2 +b% +¢? =3.

Chang minh ring
5a° .\ 5h? .\ 5¢2 o3
V5a2 +4bc + 2/bc  +/5b? + 4ca +24/ca /52 + 4ab + 2y/ab

Bai 20. Cho a, b, ¢ khdng am thoa man diéu kiéna + b + ¢ = 1.

Tim gié tri nho nhat cua biéu thic P=+va+b++b+c++c+a.

Bai 21. Cho a,b,c 1a d dai 3 canh mot tam giac.
Chang minh ring va+b-c+vb+c—a+vJc+a-b<va++b++/c.

Bai 22. Cho a,b,c 1a cac sé thuc khong am thoa mén diéu kién a? +b? +c2 =8.
Chiing minh rang 4(a+b+c)—abc<16.

Bai 23. Cho x,y,z la cac sb thuc thoa man diéu kién x2 + y? + 2% =1.
Tim gié tri I6n nhat va gié tri nho nhét cua biéu thirc
P=x3+y®+2°-3xyz.
Bai 24. Chiing minh rang véi moi a,b,c 1a d6 dai 3 canh mot tam giac ta co
a’b(a-b)+b’(b-c)+c’a(c—a)>0.
Bai 25. Cho x,y,z la céc sé thuc dwong ching minh

1+ yz+2zX N 1+ Xy + zx N 1+xy+yz2 51

(L+x+y)" (Q+y+2)> (1+z+x)
Bai 26. Cho a,b,c 1a cac s6 thuc duong thoa méan diéu kién

(a+b—c)[§+l—%j=4.

b
’ . M 4 4 4 1 1 1
Chirng minh rang (a +b* +c )(¥+b—4+c—4)22304.

Bai 27. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién
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11

(a+b—c)(1+———j=4.

a b c

3 3

Tim gié tri nho nhat cia biéu thic P :(a3 +b® +c3)(i+bi3+ij :
a c

D. HUONG DAN GIAl - PAP SO
Bail. Taco

(1+ az)(1+ b2) —(a+b)’ +(ab-1)? 2%(a+b+ab—1)2
= (1+ az)(1+ b2) zi(a+b+ab—l)

V2
Diéu phai chirng minh.
Bai 2. St dung bét ding thie C =S ta co

X y z X y z
X+y+z + + 2( + + J :
( )Ly+z)2 (z+x)2 (x+y)2] y+z z+Xx X+y

Mat khac X + y + z :(x+y+z)[ 1 + 1 + 1 j_g
Y+Z Z+X X+Y Y+Z Z4X X+Y

:%[(x+y)+(y+z)+(z+x)][ t .1 J—s

y+zZ Z+X X+Yy

21(1+1+1)2—3=§
2 2

Ta c6 diéu phai ching minh. Bang thuc xay ra khi va chi khi x=y=z.
Bai 3. St dung hé qua bét diang thire C -S (Mincopski) ta c6

V2 +144]y2 +1+x/22+12\/(x+y+z)2 +(1+1+1) .

Vay ta can chirng minh (x+y+z)2+926(x+y+z)<:>(x+y+z—3)2 >0
Bat dang thic ludn ding. Bang thic xay ra khi va chi khi x=y=z=1.
Bai 4. Sir dung bat dang thirc C - S ta ¢6

2
3 3 .8 2 2 2
(X—2+ + j(x+y+z)2(x—+y—+z—J

y y z X

<

N
N
><|N
N

X2y 7 )
SAND SR >
(y L (Y+z+X)=(x+y+2)

Nhan theo vé 2 bit ding thirc trén ta c6 diéu phai ching minh. Bing thirc xay ra
khi va chi khi x=y=z.
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k+1 k+1 k+1 k k k

Tbng quat ta c6 + + ,
N W S R R

Bai 5. St dung bét ding thirc C-S ta duoc:
2
P2 = [a3 +b3+ c(02 - ab)] - [a.a2 +hb?+ c(c2 - ab)}

s(a2 +b? +cz)[a4 +b* +(02 —ab)z}

2

=a* +b* +¢* —2abc? + a%b?
ga4+b4+c4+a2b2+cz(a2+b2)
4 4, 4 202 W22, 2.2 2 12, 2\?
<a’+b"+c +2(ab +b°c® +c a ):(a +b“+c ) =1
Véi a=1b=c=0thi P bang 1; véi a=-1b=c=0thi P bang -1.
Vay gia tri 16n nhit cua P bang 1 dat tai a=1,b=c =0 hoic cac hoan vi.
Gid tri nho nhat cua P bing —1dat tai a=—1,b =c =0hoic cac hoan vi.
Bai 6. Goi P la biéu thuc vé trai.
Str dung bét déng thic C-S ta c6

P? = [a3 +b° +c(02 - abﬂ2 =[a.a2 +bb? +c(c2 —ab)}

s(a2 +b? +cz)[a4 +b* +(c2 —ab)z}

2

= Z(a4 +b* +c* —2abc? + azbz)

32[a4+b4+c4+a2b2+02(a2+b2)}

< Z[a4 +b*+ct+ Z(azb2 +b%c? +c?%a? )J
2,12 2)?

=2(a +b +c) —8=P<2\2

Bt ding thirc duoc chimg minh. Ding thic xay ra khi a=++/2,b=c=0hoic
cac hoan vi.
Bai tip twong tw
Cho x,y,z la céc sé thuc khong &m thoa man diéu kién x? + y? + 22 =3.
Chung minh ring x3 + y3 + 2% — xyz <343.
Bai 7. St dung bat diang thiec C - S ta co
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a(2—bc)+2(b+c)£\/[l +(b+c) 2][2 bc) +22J

= J(\bbc +9)(b%? — 4bc +8)

Vay ta can chiing minh
(2bc+9)(bc? —4bc+8) <100 < (be+2)° (20c~7) <O0.
BAt ding thuc cudi ding néu ta gia st a% = max{az,bz,cz} .

That vay taco 2bc<b?+c?=9-a?<9-3=6=2bc—7<-1.
Bit dang thic dugc chimg minh. Dang thirc xay ra chang hantai a=-1,b=c=2.
Bai 9. Khong mét tinh tong qua gia s x = max{Xx,y,z} = x> > 1

NeR

Str dung bét dang thuc C =S ta co

x[l—%yzj+ y+1 s\/(x2 +(y+ 2)2)[(1—%yzj2 +1}

8 9
= /(2 1 2
\/( yz+ )(16y z yz+ j

Ta can ching minh (2yz +1)(% y?z? —%yz + 2) <2

o yz(162y222 —63yz —8) <0

2 2
BAt déng thirc luon ding vi yz <Y ;Z _Lzx > s;
Bt dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi

X= yz%,z = 0hodc cac hoan vi.

Bai 10. B4t dang thiic can chimg minh twong duong véi

Zb+c./ a+b)(a+c)=4(a+b+c).

cyc

Str dung bat dang thic C - Sta co
(a+b)(a+c)>a++bc
(b+c)(b+ )>b+\/7
(c+a)(c+b)=c+ab
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Ap dung va ta can ching minh

b”r 2 Jea 4 212 \/_b>2(a+b+c).
Khéng mét tinh tong quat ta gia st

azb>c=b+c<c+a<a+b; ‘bcs ‘gas ,ab.
a c
Str dung bét ddng thirc Chebyshev ta c6

b+C\/7 c+a\/— a+b\/_b> (b+c+c+a+a+b)[\/& \/a ab}

a b c

22(a+b+c).3g \/tcja \/% 2(a+b+c)

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .
Bai 11. Sir dung bt ding thirc C — S ta c6

a® +b? ~ 1 . 1 _a+b
2(a2+b2)+c(a+b) 2+C(a+b)_2+ c(a+b) 2(a+b+c)
a® +b? 2
(a+b)
2 2
Tuwong tu ta cé b” +c > b+c

2(b2+c2)+a(b+c)_2(a+b+c)'
c’+a’ c+a
2(02+a2)+b(c+a)_2(a+b+c)

Cong theo vé 3 bit ding thirc trén ta c6 didu phai chirng minh.
Ding thirc xay ra khi va chi khi a=b=c.
Bai 12. Goi P l1a biéu thuc vé trai va st dung bét dang thuc C S ta co

_ | 2a(a+c) . 2b(b+a) .\ 2c(c+b)
P_\/(a+b)(a+c) \/(b+c)(b+a) \/(c+a)(c+b)

sJ[z<a+c>]{z(L}

a+b)(a+c)
:\/8(a+b+c)(ab+bc+ca) |
(a+b)(b+c)(c+a)

8(a+b+c)(ab+bc+ca)
(a+b)(b+c)(c+a)

Ta chi can chitng minh

<9
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= (a+b)(b+C)(c+a)2§(a+b+c)(ab+bc+ca)<:> (a+b)(b+c)(c+a)>8abc

Bat dang thic cudi ludn dung theo AM — GM.
Bai 13. Str dung bat dang thirc C =S ta c6

(1+ 4)[b2 +(C+a)2J 2[b+2(c+a)]2 - }bz +(a::2+ a)2 < \/g(b +a2a+20) :

Tuong tu cho 2 cin thirc con lai bai toan dua vé chang minh
a b c 3
+ + <=
b+2a+2c c+2b+2a a+2b+2c 5
b+2c c+2a a+2b
= + +
b+2a+2c c+2b+2a a+2b+2c

Str dung bat dang thic C =S ta c6

>3
5

b+2c N c+2a N a+2b
b+2a+2c c+2b+2a a+2b+2c
(X(b+2)°  g(a+b+c) 9

“Y(b+2c)(b+2a+2c) 5(atb+c)? 5

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .
Bai 14. Dy doan dang thirc dat tai khi 3 s6 bang nhau thay vao bat dang thuc ta c6

a=b=c=1.

Ta sir dung dung bat dang thiuc C -S

2 2
4(a+b+c+1)2 :4(a.1+ \/§.b+c+lj £4(a2 +3)[1+%J.

V3
2
Vay ta chang minh 4[1+@J < (b2 +3)(c:2 +3)

< 3b%c® +5b? +5¢% +11>8bc +8b+8¢c
Bat dang thire cudi 1a tong cua 3 bat ding thirc sau

3(b202 +l) > 6hc
b2 +c? > 2bc .
4(b*+¢? +2) 2 4(2b+2c) =8b+8c
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.

Cach 2: Xem bai tap mau.
Bai 15. Str dung bat dang thic C -S ta c6
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1. a+b+c?
a+b+l (a+b+c)

(a+b+1)(a+b+cz)2(a+b+c)2 =

- b+c+a? 1 - c+a+b?
b+c+l ™ (a+b+c)’ c+a+l (a+b+c)

Cong theo vé ba bat dang thic trén va két hop véi diéu kién ta duoc:

Tuong tu ta co

a’ +b?+c®+2(a+b+c)
(a+b+ c)2
Bat dang thirc dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c=1.
Bai 16. Bét dang thirc twong duong véi:
1 1 1 3

+ + < .
a®+b%+c® b’+c?+a’? cP+at+b? aZ+b’+c?

>l<a+b+c>ab+hbc+ca.

Str dung bét déng thuc C =S ta co

1
= 4+b?+c?
a

(<’J15+b2 +02)(§+b2 +C2j2(a2+b2+c2)2 - a5+b12 +c? _(32 +b? +02)2 |

Twong tu ta cé
1 1
1 = 4c?+a? “+a®+b?
<_b 1 c
b° +c? + a2 (a2+b2+c2)

275, 2 2o 7
c’+a“+b (a2+b2+c2)
Cong theo vé ba bat diang thirc trén va dua vé chirng minh
l+E+E+Z(a2 +b? +c2)s3(a2 +b? +c2)
a b c :
< a?+b?+c?>ab+bc+ca
Bat dang thic cudi dung vay ta c6 dpem. Pang thic xay ra khi va chi khi
a=b=c=1.

Bai 17. Bét dang thirc twong duong véi:

J2@+a?)a+b%)(A+c?) >a+b+c+ab+bc+ca—abc—1.
Chiy 2(1+a?)(1+b?)(1+c?) =((a+b)2 +(1- ab)z)((1+ c)? + (c—1)2) .
Str dung bat dang thic C =S ta c6
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J2@+a?) A+ b2)A+c?) =[(a+b)? + 1—ab)?][A+c)? + (c~1)°]
>(a+b)(1+c)+(c-1)(1-ab)
=a+b+c+ab+bc+ca—abc-1

Bat dang thuc dugc chung minh.
Bai 18. Str dung bat dang thirc C -S ta c6

2 2 2 2 2,42 42 2
X5+ +2Z 75+t “+X
x2+y2+22+t2= y +y

+
2 2 2 2
)2 2 YA Y
) S A G e Gl ()
2 2 2 2
2
2(|x—y|+|y—z|;|z—t|+|t—x|) .,

Bit dang thic dugc chang minh.
Dau bang xay ra chang hantai x=z=1y=t=0.

Bai 19. Sir dung bat ding thirc C -S ta c6

2
J5a 1 4bc + 24bc = 3. 56‘—;4“ L J2+/2b¢

2
s\/(3+2)[5a—;4bc+2bcj: §(5a2+10bc)

< \/§(5a2 +5(b? +¢? )) _5, /aZL;J’CZ

5a’ ) 3

za" |
\V5a? +4bc + 2/bc a’® +b* +c?
Tuong ty roi cong lai theo vé ta c6 dpem.
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .

Bai 20. Taco P?=2(a+b+c)+2> /(a+b)(a+c).

Chl y sir dung bét dang thirc C =S ta c6
> J(a+b)(a+c)=Y (a+bc)=a+b+c++/ab+be+ea.
Do do P?>4(a+b+c)+2(vab+bc +ea)>4=P>2.

DAu bang dat tai a=1,b =c =0 hoic cac hoan vi.
Vy gia tri nho nhét caa P bang 2.

=
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Bai 21. Sir dung bt ding thirc C — S ta c6
Ja+b-c+vb+c-a< 2(a+b-c+b+c-a)=2vb
Vb+c-a+Je+ra-b< 2(b+c-a+c+a-b)=2vc
Je+a-b+a+b-c< 2(c+a-b+a+b-c)<2/a

Cong theo vé 3 bat dang thirc trén ta co diéu phai chirng minh.
Ding thirc xay ra khi va chi khi a=b=c.

Bai 22. Khong mit tinh téng quat gia st a=max{a,b,c} = a> g :
Str dung bat dang thic C =S ta c6

a(4-be)+4(b+c)< [(a® +(b+c)’)((4-bo) +42)

\/(8 + 2bc)(b2c2 —8bc + 32)

Ta ching minh (8+2bc)(b%c® ~8bc +32) <167 < 2(bc —4)b’c? <0.

8
2.2 o .2 8-,
Bat dang thirc ludn dung vi bcsb ;C _8 2a < 23:%<4,

Bat dang thire dugc ching minh.
bang thuc xay ra khi va chi khi a=b=2,c=0 hoac c&c hoan vi.
Bai 23. Taco xy+yz+2x< x> +y2 + 22 =1.
Khi d6 P:(x+y+z)(x2+y2+22—xy—yz—zx)
=(x+y+2)(1-xy-yz—2x)
= P?=(1+2(xy+yz+2x))(1-xy - yz - 2x)°
=2(xy+yz+ zx)3 -3(xy+yz+ zx)2 +1
=(xy+yz+ zx)2(2(xy+ yz+12x)-3)+1<1
Vay gié tri Ion nhét cua P bang 1 dat taix =1,y = z=0 hoic cac hoén vi.
Gid tri nho nhat cia P bang -1 dat tai x=—1,y = z = 0hoic c4c hoan vi.

Bai24.Pat a=y+z,b=z+X, c=X+Y, X, Y, z>0bit ding thirc tro thanh
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Xz +y3x+ 28y > xyz(x+y +2)
2y 7
o+l 42 >x+y+z
y z X

2 2 2
<:>[X—+y—+Z—J(y+ Z+X)>(X+y+ 2)2.
y 7z X

Ludn dting theo C - S.

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .
Bai 25. Sir dung bat ding thirc C -S ta c6

[1+2(x+ y)](1+ﬂj2(l+x+ y)
z
1+yz+2zX 1 z
= ZS =
(1+x+y)" 14 XHY X+y+z
z

Tuong tu cho hai biéu thic con lai rdi cong lai theo vé ta c6 dpem. Pang thuc
xay ra khiva chi khi x=y=z=1.

Bai 26. Theo gia thiét két hop sir dung bit ding thirc AM — GM ta c6

(a+b_c)(§+%_cj:(a+b)(§+%)+1{0(a+b)+c(§+%ﬂ

s(art) 1+2)e1-2 arn) 2]

:[ (a+b)(§+%} —1]2

Suyra |(a+b) 1+l -1>2< E+E+223<:>3+927.
a b b a b a

Khi dé st dung bat diang thic C =S ta c6

2
4 4, a1 1 1 syl
(a +b" +c )(¥+b—4+c—4j2{\/(a +b )(¥+b—4j+1}
2 2 ) 2 T 2
:[a_2+b_2+1J :KEJFBJ _1] 2(72—1) =2304
b a b a

Bit ding thire dugc chung minh. Péng thic xay ra khi va chi khi ab=c?va
a b

—+—=7.
b a
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CHU DE 5: KY THUAT SU DUNG BAT DANG THUC
CAUCHY - SCHWARZ DANG PHAN THUC

A. NOI DUNG PHUONG PHAP

B. BAlI TAP MAU
Dé mé dau ta xét bai toan quen thudc sau day
Bai 1. Chting minh rang véi moi s6 thuc duong a,b,c ta co
a b c 3
+ + >,
b+c c+a a+b 2
Lo gidi
Day la bat dang thac Nebits noi tiéng c6 rat nhiéu loi giai danh cho nd. Duéi
day t6i dé cap 2 phuong phép tiép can ciing chinh 14 k§ thuat chinh chlng ta can
ap dung trong chu dé nay.
Céch 1: Cong thém vao mdi hang tir vé tréi véi 1 ta duoc

2 + b + ¢ =( a +1j+(i+1j+(i+lJ—3
b+c c+a a+b \b+c c+a a+b

:(a+b+c)( ! + ! + ! )—3

b+tc c+a c+a

=%[(a+b)+(b+c)+(c+a)][ 1 1

1
+ -3
a+b b+c c+aj
2
1 1 1 1 3
>—|Ja+b.——++b+Cc.——++JC+a.——| -3=—
2{ Ja+b JVb+c \/C+a:| 2

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Céch 2: Nhan thém vao mdi hang tir vé trai tuong (g véi a,b,c dé xuat dai lugng
binh phuong ta dugc:

a b c a’ b? c?
+

b+c c+a+a+b:a(b+c)+b(c+a)+c(c+a)

a+b+c2 a+b+c2
( ) ( )

“a(b+c)+b(c+a)+c(c+a) 2(ab+bc+ca)
_3(ab+bc+ca) 3

~2(ab+bc+ca) 2

. . . a b C
Ping thuc x4 kh hi kh = = =b=c.
ang thuc xay ra khi va chi khi a(b+c) b(c+a) c(c+a)<:>a c
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Nhan xét. Nhu vay 2 ki thuat ta can &p dung do 1a:

+ Cong thém vao mdi phan thirc 1 hé sb thich hop dé tat ca cac phan thirc ¢6 dung
tu thuc.

+ Nhan thém vao méi phan thicc mét bién thich hgp nham tao binh phuong trinh
trén tir thac & moi phan thuc.

+ Khi c6 thém diéu kién rang budc gitra cac bién ta can khéo 1éo van dung C -S
dwa vé bién chung.

Bai 2. Cho a,b,c la c4c sb thuc duong thoa méan diéu kién bi > g .
+c
Chang minh ring a . b +-C >2,
b+c c+a a+b
Léi gidi
Str dung bét déng thuc C =S ta co
2 2
b ¢ o (b+c) _ (b+c)
c+a a+b b(c+a)+c(a+b) a(b+c)+2hc
(b+c)’ 1
z 1 2 a 1
a(b+c)+=(b+c —— 4+
( ) 2( ) b+c 2
Goi P la biéu thirc vé trai ta co
2x -3
P> a + - :X( X )+222, X=—a .
b+c ~a 1 2x+1 b+c
b+c 2

Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi a=3b=3c.
Bai 3. Cho x,y,z 1 c4c sb thyc thoa man diéu kién x+y+z=0.
X(X+2 +2) z(z+2
(+2) y(y+2) 20+2)
2x°+1  2y*+1  2z°+1
Loi gidi

Ching minh rang

Gid sir |z| = max {|x|.]y|,|z|} ta c6 bét dang thirc da cho twong duong véi:

x(x+2)+£+ y(y+2)+£+z(z+2)

2x2+1 2 2y?+1 2 27241
2 2 2
(2x+1) +(2y+1) 22(2—1)
2x% +1 2y2+1 272 +1
Str dung bat dang thic C =S cho vé trai ta c6
2 2 2 2
(2x+1) +(2y+1) 2(2x+2y+2) _ 2(z-1) |
2x% +1 2y2+1 2x2+2y2+2 x2+y2+1

-1>0
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, 2(z—1) _2(z-1)
Vay ta chi cin ching minh Z(Z 2) > (22 ) o222 >2xt+y*
x+y +1 2z +1

Bt dang thirc cudi ding ta co dpem.

Dang thirc xay ra khi va chi khi x=y = —%, z =1hoic cac hoan vi.

Bai 4. Cho céc sé thyc X, y,z =1 vathoaman 3(X+y+z)=X*+y*+2°+2xy.

x? X

+ .
(X+y)?+x z2°+X

Tim gid tri nho nhét cua biéu thuc P =

Léi gidi

Taco x* > xsuyra: P>x 12 + 21 > 24X .
(Xx+y) +x Z7+X ] (x+y) +z2°+2x

Theo gia thiét ta co:
(x+y)2+22:3[(x+y)+z]s3\/2[(x+y)2+22}:>(x+y)2+22§18.
4x _2(2x+18)—36=2 18, 18 1

18+2x  2x+18 X+9 149 5

Suyra P>

Vay gia tri nho nhét cua P bang %dat tai x=1y=2,2=3.

Bai 5. Cho a,b,c 1a c4c sb thuc duong thoa man diéu kién a® +b*+c¢® =3.
a’ b? c?
+ + .
b+2c c+2a a+2b
Loi gidgi

Tim gid tri nho nhét cua biéu thuc P =

Phan tich tim loi giai:
MGi phan thirc ¢6 dang binh phwong trén tir thirc tuy nhién ta can sir dung triét
dé diéu kién gia thiét @ +b* +¢* = 3.
Ta xt ly nhu sau:

a b ct

P= a’ (b+2c) * b’ (c+2a) " c’ (a+2b)

(ar2 +4 +c2)2
>
ab+bc+ cza+2(azc+ ba+ czb)
_ 9
ab+bec+cla+ 2(a20+ ba+ czb)
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Theo gia thiét ta co:
3(a+b+c)= (a+b+c)(a2 +5° +cz)
o =a3+b3+c3+a2b+’bzc+cza+azc+b2a+czb

Str dung bat dang thuc AM — GM cho 3 s6 duong ta dugc
a+a +c>3dc
P +b*+a’>3’a

o c+ct+b>3c%b
Cong theo vé 3 bat dang thic trén ta duoc
a+b+c>dc+ba+c’h.
Suy ra 3(a+b+c) 2a2b+b2c+c2a+2(a2c+b2a+ czb).

Mt khac a+b+cs\f3(a2 +b2+c2) =3.
9

] .

3(a+b+c) 21

Ding thuc xay ra khi va chikhi g=b=c=1.
Bai 6. Cho a,b,c 1a c4c sb thuc dwong. Chirng minh rang

Suyra P>

at b* Vs
2 + 2 + 2 -
2a +bc 2b°+ca 2¢ +ab
Loi gidgi
Viét lai bt dang thire dudi dang
bc ca ab

2(2a2 +bc) " 2(252 +ca) " 2(202 +ab)

Goi P 1a biéu thirc vé tréi ta c6

B b*c’ N ca N ab’
B 2(2151r2 + bc)bc 2(2152 + ca) ca 2 (2{;2 + ab)ab
(ab +bc+ ca)2

2 2(261!2 +bc)bc+2(2b2 +c:.:1r)c:451r+2(2c:2 +ab)ab
(.arb+l')c+caf)2 1

Z(ab +bc+ ca)2 2
Bat dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=56=c.
Bai 7. Cho x,y,z la cac s thuc duong thoa man diéu kién x+y+z=1.
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Ching minh rang u + b4 + z <1.
X+\Xx+)z yhytz z+\z+xy
Loi gidi

Theo gia thiét ta ¢ x +yz=x(x+y+z)+yz=(x+y)(x+2).
Str dung bét déng thirc C-S ta c6

x+\x+yz x+\f x+y x+z >x+x+\/_ 2x+\/_
x+\/x+yz 2x+\/_

¥y < 7Y
y+ \/y+zx - 2y+\/z—x

z < Z
z+\/z+xy B 22+\/x_y

Cong theo vé 3 bat dang thirc trén dua vé chiing minh

r Y I <«
2x+\/}; 2y+\/E 22+\/E_'

biat x=a’,y=5b",z=c"dua vé bat dang thic

2 b2 cZ

Tuong tu ta co

a
2 + 2 + 2 -
2a°+bc 2b°+ca 2c¢ +ab
Bat dang thirc nay da duoc chimng minh. Dang thirc xay ra khi va chi khi

x= —z—l
Y 3

Céch 2: Str dung bét déng thuc C-S ta c6
X+ Jx+)zZ =x+\/x(x+y+z)+yz
=x+,/(x+y)(x+z) 2x+\/x_:z+\/x_y

. x < x _ Jx
x+x+ryz x+ ez e y+z

y
yryrzm Jr+Jy+ifz
z Az
z+yz+xy  Jx+y+z

Tuong tu ta co




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Cong theo vé 3 bat dang thirc trén ta co diéu phai chirng minh.
Nhan xét. Nhu vay linh hoat sir dung diéu kién ciing nhur str dung C-S hop Iy ta co
loi giai ngan gon cho bai toan nhu cach 2.
Bai 8. Cho x,y,z 1a cac s6 thuc duong c6 téng bang 1.
2
Chirng minh ring x—+y—2+ z > 3(){2 +y° +zz).
y z x
Lo gidi
Bat dang thic c6 dang manh hon t6i da dé cap trong chuwong 1 bét dang thic
AM - GM
2 2 2 2 2
SN GAels) e s R
y z x Xy+yz+zx
Duéi day ta chitng minh bang C —S cho bai toén trén.

) X2 yz - y4 2 (xz +y2 +2 )2
Tacd —+—+—=—+"5+—2
y z x xy yz z*x Xy+yz+z’x
Chu y
24y +2 =(x+y+z)(x2 +y +z2)
=x*+y’ + 2 +xp(x +y) + yz(y+2)+zx(z + x)
=x(x—y) +y(y—2) +z(z—x) +3(x’y+y’z+2’x)
3(;7531 y+y'z +sz)
Tir d6 suy ra diéu phai ching minh.

Dang thic xay ra khi vachikhi x=y=z=

|

Bai 9. Cho x,y,z 1a céc s6 thuc duong thoa man diéu kién x* +” +2° = 3.
9
Chiang minh ring —+y+z z—
y z x x+y+z
Loi gidi
Str dung bét déng thirc C — S ta c6
X Y. Z_ y 22 (;7c+y+z)2
y z x xy yz zx CxXy+yz+zx
Vay ta chirng minh (x+y+z) Z9(xy+yz+zx).
-3

bat t=a+b+c,(\/§SIS3):>xy+yz+zx=T.
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. R () 2
Bat ddng thuc tré thanh ¢* > — e (—3)"(27+3)>0(luon ding).

Bat dang thie dugc chimg minh. Dang thie xay ra khi va chi khi x=y=z=1.

Bai 10. Cho a,b,c la cac s6 thuc duong thoa man dicu kién a+b+c=1.
c a] l+a 1+54 l+c

1-a 1 b 1 c
Lo1 gidi
Theo gia thiét ta co I+a_2a+b+c_ 2a +1.

1-a  b+c  b+c
2a l1+a 2a 2a 2ab

Suyra ————=—— —-1= -1.
Y ¢c l—-a ¢ b+c c(b+c)

Tuwong tu ta cé

Chang minh ring Z(b
a b c

%_l+b_ 2bc
a l—b_a(a+c)

g_ l+¢  2ca
b 1-c¢ b(a+ b)
Cong theo vé 3 bit ding thirc trén ta can ching minh bit ding thirc
ab bc ca 3
+ + >,
c(b+c) a(a+c) b(b+a) 2
Goi P la biéu thuc vé trai viét lai P va st dung bét dang thuc C — S dang phan
thac ta co

_ ab N b'c* N cadt
B abc(b+c) abc(a+ c) abc(b+a)
(ab +bc+ (:a)2

2 abc(b +c)+abc(c+a)+abc(a+ b)
(ab+bc+ca) 3abc(a+b+c) 3

- 2abc(a+b+c) 2abc(a+b+c) 2
Bat dang thie dugc ching minh. Dang thie xay ra khi va chi khi a= b= c.
Bai 11. Cho a,b,c la cac s6 thuc duong c6 tich bang 1 chitng minh
1 1 1
2 + 2 + 2
a+a+l b"+b+1 " +c+l
Loi gidi

>1.

Theo gia thiét tdn tai cac s6 duong x, y, z thoa mdn a = ﬁz,b =

3]
I

HN“ﬁ
</

Ny
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Bat dang thuc trg thanh
4 4 4
¥ o z >1.

' +xhz+y'2 Y4y o+ 4+
Str dung bét déng thuc C =S ta co

4 4 4
x y z

+ +
' +x’yz+y'2 Y +y’m+ 2 2+t
2
S (x2 +y* +22)
xt+y 2t roz(x+y+z)+ 30+ + 2

Vay ta chi can chang minh
(;7531 +y* +2* )2 >x* +y* +2t v oz(x+y+2)+ 27 +y' 2 + 2%
o XY +y 7+ 25 2 xz(x+y+2)
1 1 1
& E(xy—yz);1 + E(yz—zx)2 + E(zwc—xy)2 =0

Bat dang thirc dung ta c6 dpem. Bang thuc xay ra khivachi khi a=b=c¢=1.
Bai 12. Cho a,b,c 1a cac sb thuc duong c6 téng bang 3 ching minh

a b ¢ 1
2 7T 2 7 TA 2 =
a*+8b b’ +8c +8 3

Lo gidi
Str dung bat dang thic AM — GM ta c6

(@& _ 3@ 6
a* +8b* \j9a(a2+8b2) T a*+8%+9a

Tuong tu ta co

’ b’ S 65 { ¢’ S 6¢”
b*+8% B +82+8° VNt +8a 48 +9¢

Ta chi can chiing minh
a b* c’ 1
) 2 +3 ) +— ) z—.
a+8"+9% b +8c"+9h " +8a +9 6
(a2+bz+cz)2
Zaz(a2+8b2+9a).

Str dung bt déng thie C —S cho Vé trai ta dugc ¥T >

Vay ta chitng minh
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QJ+H+&Y22ﬁ%f+BH+mﬂ
<:>6(a2 +5 +c’)2 > 3Za3(b+c)+4(a2 +5° +c7')2
&Y (a-b)(a —ab+5*)20
Bt ding thuc cudi dung. Dang thirc xay ra khi va chi khi a=b=c=1.
Bai 13. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién abe = 1.
b 3
+ >
V43 43 JiA+3 2
Loi gidi
Do a,b,c duong va abe = Inén ton tai cac sb dwong thoa man

a=\/£,b=\/g,c=\/g.
x y z

Bat dang thire duoc viét lai dudi dang
x ¥y z 3

+ + >,
\/z(3x+y) \/x(3y+z) \/y(3z+x) 2
Goi P la biéu thirc vé trai ciia bat dang thirc trén viét lai P va sir dung bat dang
thuc C - Staco

Chiang minh ring

2 2 2z
x y z

r= x\/z(?}x +y) +y\/x(3y+z) * z\/y(3z+x)
5 (x+y+z)
x\/z(3x+y) +y\/x(3y+z) +z\/y(3z+x)

bit 0= x\/z(3x +y) +y\/x(3y+ z) +z\/y(3z+x).
Str dung bét déng thicc C — S ta c6

Q0= ‘/’_CN/M"' \/;\/xy(3y+z) + \/;\/)a(3z+x)

< \/(x +y+z)(xz(3x+y)+xy(3y+z) +yz(3z+x))

=\/3(x+y+z)(xzz+y2x+zzy+x)z)
Mat khac sir dung bét dang thirc quen thudc ta co
xzz+y2x+zzy+xyzﬁ%(x+y+z)3.
. 2 2 (x+y+z)2
Do do QS—(x+y+z) =>P>0——L =
3 2(x+ +z)
3(xHr+2)

b | W
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Bat dang thirc dugc chimg minh. DPang thirc xay ra khi va chi khi a=b=c=1.
Bai 14. Cho a,b,c 1a cc s6 thuc duong thoa mén diéu kién a+b+c+abc=4.
a b c x/f{
+ + >—
Jb+c e+a Ja+b 2
Loi gidi
Goi P la biéu thirc vé tréi viét lai P va str dung bét dang thirc C — S ta c6
a b’ c’
= + +
avb+c bJc+a cJa+b
S (a+b+c)2
“avb+c+bJctat+eva+h
S (a+b+c)2

- \/(a+b+c)(a(b +c)+b(c+a)+c(a+b))

Chang minh ring

a+b+c).

P

a+b+c
ab+bc+ca
Vay ta can chang minh @+ b +c¢>ab +bc+ca.
That vay gia s nguoc lai ab+bc+ca>a+b+c.
Str dung bét déng thirc Schur bac 3

a+b*+c+3abc> ab(a+ b)+ bc(b+c)+ ca(c+a)

= g(a+b+c)

Taco
ﬁ24(ab+bc+ca)—(a+b+c)2
at+tb+e
9abc 2
m>4(a+b+(})—(a+b+0)
@Lbc>abc(a+b+c)<:>a+b+c<3
atb+c

= abc<1=> a+b+ct+abec<4
Vo ly. Vay a+b+c>ab+bc+ca.
Bt dang thire duoc chirng minh. Dang thirc xay ra khi va chi khi g=h=c=1.
Bai 15. Cho a,b,c 1a cc s6 thuc khéng &m thoa man diéu kién ab +be+ca> 0.

. a b c 8
Chung minh ran + + > .
g i Fid B+b (\/g+\/g+\/;)2
Loi gidi
Goi P la biéu thirc vé tréi sir dung bat ding thic C- S ta co
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P= @ + o + ¢
- az(b2+c2) bz(c2+a2) cz(a2+b2)
(V7 )
>

~2(a%’ +b’c® +c*a’)
Vay ta chi can chang minh
(7o o)
2(a’s’ +b°¢ +d) > (JE+J3+J;)Z
@(\/E+\/b_3+\/c_3)2(\/c_1+\/3+\/5)2 >16(a’b* +b°¢* +’a’)
Str dung bat dang thuc C — S ta cd
(\/c?+ b’ +\/c_3)(\/c_1+\/3+\/z)2(a+b+c)2.

Vay ta chi can chang minh

(ar+l';v+c)4 > l6(ar2b2 +b%c* +cza2)

ab* N b N cdt <L
(151r+1';-+c:)4 (a+b+c)4 (a+l';-+c)4 16
a b

c
bit x= V= LZ= =>x+y+z=1
a+b+c a+b+c a+b+c

. . 1
Ta can chang minh x%y* +y°z* + 22x* < ”

-~

Khdng mét tinh tong quat gia st x = min {x,y,z} ::>x$§ ta co
4
+
XY Y7 25 =1 (Y 42 )+ y'D <3P (p+z) +(y—2 Zj
1-x)' 1
=x*(1-x) +(_x) <—
2 16

4
Chi y khao sat ham sé f(x)=x2(1—x)2+(l;x] trén doan [0;%]@ co

diéu phai chirng minh.
Bat ding thuc duoc chung minh. Ding thuc xay ra khi va chi khi
a=b,c=0hoic cac hoan vi.
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Bai 16. Cho a,b,c 1a cac s6 thuc khéng am thoa man diéu kién a+b+c=1.
Ching minh rang

a b c 1
1+9bc+4(b—c)’ " 14+ 9ca+Mc—a)’ " 14 9ab + 4(a—b)’ . 2
Lo gidi
Goi P Ia biéu thirc vé tréi va sir dung bit ding thirc C =S ta c6:
_ a N b’ N c

a+9abc+4a(b—cy  b+9abc+4b(c—a)® c+9abc+4c(a— by

S (a+b+c)

B a+b+c+27abc+4a(b —(;)2 +4b(¢::—.ar)2 +4c(a—b)2

1

B 1+ 3abc+4(a’b+b’c+c’a+ab® + bc’ +ca®)
Vay ta chi can chang minh
2>1+3abc+4(a’b+b’c+c’a+ab’ +hc? +ca’)

= (a+b+c)’ >3abc+ab(a+b)+bc(c+a)+ca(c+a)
Bt dang thie cudi chinh 1a bat ddng thuc Schur bac 3.

Bai toan dugc chimg minh. Dang thirc xay ra khi va chi khi a=b=c= %hoéc

1 T
a:b:E,c:()va cac hoan vi.

C. BAI TAP REN LUYEN
Bai 1. Cho x,y la hai s6 thuc dwong thoa mén diéu kién x+y =1.

X Y
\/yz +1 X2 +1
Bai 2. Cho x,y la hai s6 thuc dwong thay ddi thoa méan diéu kién 2x+3y =5.

Tim gié tri nho nhét cua biéu thirc

JaE) L y?) -1 (1) (1 y?) -1
P= + .
2y 3x°

Bai 3. Cho x,y,z > 1. Tim gia tri nho nhat caa biéu thic

P:xZ(L_FL]+y2(L+L]+ZZ(L+L]_
y—1 z-1 z—1 x-1 x—1 y-1

Tim gia tri nho nhat caa biéu thuc P =
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Bai 4. Cho x, Y, z la cac sb thuc duong. Chiing minh rang
X y z 3
+ =+ > —.
3x+7(y+z) 3y+7(z+x) 3z+7(x+y) 17
Bai 5. (TSPH Khéi A 2007) Cho X, y, z la céc sb thuc duong thoa man diéu kién
xyz=1.
Tim gia tri nho nhat caa biéu thic
xz(y+z) yz(Z+X.') zz(x+y)
+ + :
y y+22\/2 Z\E+2x\/; x x+2y\/;
Bai 6. Chtring minh rang véi moi a,b,c 1a cac s6 thuc dwong ta co
b+ blc+ +b
a(b+c) N (c+a) N c(a+b) 532,
\/bc(bz +c2) \/ca(cz +a2) \/ab(az +b2)
Bai 7. Cho a,b,c la c4c sb thyc duong thoa min diéu kién a+b+c=1.
2 2 2
a b c 1
+ + < :
3a+1 3b+1 3c+1 18(ab+bc+ca)
Bai 8. Cho x,y,z la c4c sb thyc duong thoa man diéu kién x+y+z=1.

P=

Ching minh rang

Tim gia tri nho nhat caa biéu thic
2 2
x*(y+z z+x) Z'(x+
o 2(+2) () 2xty)
yz P xy
Bai 9. Cho x,y,z 14 c4c sb thuc duong thoa mén diéu kién xyz=1.

Chiang minh ring
4 4 4
xy yz z'x >§
241 Y +1 2241 2
Bai 10. Cho x,y,z la cac s6 thuc duong thoa méan diéu kién x+ y+z=3.

Ching minh rang
! . ¥ . 7 3
(y+z)(y2+zz) (z+x)(z2 +x2) (x+y)(x2+y2) 4

Bai 11. Cho a,b,c 1a cc s6 thuc duong. Ching minh ring

(W8]

a b c < E

+ + <Z.
3a+b+c 3b+c+a 3c+a+bh 5
Bai 12. Cho a,b,c 1a cc sb thuc duong. Tim gia tri nho nhét cua biéu thuc
_a 4b 9¢

= + + .
b+c atc a+tb
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Bai 13. Cho a,b,c la c4c sb thuc dwong. Tim gia tri nho nhét cua biéu thic
a+3c c+3a 4b

+ + :
a+b b+c c+a
Bai 14. Cho a,b,c 1a cac s6 thuc duong. Tim gi4 tri nho nhét cia biéu thirc
3(b+c) N 4a+3c N 12(b—c)

2a 3b 2a+3¢
Bai 15. Cho a,b,c 1a cac s6 thuc duong. Chang minh rang
b+c 2a+c 4(a+b)
+ +

P=

P=

>9.
a b a+c .
Bai 16. Cho a,b,c 1a cac sb thuc duong. Tim gia tri nhé nhét cua biéu thuc
3a 4b 5¢
P=

+ + :
b+c c+a a+b
Bai 17. Cho a,b,c 1a cac s6 thuc duong. Tim gi tri nho nhét cua biéu thuc
9b+16¢c 25(4a+16c) 64{4a+9b
P= + ( )+ ( )

a b c
Bai 18. Cho a,b,c,x,y,z la c4c sb thuc duong.
Ching minh rang

i(y_,. Z)+L(Z+X)+L(X+ y)ZM
b+c c+a a+b X+y+2
Bai 19. Cho x,y,z la c4c s6 thuc duong va k sb thuc, k> 8.
3
2 s Z > .
J+bz Y rkx (P by e+l
Bai 20. Chitng minh véi a,b,c 1a cac sb thuc duong thoa min didu kién abe = 1ta co
1 + 1 + 1 > 3
a3(b+c) b3(c+a) c3(a+b) T2
Bai 21. Chang minh véi moi a,b,c 1a cac s6 thuc dwong ta co
1 1 1 3
+ + > :
ad3a+2b bJ3b+2¢c cJ3c+2a ~Sabe
Bai 22. Cho a,b,c l1a cac sb thuc duong c6 téng bang 3.

. a \/ b \/ o \/5
Chang minh ran + + =L 0—.
. . \/a2+5b2 b +5¢° 454 2

Bai 23. Chitng minh vai moi a,b,c duong ta ¢6

3 3 3
a b c

+ +
\/bz—!';vch';2 \/CZ—Ca'+a2 \/451r2—c1'b+b2

Chiang minh ring

>a*+b +c
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Bai 24. Cho a,b,c 12 cac s6 thuc duong thoa mén diéu kién

ab*+b’ +c’ad >a’b’c.
2 2 2 2
Ching minh rang ab + be +—F @ 2£.
c (ar2 +b2) a (b2 +cz) b3(02 +a2) 2

Bai 25. Cho a,b,c la cac sb thuc duwong c6 tich bang 1.

4 4 4 4 4 4
Ching minh rang \/a +b +\/b e +\/C Ta4 53
1+ab 1+ bc 1+ca
Bai 26. Cho a,b,c 1a d dai 3 canh mot tam giac. Chirng minh
3a+b 3b+c 3c+a
+ +
2at+e 2b+a 2c+b
Bai 27. Cho a,b,c la c4c sb thuc duong thoa min didu kién ab+bc+ca=1.
1 1 9
+ + 2 .
avbi+c? byci+a? cai+b? 242 -3J6abc
Bai 28. Cho a,b,c 1a cc s6 thuc khong &m thoa man diéu kién
ab+bc+ca=a+b+c>0.
1 1 1

Chiing minh rang (a+b+c)( + 4 j2a+b+c+1
a+b b+c c+a

>4.

Chirng minh rang

Bai 29. Cho a,b,c 1a c4c s6 thuc duong thoa min didu kién a® +6° +¢* =1.

3 3 3
Chiing minh rang 2a + 2b + 2c 23 \6
b"+¢ ¢ +a a +b 2
Bai 30. Cho a,b,c 1a cac s6 thuc duong. Chirng minh

a N b N < o
Jb+ec e+a Na+b
Bai 31. Cho a,b,c 1a cac s6 thuc duong c6 tich bang 1. Ching minh
1 1 1 1
+ + <—.
a+b+4 b+c+4 c+a+4 2
Bai 32. Cho a,b,c 1a cac s6 thuc duong. Ching minh

1 1 1 3
+ + =

a+;+l b+1+1 c+1+1 Yabc +
C a

%(a+b+c).

1

+1
Yabc
Bai 33. Cho a,b,c 1a 3 sb thuc dwong.
Ching minh rang
2 2z 2
(b+c) N (a+c) N (a+b) S 9 . b R
alb+c+2a) bla+c+2b) cla+b+2c) c+b a+c a+b
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Bai 34. Cho x,y la hai s6 thuc duong c6 tong bang 1.

2
© LYl
y+1 x+1 3

Bai 35. Cho x,y la hai s6 thuc duong. Chirng minh
1 1 4 _32(x*+y?)
> .

Ching minh rang

2 2

X2yt Xyt (x+y)
Bai 36. Cho x,y la cac sb thuc duong thoa méan diéu kién
(x+2y-3) 2(x2 +y2) +5xy+y” =3(x+y).
x* ¥
Tim gi4 tri nho nhat cua biéu thic P=—+=—+x+3y.
y x
Bai 37. Cho a,b,x,y,z 1a cac s6 thuc duong. Chiing minh
3
I A .
ay+bz az+bx ax+by a+b
Bai 38. Cho x,y,z la cé4c sb thuc dwong. Chirng minh
x’ N ¥y N z 53
Gx+4y)X4x+3y) QGy+42)4y+32) (Gz+4x)(4z+3x) 49
Bai 39. Cho a,b,c 1a cc s6 thuc duong thoa man a+b+c=1.
Tim gia tri nho nhét cua biéu thuc
a’+2b®>  b*+2¢®  cP+2a’
= =+ ~+ =
4ab+3a° 4bc+3b° 4ca+3c
Bai 40. Chiing minh rang véi moi a, b, ¢ duong ta c¢6
a b c
+ + >1.
b+2¢ c+2a a+2b

A. HUONG DAN GIAI - PAP SO
Bai 1. Sir dung bt ding thic C-S dang phan thic ta co:

2 2 2
po_ X ¥y _ X Y 5 (x+y)
\/yz +1 X+l x\/y2 +1 yUxP+1 x\/y2 +1+yvx2 +1
B 1 N 1
XA+ X Yy +y \/(x+ y)(xy? +x+yx* +)
1 1 1 2

=\/xy(x+y)+x+y=\/1+xy2\/L{)Hyjz NG
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Ding thirc xay ra khi va chi khi x =y :% .

, . 2 1
Vay gia tri nho nhat cua P bang —=dat tai X=y =—
ay gla tri g \/§ at te y 2

Bai 2. St dung bét ding thirc C-S ta duoc:

\/(1+ X )(1+y?) 21+ xy,\/(1+ ) (1+y°) 21+ xy~/xy .
Suy ra p>X xy\/7 2(3X+ZY\P]

2y
Nhan xét. V& phai cua bat dang thirc bac 1 va diéu kién bac 1 nén sir dung k§ thuat

; 3x+2y\P ; 3+2V\P
dong bac: P>= X == XYX

6 2x+3y 6 , 3y

X
Dit t=\/¥,(t>0)khidé

J53+2t° _5(3+28° )5 (t-1)° (2t +2)
6 2432 6| 2+3t2 6 2+ 3t?
Piang thuc xay rakhivachikhi t=1< x=y=x=y=1.

_E. +§2§
6 6 6

Vay gia tri nho nhét cua P bang gdat tai x=y=1.

Binh luan. Dy doan duoc diém roi X = y =1ta c6 thé danh gia nhanh bang bt
dang thirc AM-GM nhu sau:

P>%[3x+2y\fj [2x+x+y(+y\fj [2x+33xy\Py\P] 2x23y 2

Bai 3. Sir dung bat dang thuc C-S ta c6
1 1 4 1 1 4 1 1 4
+ > ; + = ; + = .
y—1 z-1 y+z-2"z-1 x-1 z+x-2'x-1 y-1 x+y-2
bing thtre xay ra khi va chi khi x =y =z.
2 2
SuyraP24[ ad + y + z ]
y+z—-2 z+x-2 x+y-2
Str dung bét déng thic C-S ta c6
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x? N ¥’ N z 5 (x+y+z)2.
y+z—-2 z+x-2 x+y-2 2(x+y+z)—6

Suy ra

2 2
P4 @+y+ﬂ :2@+y+ﬂ
2(x+y+z)—6 x+y+z-3

18
=2(x+y+z-3)+————+12
x+y+z-3

18
22\/2(x+y+z— 3)_—3 +12=24
xX+y+z—

Ding thuc xay ra khi va chi khi
x=y=z>1
20ﬁ7+2_n= 18 ox=y=z=2.
x+y+z-3
Vay gié tri nho nhét cua P bang 24 dat tai x=y=z=2.
Bai tap twong tw
1) Cho x,y,z > 1. Tim gia tri nho nhat cua biéu thirc

[1 1] (1 1] [1 1]
P=x| —+—|+y| —+—|+z| —+—|.
y—1 z-1 z—1 x-1 x—-1 y—-1

Bai 4. Sir dung bt ding thic C-S dang phan thic ta co

2 2 2
T= X + y + :
3C+7(y+z)x 3y +7(z+x)y 3z°+7(x+y)z
2 2
N (x+y+2) _ (x2+y+z)
3(x2+y2+22)+14(xy+ yz+12x)  3(x+y+2z) +8(Xy+yz+12x)
2
N (x+y+2) _3
?,(x+y+z)2+2(x+y+z)2 17

Dang thic xay ra khi va chi khi x=y=1z.
Bai 5. Sir dung bat dang thic AM — GM cho 2 s6 duong ta dugc

xz(y+z)22x2\/);=2x2 1 = 2xx.
x

x*(y+2) S 2xJx

Suy ra > .
TS v 2ls Wy +224z
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Tuong tu ta co
y (z + x) 2y\/_
Z\zZ + 2x\/_ z\/_ + 2x\/_
z (x + y) > 22\/2
x\/;+2y\/; B x\/J_c+2y\/;

Cong theo vé 3 bit ding thirc trén ta duoc

2xvx 29y 22z

+ + :
y y+2z\/5 Wz+2xJx x x+2y\/;

bat a:x\/J_c,b:y\/_,czz\/;éabc=l.

Taco

P>

2a 2b 2c

P> + +
b+2c c+2a b+2b
a’ b? c?
= + +
a(b+2c) b(c+2a) c(a+2b)
2(a+b+c)2

a(b+2c)+b(c+2a)+c(a+2b)

2(a+b+c)2 . 6(ab+bc+ca) ~
B 3(ab+bc+ca) 3(ab+bc+ca) B

Vay gié tri nho nhat cua P bang 1 dat tai x=y=2z=1.
Bai 6. Sir dung bat dang thic AM —GM cho 2 s dwong ta duoc
2bc+ b+ (b+c)2
2be( P+ ) <
(5 +¢) < 242 242
) 2\/§a(b+c) _ 22a
te ) (b+c) b+c

be(b® +c*) =

T
e (
Tuwong tu ta cé

b(c+a) 225

=
\/ca(cz +a2) cta
c(a+ b) > 2V2¢
\/ab(az +b2) a+b
Cong theo vé 3 bat dang thic trén va goi P 1a biéu thirc vé tréai cua bat dang thic
ta duoc
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P>2\/_( +— ]22\/_.%=3\/§.

+c cta a+t+b

Bat dang thie dugc chimg minh. Dang thie xay ra khi va chi khi a= b= c.
Bai 8. St dung bét ding thire AM — GM cho 2 sé duong ta duoc

2z
(29
2

N xz(y+z) > xz(y+z) _ 4x* -

yz (y+z)2 y+z
2

Twong tu ta cé
2 2
¥y (z+x) > 4y

P Z+x
Z(x+y) > 4z

Xy x+ty
Cong theo vé 3 bat dang thirc trén ta dugc
? 22 +y+
p24( x +7 \>4(x 4 Z) =2(x+y+2)=2.
y+z Ztx x+y 2(x+y+2)

Dang thac xay ra khi va chi khi x =y=z= % Vay gié tri nho nhat cia P bang 2.

Céch 2: Viét lai P dudi dang
2 2 2 2 2
P= { +L+—} +{x—+y—+ ]
y z x 0y
Cha y st dung AM —GM ta cd
2 y2 2
—+—+—2xty+z
y z x
x2 2 ZZ
—+y—+—2x+y+z
z x y
Cong theo vé 2 bit dang thirc trén cd két qua tuong tu trén.
Bai 9. Goi P 12 biéu thuc vé tréi, vai gia thiét xyz =1suy ra
4 4 4
x z
P=— + 3y +- :
X’z+xz yx+xy zZ'y+yz

Str dung bat dang thic C — S dang phén thic ta c6
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2, .2, 2\*
PZ (x +y +z ) .
Xz+y’x+2y+xy+yz+zx
Ta can chiang minh
2, .2, 2\
X +y +z
() 3

Xz+y’x+ 2y +xy+yz+zxe 2
= 2(;7:4 +y* +z“)+4(x2y2 +y'z’ +22x2) > 3(x3z+y3x+z3y+xy+)a+zx)
Bat dang thuc trén 1 tong ciia cAc bat dang thirc
Yy 7+ 2 2yt vzt zx (1)
Pyt ez v+ 2y Q)
=yt vt Ry > 2(x3z + y3x+z3y) 3
Chang minh (1).
Str dung bat dang thuc AM — GM cho 3 s6 duong ta co
'y +y' 7 +2°x% 22(xp+yz+2x) -3
=(xy+yz+zx)+(xy+yz+zx— 3)

>xy+yz+zx+ 3(\3/1:2)7222 —l) =xy+yz+zx
Chirng minh (2).
Str dung bét ddng thicc AM — GM cho 4 s6 duong ta duoc

X xt+xt 2 >4

vy +yt+xt 2 4yx

'+t vz vy >4y
Cong theo vé 3 bat dang thirc trén ta co diéu phai chirng minh.
Chuang minh (3).
Bt ding thuc trong dwong voi

xz(x—z)2 +y2(y—x)2 +zz(z—y)2 =>0.
Bai toan dugc chimg minh. Pang thic xay ra khi va chi khi x=y=2z=1.
Bai 10. Goi P la biéu thuc vé trai cua bit ding thic.

Viét lai P va sir dung bit diang thirc C — S ta co
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2
x' y4 z* ( xz + yz + ZZ \
T Y L\/ N Y \/x2+ ZJ
pY ¥z zZ+x Xty o Y y
y+z zZ+x x+y 2(x+y+z)
( xl y2 ZZ \2
+ +
L\/y’+z2 N2 +x \/xz +y2J

6
Vay ta chi can chang minh

2 2 2
X Z 3

y
+ + > .
\/y2 28 +x \/x2 +y’ V2
Goi Q la biéu thire vé trai cua bét dang thuc viét lai Q va sir dung bat dang thuc
C-Staco

4 4 4

0= x LY N z
xz\/yz_i_zz yz\/zz+x2 Zz\/xz +y2

(x2 +3" +z° )2

- x’l\/y2 +7 +y2\/zz +x° +z2\/x2 +y
chay

Y+ 24y NE e 2y = TN (v 4 27)
o ARG ) )
= J2(x+y? + 22 (X224 yP2t 4 2

< ooyt ero ey

Suy ra

(x2+y2+22)2 =\/3( 2+y2+zz)2x+y+z 3

0= 20, 2, 2V 2 Tzﬁ
e+ +7)

Bat dang thire dugc chimg minh. Dang thire xay ra khi va chi khi x=y=z=1.
Bai 11. Viét lai bat dang thirc dudi dang
a+b b+c cta
+ +
3c+a+b 3a+b+c 3b+c+a

>2
5
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Goi P la biéu thirc vé trai ctia bat ding thuc ta co
(a+b) (b+c) (c+a)
(a+b)(30+a+b) (b+c)(3a+b+c) (c+a)(3b+c+a)

S (a+b+b+c+c+a)
“(a+b)(3c+a+b}+(b+c)(3a+b+c)+(c+a)(3b+c+a)
_ 4(.51+l;-+¢:')2 _ 2(a+l;-+¢:')2
2(a* +b” +c*)+8(ab+bc+ca) (a+b+c) +2(ab+be+ca)
2
> 2(a+b2+c) _6
(a+b+c)2+§(a+b+c)2 3

Bat dang thie dugc chimg minh. Dang thie xay ra khi va chi khi g= b= c.
Bai 12. Ta co:

P=( 4 +1]+4[ b +1]+9(—+1] 14
b+c ct+a a+b

=a+b+c+4 a+b+c+9 a+b+c

~14

b+c " c+a T a+b

=(a+b+c)[ e + 1 + 4 ]—14

a+b b+e c+a

—[(a+b)+(b+c)+ c+a):|( L, ]—14

+b b+c cta

2
_(3+1+2) _14=2
2 2
Ding thirc xay ra khi va chi khi ath _ b:c — c;a_

Bai 13.
Phén tich tim loi giai:
Tuong tu bai toan trén ta can thém vao mdi phan thirc cac hang sb thich hop dé
¢6 ca 3 phan thac cé chung tir thuec.
Ta chon x,y duong sao cho:
a+3c+x(a+ b) =c+ 3a+y(b+c) =M

<::>(x+1)a+xb+ 3c= 3a+yb+(y+1)c=M
x+1=3
x=2
oex=y (::»{ 2::>M=3a+2b+3c
y+1=3 B



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Vay tathemvao 424 ¢ = 23a+3c+26)
a+c dic
P:(a+3c+2]+[c+3a+zj+( 4b +6]_10
a+b b+c a+tc
3a+2b+3c  3a+2b+3c  2(3a+3c+2b)
) " + ~10
a+b b+c atc

VaytacéP=(3a+2b+3c)( J1rb+bJ1r + i ]—10
a c cta

:[(a+b)+(b+c)+2(c+a)](a41rb+bJ1rc+chraJ -10

2(1+1+J§)2—10

Bai 14. Ta c6:
12(b -
P= M+2 + 4a—+3C+1 + M+8 -11
2a 3b 2a+3c

(4a+3b+3c)(i+i+ 4 j—ll
2a

=[2a+3b+(2a+3c):|(2—1a+%+ 2a4 3C]—11
_l_

>(1+1+2)" ~11=5

2a+3¢

dang thuc xay ra khi va chi khi 2a=3b= < 2a=3b=3c.

Bai 15. Goi P la biéu thurc vé trai cua bat ding thiec.
Taco

P:(bi+2j+(ﬂ+lj+{m+4}—7
a b a+c

=(2a+b+c)(£+£+ij—7
a b a+c

2(a+b+(a+c))(§+%+$}—72(1+1+2)2—7:9

a+c
Sa=b=c.

Dang thic xay ra khi va chi khi a=5 =

Bai 16. Taco



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

P=( 3a +3J+[ 4b +4)+[ S¢ +5]—12
b+c c+a a+b

=(a+b+c)[ 3 + 4 + > )—12
b+c ct+a a+b

=—[(b+c)+(c+a)+(a+b)]( 4,3 ]—12

b+c ct+a a+b
(J§+2+J§)
> 2

-12

b+c c+a a+b

Ding thuc xay ra khi va chi khi

B2 5
Bai 17. Taco
25(4a+16 64(4a+9
P=[9b+16c+4j{w+9.25}{Lﬁm.m}lm
a b c
:(4a+9b+16c)(1+% %j 1253>(2+3. 5+48) —-1253=1148
a C

bing thirc xay ra khi va chi khi g=4b=16¢.
Bai 18. Goi P la biéu thuc vé trai cua bit ding thic.
Ta viét lai P va sir dung bét dang thircc C -S ta c6

] 2(x+y+z)

y+z z+x+x+y
b+c ct+a a+b

y+z z+x+x+y
b+c c+a a+b

P= (a+b+c)(

] —2(x+y+2z)

= —[(b+c)+(c+a)+(a+ b)][

25(\/y+z+\/z+x+\/x+y) —2(x+y+z)

Vay ta chitng minh

1 2 3(xy+yz+zx)
5(Jy+z+\/z+x +\/x+y) —2(x+y+z)2 Ty—l—z

<::>(Jtc+y+z)(x+y+z+z:\/Jtc2 +Jty+yz+zx)22(Jtc+y+z)2 + 3(xy+yz+zx)

S(x+y+2) ) X +ap+yzrze > (x+y+2) +3(xp+yz+2x)
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Tach Z\/x2+xy+ yZ + 7X 2\/(x+ y+z)2+(3 Xy + yz+zx)2

=\/(x+ y+2)° +9(xy+yz+2x)
Vay ta chitng minh

(x +y+z)\/(x+y+z)2 + 9(xy+yz+zx) 2(;!c+y+z)2 + 3(xy+yz+zx)
= 9(x +y+z)2(xy+yz+zx) > 9(xy+yz+zx)2 + 6(x +y+z)2(xy+yz+zx)
<:>(x+y+z)2 2 3(xy+yz+zx)
<:>(x—y)2 +(y—z)2 +(z—x)2 =0
Bat dang thic ludn ding.
Bat dang thire dugc chimg minh. Pang thire xay ra khi va chi khi
a= b = C;x :y =7.

Bai 19. Goi P la biéu thuc vé trai, viét lai P va st dung bét dang thuc C — Sta c6
2 2

=x\/x2+k)z+ny2+kzx+z z° + kxy
(x+y+2)
x\/x +kyz+y\/y +kzx+z\/z + kxy
(x+y+z)
\/(x+y+z)( (x +kyz)+y(y +kzx)+z(z +I¢xy))
Vay ta chitng minh

(k+1)(x+y+ 2)329[x(x2+kyz)+ y(y2+kzx)+z(22+kxy)]
& (k=8)(X*+y* +2°)+3(k+1)(x+y)(y+2)(z+X) > 27kxyz

Bat dang thuc cubi luon ding dya vao AM — GM.
Bét dang thirc dugc chimg minh. Dang thtc xay ra khi va chi khi x= y=z.
Bai 20. Goi P 1a biéu thuc vé trai, viét lai P va st dung bat dang thiac C - S ta dugc

1 1 1
& B &
B a(b+c)+ b(c+a)+c(a+b)
(1+1+1]’
a b c _ (ab+bc+ca)2

B a(b+c)+b(c+a)+c(a+b) B 2(ab+bc+ca)
_ab+bc+ca S 33Ya*b’c? _3
2 - 2 2
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Bat dang thirc dugc chimg minh. DBang thirc xay ra khi va chi khi a=b=c=1.
Bai 21. bat x = l,yz 1,2 = lbét dang thic trér thanh
a b c
x y z 3
+ + 2=
\/z(3x+2y) \/x(3y+22) \/y(3z+2x) J5
Str dung bat dang thic AM — GM ta c6

x > 24/5x
\/z(3x+2y)  5z+43x+2y
y o 25y

\/x(3y+ 22) CSx+ 3y+22

z > 2\/§z
\/y(3z+2x) - 5y+ 3z42x
Cong theo vé 3 bit ding trén két hop su dung C - S ta co

2\/§(x +y+ z)2 > 3
C3(x+y+z) +(xytyzrzx) V5

Bat dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi g=5b=c.
Bai tap twong tw

Cho a,b,c 1a c4c sb thuc duong. Ching minh rang

1 N 1 N 1 S 3
ada+b bJb+c cJecta abc

Bai 22. Goi P 1a biéu thirc vé trai ciia bat dang thic va sir dung AM — GM ta c6

(@ e 2fed
a* +5bp \/6a(a2+5b2) - @ +5b* +6a

N 2J6h*
b*+5c5  bP+5c°+6bh

| S 2J6¢c”
c+5a8 c+5a°+6¢
Cong theo vé 3 bat dang thirc trén ta dugc
2J6d" 268 2v6¢
- 2 2 + 2 2 + 2 2 '
a +5b"+6a b +5¢ +6b ¢ +5a +6¢
Vay ta can chirng minh
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3 a N b N Vs
a+5b°+6a B +5c°+6b o +5a°+6¢
Str dung bét déng thuc C =S ta co
a' b ct
2 2 2 + 2 2 2 + 2 2 2
a (a +5b +6a) b (b +5¢ +6b) c (c +5a +6c)
S (ar2 +5* +02)2
T at+bh +ct +5(azb2 +bH +c2a2)+ 6(a3 +5° +c3)
Vay ta chitng minh

>

1
T

(a2+b2+cz)2 1

a' +b' +c' +5(a2b2 +b°c +c2a2)+6(a3 +b° +(:3) 4

o 4(a2 +5 +c’1)2 >a*+b' +c' +5(a2b2 +bc? +c2a2)+6(a3 +b° +c3)
o2 +b +c')+a’b +b¢ + a2 2(d + b+ )

<:>2(a“ +b' +c“)+azb2 +b'c" +c'a’ 2 %(a+b+c)(a3 +b +c3)
<(a—b) +(b—c) +(c—a)' 20

Bat dang thirc dugc chimg minh. Pang thic xay ra khi va chi khi a=b=c=1.

Bai tap twong tw
Cho a,b,c la c4c sb thye duong cé téng bang 3.
Chirng minh rang

I P e
>1
a2+8b2+ b2+802+ A+ 84
Bai 23. Goi P 1a biéu thirc vé trai sir dung bét dang thirc C —S ta c6
(az+b2+c2)2
P>
avb? —bc+c? +byc? —ca+a? +cva? —ab+b?
(a2+b2+cz)2
>
\/(a+b+c)[a(b2—bc+cz)+b(cz—ca+a2)+c(a2—ab+b2)]
Ta can chirng minh
(a2+b2+cz)22(a+b+c)[a(b2—bc+cz)+b(cz—ca+a2)+c(a2—ab+b2)]

c>a4+b4+c4+abc(a+b+c)2ab(a2+b2)+bc(b2+cz)+ca(c2+a2)
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Bat dang thirc cudi ludn dung(xem chi dé chimg minh tuong duong).
Bat dang thie dugc chimg minh. Dang thire xay ra khi va chi khi a= b= c.

Bai 24. I-Datx_—y—l :l:>x2+y2+2221.
a b c
3 3 3
O 3
Bét déng thirc tro thanh —>—+ ¥4~ 22£.
y 4zt Z+x" x+y 2
Goi P Ia biéu thirc vé tréi va sir dung bit ding thirc C —S ta c6
4 4 4
Pt —

(Jc2 +y' +z° )2
x(y2 +z2)+y(z2 +x2)+z(x2 +y2)
Mt khac sir dung bit ding thirc AM — GM ta c6

(y +z \/2x y +z )(y +z )

<L [sz +y* +z° +)° +22]3
N2 3

=2f(x +y +z )\/m

Twong tur ta cé
(2 2 2\/5 2 2 2 2 2 p)
ylz +x)$—9 (x +y +z) X +y +z
z(xz+y2)S—Z\gfg(xz+yz+zz)\/;rcz+yz+z2
Cong theo vé 3 bat diang tht’rc trén tir d6 suy ra
P>— x'+y 4z

Bt ddng thirc dugc chimg minh. Ding thic xay ra khi va chikhi g = = ¢ = /3.
Bai 25. Str dung bat dang thirc C - Sta co

at+b* 61’ +54 > a’+b
\Il+ab 242ab  2+2ab

Tuong ty ta suy ra




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

a+b b +c c+d
= 2+2ab  2+2bc 2+ 2ca
(2a+2b+2c)
2(\/2+2ab +\/2+2bc+\/2+2t:a)

>

4(a+b+c)2
" 3+ab+3+bc+3+ca
Bat dang thirc dugc chimg minh. DBang thic xay ra khi va chi khi a=b=c=1.
Bai 26. Goi P 1a biéu thtic vé trai ta co
_3a+b 3b+c 3c+a

>3

= -1+ -1+ —-1+3
2a+tc 2b+a 2¢c+b
atb—¢ b+c—a c+a-»b
= + + +3
2a+tc 2b+a 2¢+b
_ (a+b- c) (b+c— a) (c+a— b) 3
(a+b c)(2a+c) (b+c a)(2b+a) (c+a b)(20+b)
(a+b+c) _(a+b+c) 3.4

Z(a+b c)(2a+c) _(a+b+c)2

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi g=b=c.
Bai 27.
Str dung bét déng thic C-S ta c6
1 1 1 9
+ + 2 :
avb?+c? bycP+a? cvaZ+b?  avb?+c? +byct+al +cval +b’
Tuwong tur ta cé

aVb + + NG +d +eNd + B
\/3 b2+c +b2(c"+a2)+cz(a2+b2)]

- \/6 ab +b'c +czaz) = \/6[(ab+bc+ca)2 —2abc(a+b+c)]

= \/6—12abc(a+ b+c)
1 1 1 9
+ + >
avb?+c? byct+a? cyal+b? \/6—12abc(a+b+c)

Bat dang thie dugc ching minh néu ta chimg minh duoc

Vay
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9 9
>
J6—12abc(a+b+c) 2./2 -3./6abc

& 2./2-3/6abc > J6—12abc(a+b+c) .

Luéndfmgdo a+b+CZ\/3(abﬁb_C+G\é_):\@;ak\)/(;Sqi. \/
E

Ding thirc xay ra khi va chi khi a:b:c=i v

NE

Bai 28. Bat ding thirc twong dwong véi

(ab+bc+ca)( Jlrb+bJ1r + l )2a+b+c+1
a c cta

ab bc ca 1

+ + >
at+b b+c c+a
Str dung bat dang thic C =S ta c6

ab bc ca ah bt cd
+ + = + +

at+b b+c c+a ab(a+b) bc(b+c) ca(c+a)
> (ab+bc+caf)2

— ab(a+b)+bc(b+c)+ca(c+a)
3 (ab+bc+ca)’

_(a+b+c)(ab+bc+ca)—3abc

(ab+bc+ca')2 _
- (a+b+c)(ab+bc+ca) B

Bit dang thirc duoc chimg minh dang thirc xay ra khi va chi khi a=b=2,¢=0

hodc cac hoan vi.
Bai 29. Sir dung bat ding thirc C -S ta c6

a b & (az +b? +CZ)2
+ + >
bB+c c+a & +b .ar(lf1 +c)+b(c;l +a)+c(a2 +b)
_ 1
ab® +bc* +ca’ +ab+bc+ca

3+\/§

3
Str dung bat déng thac AM —GM tacé ab+bec+ca<a’* +b* +c* =1.

Vay ta chi can chang minh gb® + bc* + ca* +ab +be +ca<
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a+b+c:(a+b+c)(a2+b2+cz)
=(a’+ )+(b3+ba2)+(c3+cb2)+ab2+bc2+ca2

2(a c+b2a+czb)+ab2+bc +ca’= (ab2+bcz+ca2)
1/3 a+b*+ct
Suy ra ab* + bc* +ca* Sa+§+c$ ( 3 )=?

Cong theo vé 2 bat dang thirc trén ta c6 diéu phai ching minh. Bang thirc xay ra

khi va chi khi a=b=c=i.

J3

Bai 30. Do tinh thuan nhat cua bat dang thirc chuan hoa cho a+ b+c¢ = 2

a b c 3
o \/b+c+\/c+a+\/“a+b2§'

Sir dung bat dang thirc C —S va goi P la biéu thirc vé trai ta c6
(af+b+c)2 B 9

avb+c+bJe+ra+cla+h 4(a\/b+c+bx/c+a+cx/a+b).

Vay ta chi can chiang minh

Ta can chirng minh

P>

avb+c+bJycta+cla+b s;.

That vy st dung bét dang thire C -S ta co
avb+c+byera+c/a+th < f(a+b+c)[a(b+c)+b(c+a

+c(a+b)]

_\/3 (ab+bc+ca) < a+b+c_g
Bat dang thie dugc chimg minh. Dang thire xay ra khi va chi khi g= b= c.
Bai 31. Bét dang tuong dwong Voi
at+b b+c c+a
+ +

at+b+4 b+c+4 c+a+4
Goi P la biéu thirc vé trai va sir dung bét dang thirc C -S ta c6

2

(Ja+b +Jb+c+Jc+a)
> .
2(a+b+c)+12

>1.

Vay ta can chirng minh
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(\/a+b +\/b+c+\/c+a)2 >2(a+b+c)+12

o Zﬂl(a+ b)(a+ c) >6

Str dung bét déng thuc C =S ta co

Z,/(a+b)(a+c) ZZ(a+ bC)=(a+b+C)+(\/E+\/b_C+\/a)
>3%abc +33abc = 6

Bat dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi g=b=c=1.

kz kx
Bai 32. bat abc:k3,k>0 va a= Q,bz —,e=—
z X y
z > 3

Bat dang thirc tro thanh: »”

(514

x+ky+kz K +k+1

Theo bét déng thuc C =S ta co:
Z z > (Jt:+y+z)2
Sx+ly+kz KE+y + )+ Doy +yz+2x)
Vi vay ta chi can chiing minh
(X+y+2)° .3
K(X*+y*+2°)+ (K +1)(xy+yz+2x) k*>+k+1

(k=1 (X*+y* +2°—xy—yz—-2x) >0
& (k-1Y [(x_y)z +(y-2) +(z_x)2} >0
Bat dang thirc cudi ding ta c6 dpem.

Bai 33. bat x=b+c-y=a+c =a+b taco: x+y+z+1=4Axyz;xyz>1.

2

o 2a 77 26 7T 2e
Bat dang thuc da cho tré thanh:
y x* S y+yz+zx
x+1 2xyz
Ap dung bit ding thirc C =S ta co:
3 x’ S (x+y+z)’ S 3y+yz+zx) xy+yz+zx
x+1 x+y+z+3 bxyz 2xyz

Bat dang thie dugc chimg minh. Pang thie xay ra khi va chi khi a= b= c.

2 2 2
Bai a0 Taco %y ¥ s ) _1
y+1 x+1 x+y+2 3
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Bét dang thire dugc ching minh. Dang thirc xay ra khi va chi khi x = y = 1

Bai 35.
Taco:
1 1 4 (x2+y2)2+4x2y2 (x2+y2+2xy)2 (x+y)'
7+7 Xry: Xy (X +y?) 23y (K 4y B 2x°y* (X* +y*)
Ta chitng minh
4 2, 2
ZXZEI)Z(E_XZ)-F y2) > 32(()(X+ ;)}: ) < (x+ y)8 > 64x2y2(x2 + yz)z.

< (x+ y)4 28xy(x2 + yz)c>((x2 + y2)+2xy)2 28xy(x2 + yz).

2
o (x2 + yz) —4xy(x2 + y2)+4x2y2 >0 (x- y)4 > 0 (lubn dang).
Bat dang thirc dugc chimg minh. Dang thire xay ra khi va chi khi x =y .
Nhan xét. Ta c6 thé bién doi twong dwong bat dang thirc nhur sau:

o[ bt )0 0)

2 2 = (x+y)2

x> yr xi+y?
- Xy \ A . L a2 ,
Djt t ==+, (t > 2)va dua vé chiing minh bét dang thirc:
y X
32X

X +2x+§+42—<:>(x—2)2(x2 +8x+4)20(lu6ndﬁng).
X X+2

Bai 36. Taco
S5xy+y’ =3xy+2xy+y° <3xy+y° + (x2 +y2) =(x+y)(x+2y).
Vay ta co
(x+2y—3) 2(J\c2 +y2) +(x+y)(x+2y) > 3(x+y)

<:>(x+2y— 3)( 2(1.‘2 +y2)+x+y)20<:>x+2y23
Str dung bét ddng thic C S ta co

2
P2M+x+3y=2x+4y26.
y+x

Bai 37. Str dung bat dang thic C -S ta c6
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x oy oz (x+y+z)
ay+bz az+bx ax+by_x(ay+bz)+y(zx+bx)+z(ax+by)
3 (x+y+z);1 S 3(xy+yz+zx) 3

- (a+b)(xy+yz+zx) B (a+b)(xy+yz+zx) Ca+b
Bét dang thirc dugc chimg minh. Dang thtc xay ra khi va chi khi x= y=z.
.. R LR , z e g y ¥4 X
Bai 38. Goi P la biéu thic vé trai va dat e="a=—b=—=abc=1.
x ¥y z
1 1 1

Suyra P= > + 5 +— .
124" +25a+12 125" +25b6+12 12¢” +25¢+12

49
Chay: 12¢* +25t +12 < ?(12 +1+1).

Thay t lan luot bai a,b,c va st dung bét dang thirc quen thudc:
1 1 1
5 +— +— >1.
a+a+l b +b+1 ¢ +c+l

Vivay P > 4—3;) Diang thuc xay ra khi va chi khi xX=y=z.

Bai 39. Str dung bat dang thauc AM-GM ta co:
a®+b’>ab(a+b)=a’+2b°>ab(a+b)+b’=b(a’+ab+b’)=3ab’.
a’+2b’ _ 3ab®  3p’
4ab+3a’ 4ab+3a’ 3a+4b
b* +2¢® S 3  c*+2a° N 3a’
4bc+3b> 3b+4c 4ca+3c® 3c+da
2 2 2

Suyra P>3 a + b + ¢ .

4a+3c 4b+3a 4c+3b
Str dung bét déng thic C-S ta c6:

Suy ra

Tuong tu ta co:

a’ b? c? >(a+b+C)2 _a+b+c 1

+ + > .
4a+3c 4b+3a 4c+3b 7(a+b+c) 7 7

Vay PZ%Déng thirc xay ra khi va chi khi a:b:c:%.

. . . . 1
Vay gié tri nho nhat caa P bang %dat taia=b=c= 3
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Bai 40. Goi P 1a biéu thirc vé trai bat dang thuc ta co
a’ b c
+ + :
a(b + 20) b (c + 2a) c(c + 2a)
Str dung bét ddng thic C-S dang phan thic ta c6
(a+b+c)2 _ (a+).'1+c)2 51
a(b+2c)+b(c+2a)+c(a+2b) 3(ab+bc+ca)

Bat dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi g= b =c.

CHU DE 6: KY THUAT THAM SO HOA

A. NOI DUNG PHUONG PHAP
Khi &p dung cac bét dang thirc co ban nhu AM-GM, C-S cai khd nhat cua bai

toan 1a du doan dau bang. Dé khic phuc diéu nay ta lya chon ki thuat tham sé hoa
tuc gia s dau bang cua bat diang thirc dat tai cac diém cho trude va di tim cac diém
xay ra dau bang bang cach giai phuong trinh va hé phuong trinh ta c6 két qua cua
bai toan.

Ta xét bai toan sau day

Cho x,y,z 1a c4c sb thyuc thoa man diéu kién xy + yz +zx =1.

Tim gia tri nho nhét cua biéu thac P =kx* +1y* + 2z voi kI 1a cac s thuc
khong am.
Ta cb 2 cach can bang hé sb cho bai toan trén ciing chinh 1a 2 phuong phép co

ban ta hay sir dung dé xur ly cAc bai toan phai str dung dén tham sé hoa.
B. BAlI TAP CHON LQC

Bai 1. Cho x,y,z la cac s thuc thoa man diéu kién xy + yz +3zx =1.
Tim gid tri nho nht cua biéu thuc P = x* + y? + 7.
Loi gidi
Phén tich tim loi gidi:
Véi didu kién di cho ta thiy vai trd cta x va z nhu nhau vay gia sit P dat min tai
x=z=k.y,(keR).
Véi a duong sir dung bat ding thac AM-GM ta c6

a(x*+12°)> 2azx
x> +k?y® > 2kxy .
7* +k?y? > 2kyz
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Cong theo vé cac bt dang thirc trén ta dugc:

(a+l)(x2 +zz)+2k2y2 > 2ky (z+ x)+ 2azx

2
B (X

a
Ta can chon a va k thoa man

2k? _q
ngrl a>0 a:3(3+\/§)
;:1 <<a=3k & \/4_

2 _ 3+4/33
a>0 2k®-3k-3=0 k = 7

Vi ava k chon duoc tirtréntacod P > 22 15- \/@ .

3(a+l) 16
Loi giai chi tiét:
Str dung bat ding thac AM-GM ta co:
3(3++/33 3(3+/33
( 7 )(X2+22)2 ( > )ZX

2
2 +(3+«/§J S 3+4/33 yz

4 2

Zz+[3+\/§Jy2 23+\/§

X
4 2 d

Cong theo vé ba bat dang thirc trén ta dugc

3(3++/33 23\
M+1 (x2+22)+2. 3+v33 y’
4 4
23+ '33(xy+yz+32x):3+ 33
2 2
10+3v33 _ _ 3+4/33 2(3+V33) 15-+/33
hay P> < P> = .
4 2 10+34/33 16

Ding thuc xay ra khi va chi khi X=z = 3+;/§ y =++/6-+/33.
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Bai 2. Cho x,y,z la cé4c sb thuc dwong c6 téng bang 3.

Tim gié tri nho nhat cua biéu thuc P = x> + y* + 2°.
Loi gidi

Vai tro cta x va y nhu nhau cho phép ta gia st P dat mintai x=y=a,z=D.

Theo gia thiét ta co 2a+b=3.

Str dung bat dang thuc AM-GM ta cé

x* +a® > 2ax

y’ +a’ > 2ay

2° +b° +b° > 2b*z

Cong theo ve 3 bat dang thirc trén ta dugc

X* +y?+2°+(2a% +20°) > 2a(x+y) +3b°z.

Ta chon cac hé sé a va b duong sao cho 2a = 3b?.

2a+b=3 a=—— a 12

Vay ta c6 hé phuong trinh { & 2 :
2a=3b2 3b2_b_3:O __1+\/3—7

3
Suyra P>2a’+b%=2 (19 \/_J (“—ﬁJ

12
Bai 3. Cho x,y la hai sé thyc khdng &m thoa mén diéu kién x* + y? =5.
Tim gid tri nho nhit cia biéu thuc P = x* + y°.
Loi gii
Gia sir P dat min tai x = a, y = btheo gia thiét taco a’ +b” =
Str dung bét déng thic AM-GM ta c6
x*+x*+a® > 3ax?
2(y°+b° +b°)22.30"y
Cong theo vé 2 bat dang thirc trén ta dugc
2x° +2y° +a° +4b° > 3(ax” + 2by?).

Ta chon céc sé duong a,b thoa mdn a=2b.

a=2b a=2
Khi d6 ta c6 hé phuong trinh ) & .
a’+b’=5 b=1

Do do P>a®+b® =9. bing thuc xay ra khi va chi khi x=2,y=1.
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Bai 4. Cho x,y,z 1a c4c sb thuc khong am thoa mén diéu kién X +y+2 =3.
Tim gié tri nho nhat cua biéu thuc P = x* +2y* +3z*.
Lo gidi

GiasuPdatmintai x=a,y=b,z=c theo gia thiéttacé a+b+c=3.
Str dung bat ding thac AM-GM ta c6

x*+a*+a'+a’ >4a’x

2(y*+b* +b* +b*)280%y

3(z*+c' +c'+c')212¢
Cong theo vé 3 bat dang thirc trén ta dugc

X +2y*+3z* +3a* +6b* +9¢* > 4(ax + 2b%y +3¢°2).

Ta chon cac sé duong a,b,c sao cho a® = 2b® =3c®.

) a+b+c=3
Vay ta c6 hé phuong trinh <<b=

3 o3 a3
a’=2b*=3c %/5(1+

1+i+i

2B

Suyra P>a*+2b* +3c*vdi a,b,c x4c dinh nhur trén.
Tong quat. Véi cac sb thuc khdng am X, X, ..., X. €6 tong bang n. Va n sb thuc
duong Kk ,K,,...,k . Tim gia trj nho nhat cta biéu thic P =k X" +Kk,X) +...+k X"
v6i m > 11a sé nguyén dwong cho trudc.
Bai 5. Cho x,y,z 4 céc sé thuc duong thoa min didu kién 2x +4y +3z° =68.
Tim gié tri nho nhat cua biéu thuc P = x> + y* + 2°.
Lo gidi
Giasa Pdatmintai x=a,y =D,z =c theo gia thiét tacé 2a+4b+3c* =68.
Str dung bat ding thac AM-GM ta c6
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x? +a? > 2ax
y® +b? > 2by

22+ 23 +¢®>3cz? <:>23+?2

¢ 3cz?

2

Cong theo vé 3 bit ding thirc trén ta duoc

xz+y2+23+a2+b2+%22ax+2by+ 5

3

3cz?

3c
2b

. 2a 2
Chon cac s6 duong a,b,c sao cho > = " -2 ob=c=2a.

Vay ta c6 hé phuong trinh {

2a+4b+3c®> =68 a=2
=
b=c=2a

Suyra P>a*+b*+c®=84.
Bai 6. Cho x,y,z la cac s6 thuc khdng &m thoa mdn X+ y +z =3.

3

b=c=4

Tim gia tri nho nhét va 16n nhét cua biéu thic

P=Vxt—x+1+4y —y+1+y22—2+1.

Tim gid tri Ién nhat cia P
Nhén xét. Tim mot bt dang thie dang Vx> —Xx+1<mx+n.

Cong viéc cua ta 1a di tim m va n. Bat dang thire ddi xang véi 3 bién x,y,z nén ta
khéng thé quyét dinh xem bién nao bang 0 va bién nao biang 3. Vi vy cach tét nhat
la tim m va n sao cho diu bing dat tai 0 va 1 déu théa mén. Hay cach khac ta can

Léi gidi

tim m,n sao cho ca 0 va 3 1a nghiém ciia phuong trinh: /X* —X+1=mx+n.

Vay ta c6 hé phuong trinh {

Cudi cuing kiém tra xem

VX2 —x+1<1+

vsi x €[0;3]).

(ﬁ—l)x

n=1 m:@
=
3m+n:ﬁ N 3

=1

(1+2ﬁ)x(x—3)

3

<~

<0 (luén dang

x/xz—x+1+1+(\ﬁ_1)x
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(ﬁ—l)(x+ y+12)

=3+7-1=2+47.

Ding thirc xay ra khi va chi khi 2 bién bang 0 va mot bién bang 3.

Vay P <3+

Vay gié trj 1on nhét caa P bing 2 ++/7 dat tai a =b =0, ¢ = 3hoic cac hoan vi.
Tim gia tri nhé nhit caa P

2 2
Tach \/xz—x+1=\/3(x_1) +[lej > X+1.

4 2
Tuong tu ta co: \/yz—y+12yT+l;\/zz—z+1227+l.
X+y+z+3

Cong theo vé 3 bat dang thic trén ta dugc: P > 3.

2
Ding thirc xay ra khi va chi khi x=y=1z=1.
Vay gié tri nho nhét cua P bang 3 dattai x=y=12z=1.

Bai 7. Cho x,y,z la cac s thuc thoa man diéu kién xy + yz +zx =1.
Tim gia tri nhé nhét cua biéu thic P = x> +2y® +52°.
. Loi gidi
Ta chttng minh bat dang thirc:
X*+2y? +52° > 2k (xy + yz + 2x) = 2k v6i k > 012 s6 chon sau.
Cong thém vao hai vé bat diang thic trén vai k (x2 +yi+ Zz)ta duoc:
(k+1)x*+(k+2)y* +(k+5)z* > k(x+ y+z)2.
Str dung bét déng thic C-S ta duoc:
X2 y’ 7’ (x+y+2)

(k+1)x*+(k+2)y*+(k+5) 2" = R I e 1 1

+ -
k+l1 k+2 k+5 k+1 k+2 k+5
Vay ta chi can chon k dwong sao cho:

1 >
. - T - 1 :k<:>(k—1)(k2+5k+5):0<k—°>k:1.
k+1 k+2 k+5

Loi gidi.
Ta co:
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2

(x+y+z

—

2 2
2 2 2_ XY T y _ 2
2x* +3y’ +62 =Tt T+v1T2 1T 11 =(x+y+2)
2 3 6 2 3 6
= P=x*+2y*+52° > 2(xy+yz+12x) =2
2 . s 111
bang thirc xay ra khi va chi khi x:y:z:E:g 6_3 2.1 x=32,y=22

thay vao diéu kién ta co

37% +62° +27° _1<:>z_+—:>(x;y;z)=[i 3 + 2 i+ 1 )

Nzl

Vay gié tri nho nhat cia P bing 2 dat tai (X;y;z)=| * 3 i+ 2 i+ 1 j

Bai 8. Cho a,b,c 14 cac s6 thuc dwong théa man diéu kién a® +b® +c? =1.
Tim gié tri I6n nhét cua bidu thac P = a’b3c?.
Loi gidi
Phan tich chon diém roi:
Gia st P dat gid tri nho nhattai a=x,b=y,c=z.
Khi d6 theo diéu kién ta cé: x* +y? + 2% =1.
Str dung bat ding thac AM-GM ta co:
2a 3b 4c a’b%’
— 29—y
X 'y z XY’z

Str dung bat ding thuc C-S ta co:
2
(§+§+£J g(az+b2+cz)(i+i+EJ:i+i+E.
X y 2 Xy
Ding thirc xay ra khi va chi khi
2.3 4 ax by cz x* y z

abc=""i—o—=2="u"=L =",
Xy z 2 3 4 2 3 4

Vaytachon x,y,z>0saocho{ 2 3 4 <ly=

V2
3
X 2 7
xX_ ¥y 3
3
2 2 2 _
X“+y +z2°=1 2
3
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Loi gidi chi tiét:
Str dung bét déng thic AM-GM ta c6:
2a 3b 4c I a’b’c*

RAGGE

Str dung bét ddng thiic C-S ta c6:

2 2 2
2a 3b 4c > Lo o 2 3 4
—+—=+—5< |(a°+b°+cC — |+ =] + 5| |=9:
VAN | A b A b
3 3 3 3 3 3
3
Suyra: p = a%b3ct < \/5 (Ej %
3 3 6561
Ding thirc xay ra khi va chi khi a—£ :ﬁ,c:g.
3 3 3
Bai 9. Cho x,y, z la c&c s6 thyc duong. Tim gia tri I6n nhét cua biéu thirc
2xy+4yz+3zx
(x+y+z)
Loi gidi
Taco
po2—>* Y 44 Y 2 .3 z X
X+Y+2Z X+y+2 X+Y+2Z X+y+2 X+Y+2Z X+y+2
Pita=—>X p=— Y co_ 2  (abc>0)tacoa+b+c=1.
X+y+2 X+y+2 X+Yy+z

Ta can tim gia tri I6n nhét cua biéu thirc

P =2ab+4bc+3ca voi a+b+c=1.
Ta chon céc hang s6 m,n,p duong sao cho
2ab+4bc+3ca=ma(b+c)+nb(c+a)+ pc(a+b)

< (m+n)ab+(n+ p)bc+(p+m)ca=_2ab+4bc+3ca

1

m=—

m+n=2 2

3

Sin+p=4 < n=§
p+m=3 5
=3
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Khi do
P =%a(b+c)+§b(c+a)+gc(a+b)

=%a(1—a)+%b(1—b)+gc(l—c)

SR

o () (1) 2]

=== + +
8 2 1 1 1
3 5
a—1+b—1+c—1 2
<g_ 2 2 2 :E
8 2(1+1+1j 23
3 5
Ding thuc xay ra khi va chi khi
a+b+c=1

=3y-1=5z-2.
(a—ll:[b—lj:(c—£j=l:l:1:>X 3 >
2 2 2 35

Bai tap twong tuw
1) Cho x,y,z 1 cac s6 thuc
Bing cach twong tu ta tong quat bai toan sau day
Cho a,b,c 1a céc s6 thyc khong am thoa mén a+b+c=k,(k >0). Tim gia trj
Ién nhit cua biéu thirc
P =m.ab+nbc+ p.ca,(m,n, p>0).
Bai 10. Chimg minh véi moi 0< X <1ta co x(9\/1+ X% +13\1- X2 ) <16 .
Lo gidi
Tacd

9axv1+x2  13bxv/1— X2 9(a2x2+1+ x2) 13(b2x2+1—x2)
= + < + :
a b 2a 2b
Ta chon a va b duong sao cho hé sé cia x*triét tiéu va thoa man déu bang cua

bat dang thac AM — GM

VT
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9(a’+1) 13(b*-1)

=0
2a | 2 a’—1=b’+1 azg
a’x® =1+x? o 9(a2+1) 13(b2—1) o L
b2X2 ::I.—X2 2a + 2b = O b :E

L &i giai chi tiét:

x(9\/1+ X% +13V1— X ) - 6.gx\/l+ W2 + 26%\/1— X2

2 2
< 3(9%+1+ x2J+13(X7+1—x2] =16

2
LS 5
Pang thic xay ra khi va chi khi { 2 ox=X
G ) J5
—=1-X
4

C. BAI TAP REN LUYEN
Bai 1. Cho x,y,z 1 c4c sb thuc khong am thoa man diéu kién Xy + yz + zx =1.

Chirng minh rang 10x* +10y? + 2> > 4.
Bai 2. Cho x,y,z la cac sd thuc dwong c6 tong bang 3. Tim gia tri nho nhat cua biéu

thac P :E+%+%.

x y oz

Bai 3. Cho ba s thuc x,y,z thude doan [0;1]vax+y+z=2.

Tim gid tri 16n nhét va nho nhat cua biéu thuc

P=x2—4x+5+\y? —4y+5+22—47+5.
Bai 4. Cho a,b,c 1a c4c sb thuc duong. Chirng minh rang
102’ +10b* +¢c* > 4(ab+bc+ca).

Bai 5. Cho x,y,z 1a cac sé thuc khong am thoa mén diéu kién x> +y* +z° =1.
Tim gié tri nho nhat cua biéu thuc P = x> +2y° +32°.

Bai 6. Cho x,y,z la cac s thuc khéng &m thoaman x+y+z=1.

Tim gia tri nho nhat cua bidu thuc P = x° + y? t3 .
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D. HUONG DAN GIAI - PAP SO
Bai 1. Céch 1: Ta can ching minh

10x* +10y? + 22 2 4(Xy + yz + 2X)

< 12x* +12y% + 32 2 2(x + y+z)2

0

2 2 2
>y oz 2
I+I+IZ 2(x+y+1z)
12 12 3
Bat dang thirc ludn dung theo C-S, that vay

22 _(x+y+2)
171 11
3

\%

2 2
XT+yT+ =2(x+y+z)
12 12

4=
12 12 3

[EEN

1.
12°
Xy +Yyz+2X =

|~

2 o I D A
bang thirc xay ra khi va chi khi

=S
00.|.I—‘
0

Céch 2: Sir dung bat dang thicc AM-GM ta c6
2X% + 2y > 4xy

2
8x° +Z? > 4xz

: 7
8y +?24yz

Cong theo vé ba bat dang thirc trén ta dwoc
10x? +10y? + 22 2 4(Xy + yz+ 2X) = 4.
X=Yy
Ping thirc xdy ra khi va chi khi 1 %~ 2 PN !
4y =1 4
Xy+yz+zx=1 3
Bai 2. Gia sir P dat mintai x=a,y =b,z =ctheo gia thiéttacé a+b+c=3.
Str dung bat ding thac AM-GM ta c6
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15(1+12jz§;

X a a
5i3+l4+l4+l4 22—(3);

y> b" b" b b

1 z z z 1z 1z 18
3[?+C—6+C—6+F+C—6+C—szg.

Cong theo vé 3 bit ding thirc trén ta duoc
15 5 3 15x 15y 15z 30 20 18
e T e B e e
X y 72 a b C a b ¢

. 1 1 1
Ta chon cac s6 duong a,b,c thoa man — =—=—.
a~ b* ¢
a+tb+c=3
Vaytaco hé phuongtrinh{ 1 1 1 ©a=b=c=1.
a> b* c°
Suy ra P2E+%+%:23.
a b’ c

Bai 4. Cong thém vao hai vé cua bt dang thuc dai luong 2(&12 +Db? +c2)ta can

chimg minh: 12a’ +12b” +3¢” > 2(a + b+c)2 .
Str dung bat ding thuc C-S ta co:

2 2 L2 2
, , ,_a b c_>(a+b+c) ~ 2
12a® +12b%* +3c* = T Tt T2 T 11 1_2(a+b+c) :
12 12 3 2 12 3
Dang thirc xay ra khi va chi khi a:b:c:i:ii@a:b:lc.
12 12 3 4

Bai 6. Phan tich tim diém roi
Biéu thirc cuia P d6i xang véi x,y nén dau bang xay ratai Xx=y=a,z="b. Khi
d6 theo diéu kiénta c: 2a+b=1.
Khi d6 ap dung bét ding thae AM-GM ta duoc:
b? (a3 +a’+ x3) > 3a°b’x
b*(a®+a’+y°)>3a’h’y

a’ (b3 +b3+ 23) > 3a’h?z
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Cong theo vé 3 bat dang thirc trén ta dugc:
b*(x°+y°)+a’z’ +4a°h’ + 2a’h’ > 3a’h’ (x+y +2) =3a’h’
=b*(x’+y°)+a’z’ >3’ —4a’’ - 2a’b* (1)

2 2
Ta chon a,b khong am sao cho: T aT < b®=2a°.
2
o . [p?*=2a? a= 2-+2
Ta c6 hé phuong trinh: 22t 1@ 2 .
a+b=
b=+2-1
Loi gidi.
Thay a,b vao bit ding thirc (1) ta dugc:
3-22 4 17-12V2 15, 3-22
3-242) (X +y*)+ 28> Sryie = .

bing thirc xay ra khi va chi khi x=y = 2_2\/5 z=~2-1.

Céch 2: Pay 1a dang toan quen thudc sir dung tinh don diéu ham sb.
Ta co:

P=(x+y) —3xy(x+ y)+%23 > (X+ y)g—%(x+ y) (x+y)+=

= f(z):%(l—z)3+ ; 7

Xétham sé f(2) :%(1—2)3 +%z3lién tyc trén doan [0;1]ta co:
f'(z):—%(l—z)zz @) =0 57121,

Ta c6 £(z) ddi diu tir Am sang dwong khi di qua z = \/_ 2 —1nén f(z) dat cyc tiéu

32f

tai z=~/2-1hay P> f(2)> f(v2-1) =

Vy gia tri nho nhét cua P bang 3_2\/5 dattai X=y = 2_2\/5,2 =J2-1.
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CHU DE 7: BAT DANG THUC HOLDER VA UNG DUNG

A. NOI DUNG PHUONG PHAP
Dudi ddy téi trinh bay bat ddang thirc Holder cho 3 day sé méi day gom 3 s6 diong.
Choa, b, c, x,y,z m,n,placac sb thuc duong ta c6
(a3+b3+03)(x3+y3+z3)(m3+n3+p3)2(axm+byn+czp)3.
Chang minh. Str dung bat dang thie AM — GM ta c6
a3 . 3 . m3
a’+b3+c? x‘°’+y3+z3
S 3axm
g/(a3+b3+c3)(x3+y3+23)(m3+n3+p3)
Tuong tu ta co
b3 y n
3 3,37 .3,.3,,3 3.3..3
a’+b’+c® xX'+y’+z° m+n’+p
3byn
g/(a3+b3+c3)(x3+y3+23)(m3+n3+p3)

3

m®+nd + pd

3

>

c .\ 2 . p
a+b¥+c® C+yd+2 miend+pd
> 3czp
g'/(a3 +b® +c3)(x3 +y3 4+ 23)(m3 +nd+ p3)
Cong lai theo vé 3 bt ding thurc trén ta co diéu phai chitng minh.
Hé qua 1. Cho a,b,c 1a c4c sb thuc duong ta co

(L+a)(1+b)(L+c)=(1+Yabc) .

B. BAI TAP MAU
Bai 1. Chang minh véi moi a,b,c 1a cac s6 thuc duong ta c6

2(a” +1)(b? +1)(c® +1) > (a+1)(b+1)(c+1)(abc+1).
Loi gidi
Nhan xét. Véi a =b = ¢ bat dang thuc tro thanh
2(a2 +1)3 > (a3 +1)(a+1)3 o (a—l)“(a2 + a+1) > 0 (ludn déng).

Vay ta co
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(a +1)32 (a3+1)
( +) (b+1) ( +1)

2(c+) >

Nhan theo vé 3 bt dang thirc trén ta dugc
8(a2 +1)3(b2 +1)3(c2 +1)3 >(a +1)3(b +1)3(c +1)3(a3 +1)(b3 +1)(03 +1).

Vay ta chi can ching minh (a3 +1)(b3 +1)(c3 +1) >(1+ahc)’.

IV

(c+1) ( +1)

Day chinh 1a bat dang thirc Holder. Bt dang thirc dugc chimg minh ding thirc
xay ra khi va chi khi a=b=c=1.
Bai 2. Chting minh véi moi a,b,c 1a cac sb thuc duong ta co

a b c
+ + > 3.
J2b2 +2¢2 —a?  \J2c2+2a% —b? 222 + 202 — 2
Loi gidi

Goi P 12 biéu thirc vé trai va dat
S =a(2b2 +2¢? —a2)+b(202 +2a2 —b2)+c(2a2 +2b? —c2) .

3
(s a+b+c
St dung bat dang thac Holder taco P.P.S > (a+b+c)3 — P? zg.

Vay ta chirng minh
(a+b+c)’
S
o (a+b+c) 23[a(2b2 +2¢° —a2)+b(202 +2a° —b2)+c(2a2 +2b? —cz)}

>3

< 4(&13 +b® +c3)+6abc >4[ab(a+b)+bc(b+c)+ca(c+a)]
Chay a®+b®+c®+3abc>ab(a+b)+bc(b+c)+ca(c+a)

a’+b3+cd>3abc
Cong theo vé 2 bat dang thirc trén ta c6 diéu phai ching minh. Bang thirc xay ra
khi va chi khi a=b=c.
Bai 3. Cho a,b,c 14 d6 dai 3 canh mot tam giac thoa man diéu kién
a?+b%+c?=3.
a b C

+ + >3.
Jo+c—-a +Jc+a-b +a+b-c

Chirng minh rang
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Loi gidi
Goi P la biéu thic vé trai va dit S=a(b+c—a)+b(c+a—b)+c(a+b-c).
Str dung bét ddng thirc Holder ta co P.P.S > (a+b+c)3 .
Vay ta can ching minh (a+b+ c)3 >9S
& (at+b+c)’ 29[2(ab+bc+ca)-3].
bit x= a+b+c,(XG[\/§;3])ta c6 2(ab+bc+ca)= x? —3ta can ching minh
x*29(x* ~6) < (x—-3)(x* ~6x-18)>0,vx e[ /3;3].

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 4. Cho a,b,c 1a c&c sb thuc duong c6 tich bang 1.

Chang minh ring P
Jb+c+7 Je+a+7 a+b+7
Loi gidi

Goi P 1a biéu thic vé trai va dit S=a(b+c+7)+b(c+a+7)+c(a+b+7).
Str dung bét ddng thirc Holder ta co P.P.S > (a+b+c)3.

Vay ta can chirng minh (a+b+c)3 >3

& (a+b+c)’>2(ab+bc+ca)+7(a+b+c).

, (a+b+c)2
Tacdé ab+bc+cas—~—,

Vay ta chirng minh (a+b+c)3 2%(a+b+c)2 +7(a+b+c)

<:>3(a+b+c)2—2(a+b+c)—2120
<:>(a+b+c—3)[3(a+b+c)+7]20
Bét ding thic cudi luon dung do a+b+c¢>3%abc =3.

Bat dang thire dugc chimg minh. Pang thire xay ra khi va chi khi a=b=c=1.
Bai 5. Cho x,y,z 1a d6 dai 3 canh mét tam giac.

, S 1 1 X+y+1z
Chirng minh rang + + >
Jx+y-z Jy+z-x Jz+x-y Xyz
Loi gidi

Goi P la biéu thirc vé trai va dat S=x*(y+z-x)+y*(z+x-y)+2°(x+y-2).
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Sir dung bét dang thic Holder taco P.P.S > (x+y + z)3 .

3 2
Vay ta can chiing minh (Xﬂ: 2) 2(“ Y+Z]

Tz
e xyz(x+y+2)>x3(y+z-x)+ y3(z+\»4—7y)+z3(x+ y—1)
oxt+yte? +xyz(Xx+ y+z)2xy(x2 + y2)+yz(y2 +zz)+zx(z2 +x2)
Bat dang thirc cudi ludn ding(xem thém chu dé bién ddi trong duong).
Bat dang thirc duoc chimg minh. Pang thic xay ra khi va chi khi x=y=1z.
Bai 6. Cho a,b,c 1 céc sd thuc khdng am thoa médn ab +bc+ca>0.

Chﬁ:ngminhréng\/ a +\/ b +\/ C >2.
b+c c+a a+b

Léi gidi
Nhan xét. Bit ding thirc trén di dwoc ching minh don gian bang bét ding thac
AM — GM duéi day ta tiép can bai toan theo bat ding thuc Holder.

Goi P la biéu thirc vé trai va dat S =a®(b+c)+b®(c+a)+c?(a+b).

Str dung bét ddng thirc Holder ta co P.P.S > (a+b+c)3 :

Vay ta can ching minh (a+b+ c)3 > 48

< a®+b®+c¢® +6abc>ab(a+b)+bc(b+c)+ca(c+a)

Bat dang thuc cubi ludn dang do

a®+b%+c®+3abc > ab(a+b)+bc(b+c)+ca(c+a)
3abc>0

Bat dang thirc dugc chimg minh. Dang thirc xay ra khi va chi khi c6 1 s6 bang 0
va 2 sb con lai bang nhau.

Bai 7. Cho a,b,c 12 cac sb thuc duong thoa man diéu kién a® +b%+c?=a+b+c.
Chtrng minh rang a%b? +b%c? +c?a? <ab+bc+ca.
Loi gidi
Taco
2
(a2 +b? +cz) —(a+b+c)’
:>2(ab+bc+ca—a2b2 —b2c? —czaz)za"’ +b*+ct—a?—p%-c?
Vay ta chiang minh a* +b* +¢* >a% +b? +¢2.
Str dung bét déng thic Holder ta c6
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3
(a+b+c)2(a4+b4 +c4)2(a2 +b? +c2) =a*+b*+c*>a% +b? +c?.
Bat dang thirc dugc chimg minh. DPang thire xay ra khi va chi khi a=b=c=1.

Bai 8. Cho a,b,c la c4c s6 thuc duong thoa man diéu kién a% +b? +c? =3.

. a® h° c®
Chitng minh rang ,|— +1 +1 >./3.
a’ +2bc b° + 2ca c° +2ab

Léi gidi
Goi P Ia bidu thc vé trai va dit S = a(a3 + 2bc)+ b(b3 + 2ca)+ c(c3 + 2ab) .

, £ a2 . .\ D2 2 w2, 2\8
Sir dung bat dang thirc Holder ta c6 P Sz(a +b“+c ) =27.
Vay ta chi can chang minh
a(a3+2bc)+b(b3+20a)+c(c3+2ab)§9
2
<:>a4+b4+c4+6abc£(a2+b2+02)

< a%b? +b%c? +c?a® > 3abc
Bat dang thuc cubi dung boi vi theo AM — GM ta c6

a’b? +b%c® +c%a’ > \/Bazbzcz (a2 +b%+ c2) =3abc.

Bat dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
C. BAI TAP REN LUYEN
Bai 1. Chting minh véi moi a,b,c 1a cac sb thuc duong ta co
2 2
3(a3 +b® +c3) 2(a2 +b? +cz) :
Bai 2. Cho a,b,c la cac sé thuc dwong co tong bang 1.

, . 3 a b C 3
Chirng minh rang \/b+c+«/c+a+\/a+b2 >

Bai 3. Chting minh véi moi a,b,c 1a cac sb thuc duong ta co
a b C

+ + >1.
Ja?+8oc b2+8ca +c?+8ab

Bai 4. Cho a,b,c 1a c4c sb thuc duong c6 tich bang 1.

a + b + ¢ >1.
W2 +c2+7 Ne2ra2+7 Ja2ib?+7
Bai 5. Cho a,b,c 1a c4c sb thuc khdng am cé téng bang 3.

Chirng minh rang
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. . a b C
Chung minh ran + + >4/3.
g g \/1+b+bc \/1+c+ca \/1+a+ab \/_

Bai 6. Cho a,b,c 1a c4c sb thuc dwong chung minh ring
(a5 ~a? +3)(b5 —b? +3)(c5 —c? +3)2(a+b+c)3.
Bai 7. Cho x,y,z 1 c4c sb thuc duong thoa méan diéu Kién X+ y+z = Xy + yz + 2X..
Chung minh ring (x+y + z)(&+ y +ﬁ)2 >27.
Bai 8. Cho a,b,c la céc s6 thuc duo/l:g odltén ang 3.

Chuang minh ring ~/a ++b ++/c >ab+bc+ca.
Bai 9. Cho x,y,z 1a cac s6 thuc duong.

2 2 2 T 4 2
Chiang minh ring X—+y_+z_23</E_
y 1z X 3

Bai 10. Cho a,b,c 1a cac s6 thuc duong. Chang minh ring
(1+ ag)(l+ bg)(1+ 03) > (1+ abz)(l+ bcz)(1+ caz).
Bai 11. Cho a,b,c,x,y,z la c4c sb thuc dwong. Chirng minh

3 K3 A3 3
a b (a+b+c) |
Xy 7 3(x+y+12)
Bai 12. Cho a,b,c Ia c4c sé thuc duong.
1 1 3
o+ o+ = :
(1+a)’ (1+b)® (1+c)’ 4(1+abc)
Bai 13. Cho a,b,c 1a cac s6 thuc duong c6 tong bang 1. Ching minh
a__ . b L C
Ja+2b ¥Yo+2c ¥Yc+2a
Bai 14. Cho a,b,c 1a cac s6 thuc duong. Ching minh

Q(a4 +1)(b4 +1)(c4 +1) 28(a2b202 + abc+1)

Ching minh rang

2
Bai 15. Cho a,b,c 1a cac s6 thuc duong. Chang minh

a+b b+c c+a a+b+c
>4(a+b :
\/ c +\/ a +\/ b (a+ +C)\/3(a+b)(b+c)(c+a)

Bai 16. Cho a,b,c 1a cac s6 thuc duong. Ching minh
a b c 27
st st 72 7
(b+c)® (a+c)® (a+b)” 8(a+b+c)
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Bai 17. Cho a,b,c 1a cac s6 thuc duong. Chang minh

\/ (a+b)3 . / (b+C)3 ) / (C+a)3 1
8ab<1a+4b+c> VBbc<g»+4c+a> VBcaﬁMm)"

Bai 18. Cho a,b.\ 1a cac s6 thuc khong &m. Chang minh
a b c

+ +
J(b+c)2+5c2 \/(c+a)2+5a2 J(a+b)2+5b2
Bai 19. Cho a,b,clacac sb thuc du A man didu kig ca=1.

>1.

oo Vs N 1 Vi
Chuang minh rang abc 36a+—+36b+—+36c+E <1.
C a

Bai 20. Cho a,b,c 1a cc s6 thuc duong thoa méan diéu kién
a®+b+cd=a% +b* +ct.
a b c

Ching minh rang + + >1.
a?+p3+c® al+b?+c® ad+bP+c?

Bai 21. Cho a,b,c 1a cac s6 thuc duong thoa méan diéu kién
1 1 1
a+b+c==+—5+—=.

a’? b? ¢?

Chiing minh ring 37a%b+1+J7b%c+1+37c2a+1<2(a+b+c) .
Bai 22. Cho a,b,c la cac s6 thuc duong cé tong bang 1. Ching minh

4abc a4 b 4+ C +12?(ab+bc+ca).

(a+1)® (b+1)° (c+1)

D. HUOGNG DAN GIAl - PAP SO
Bai 1. St dung bét ding thire Holder ta c6

2 2 3
3(a3 +b° +03) :(1+1+1)(a3 +b° +C3) Z(a2 +b? +c2) .
Bt dang thire dugc chitng minh. Bang thirc xay ra khi va chi khi a=b=c .
Bai 2. Goi P la biéu thiic vé trai va dit S=a(b+c)+b(c+a)+c(a+b).
Sir dung bét dang thiec Holder taco P.P.S > (a+b +c)3 =1.

Mit khac S=2(ab+bc+ca)£§(a+b+c)2=§:>P2\/g.

Bt dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi a=b=c= % .
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Bai 3. Goi P la biéu thuc vé trai va dat
S= a(a2 +8bc)+b(b2 +80a)+c(c2 +8ab).
Sir dung bat dang thic Holder taco P.P.S>(a+b+ c)3
Vay ta can ching minh (a+b+ c)3 >3
o (a+b+c)’> a(a2 +8bc)+b(b2 +8ca)+c(02 +8ab)

< (a+b)(b+c)(c+a)=8abc
Bat dang thirc hién nhién ding theo AM — GM. Dang thirc xay ra khi va chi khi
a=b=c.
Bai 4. Goi P la bicu thuc vé tréi va dat
S =a(b2+c2+7)+b(cz+a2+7)+c(a2+b2+7).
Str dung bét déng thuc Holder ta cd P.P.S > (a+b+c)3 .
Vay ta cn chang minh (a+b+c)*>$
& (a+b+c)’>7(a+b+c)+ab(a+b)+bc(b+c)+ca(c+a)
& (a+b+c)’>7(a+b+c)+(a+b+c)(ab+bc+ca)-3abc

& (a+b+c)’27(a+b+c)+(a+b+c)(ab+bc+ca)-3
Luon ding. Bat dang thirc dugc chimg minh. Dang thirc xay ra khi va chi khi
a=b=c=1.
Bai 5. Goi P 1a biéu thuc vé trai va dat
S=a(l+b+bc)+b(1+c+ca)+c(l+a+ab).
2 2 2y
Str dung bét déng thuc Holder ta cd P.P.S 2{&13 +b3 4¢3 | .

3
2 2 2
Vay ta can chirng minh [a3 +b3 +c3] >3(3+ab+hbc+ca+3abc)

2202 2 2
<> a?+3) adb3 (a3 +b3J+6(abc)3 >9+3(ab+bc+ca)+9abc.

2 2( 2 2
Str dung bét déng thuc AM — GM ta c6 Za3b3[a3 +b3J22(ab+bc+ca).
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2
Vay ta can ching minh ab +bc +ca -+ 6(abc)s > 9abc.

Bat dang thuc cubi ludn dang do

ab+bc+ca+6(abc)§29(abc)§29abcv‘| abcs(a+g+CJS=1.
Bat dang thac dugc chimg minh. Pang thiac xay ra khi va chi khi
a=b=c=1hoic a=3,b=c=0vacac hoan vi.
Bai 6. Cha y a5—a2+3—(a3+2)=(a—1)2(a+1)(a2+a+1)20.
Thiét lap twong tu va ta chitng minh
(a3+1+1)(1+b3+1)(1+1+C3)2(a+b+c)3.

Day chinh 1a bat dang thirc Holder.
Bai 7. Sir dung bat dang thirc Holder ta c6

(x2+y2+22)(\/§+ y+ﬁ)22(x+y+z)3.
4
(x+y+2) 207

x2+y2+22

Vay ta can chirng minh

< (x+ y+z)4 >27(x+y+z)(x+y+2-2)

o (x+y+2)>+54>27(x+y+2)

< (x+ y+z—3)2(x+y+z+6)20

Bat dang thie dugc ching minh. Dang thie xay ra khi va chi khi x=y=z=1.
Bai 8. Sir dung bat dang thirc Holder ta c6

(a2+b2+c2)(\/5+\/5+\/5)22(a+b+c)3:27.

Vay ta cn ching minh 27 > (ab +bc +ca)’ (a2 +b% + cz) .
Bt dang thic cudi ding theo AM — GM

3
ab+bc+ca)+a2+b2+c:2]
3

=27.

2
(ab+bc+ca)2(a2 +b? +02)§( (
Bat dang thire dugc chimg minh. Pang thire xay ra khi va chi khi a=b=c=1.
Bai 9. Goi P 1a biéu thirc vé trai va dat S = x?y? + y2z2 + 22x2.
o 3
St dung bét déng thac Holder ta cé P.P.S > (x2 +y2y 22) .

Ta can chiang minh
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3
2 2,2

(X +y +Z) Xyt 4zt

222,222

XY +yzo+z 3

=N (x2 +y24 22)3 23(x2y2 +y2z% 4 szz) 3(x4 +yty 24)

Pat a=x2+y?+22 b=x2y? +y?22 + 222 = x+y* 42t =a% - 2p.

Bat dang thuc tro thanh a® > 3b /3(a2 - 2b)
2
=a®-27a%h+540° >0 = (a2 —3b) (a’f' +6b)20.

Luén dung. Bit ding thie dugc ching minh. Dang thac xay ra khi va chi khi
X=y=17.

Bai tap twong tw

Chttng minh x,y,z 1a c4c sé thuc duong thoa man x* + y* + z* =3tacé
2 2 2
X z
—+y—+—23.
y z X

Bai 10. Sir dung bat ding thirc Holder ta c6
(1+a)(1+b7)(21+b%) 2 (1+ ab2)3
(1+b3)(1+c3)(1+c3)2(1+bc2)3 .
(1+C3)(1+ as)(l+ a'°‘)2(1+caz)3

Nhan theo vé 3 bit ding thirc trén ta c6 diéu phai chirng minh.
Bai 11. Sir dung bat ding thirc Holder ta c6
3 13 .3
(1+1+1)(x+y+ z)(a—er—JrC—]z(a+b+c)3
X y z

a® p* ¢t (a+b+c)3
=>—t—t—2
X Yy z 3(x+y+z)
Bat dang thire dugc ching minh.
Bai 12. Bat dang thirc twong duong véi:
l1+abc 1+abc 1+abc >3

+ + >—.
(1+a)’ (1+b)® (1+c)® 4
Str dung bét déng thirc Holder ta dwoc:
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a a 3 l+abc bc
(1+abc)[1+BJ(1+Ej2(1+a) :(1+a)3 2(a+b)(a+c)'
1+abc S ac “1+abc S ab
(1+ b)3 - (b+a)(b+c)’(1+ c)3 “(c+a)(c+b)
Cong theo vé 3 bit déng thirc trén va can ching minh

bc ab 3
(a+b)(a+c) (b+a)(b+c) (c+a)(c+b) 4

Tuong tu:

00

< ab(a+b)+bc(b+c)+ca(c+a)> Z(a+b)(b+c)(c+a).

< ab(a+b)+bc(b+c)+ca(c+a)>6abc.
Bat dang thirc cudi theo AM-GM.
Bai toan dugc ching minh dang thuc xay ra khi va chi khi a=b=c.
Bai 13. Goi P la biéu thtc vé trai va dat
S=a(a+2b)+b(b+2c)+c(c+2a)=(a+b+c)’ =1.

Sir dung bét déng thirc Holder tac6 P.P.P.S>(a+b+c)' &P >1aP>1.

Wk

Bt dang thire dugc chirg minh dang thuc xay ra khi va chi khi a=b=c=
Bai 14. Véi a =b = c bt déng thuc tré thanh
3 2
9(a4 +1) 28(a6 +a’ +1)
3 2

=N 9(a2 +i2j 28(a3 +i3+1j

a a

1

bit x=a+—,(x > 2)bat ding thuc tré thanh
a

9(x2 —2)3 28(x3 - 3x +1)2 o (x—2)2(x(x3 —8)+4(x3 —5)+6x2)20 .
Bat dang thire ludn dung voi x> 2.
Ap dung ta cé 9(a4 +1)3 28(a6 +a +1)2

9(b* +1)3 >8(b® +b° +1)2

9(c* +1)3 >8(c® + +1)2

Nhan theo vé 3 bt dang thirc trén ta dugc
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93(?:14 +1)3(b4 +1)3 (04 +1)3 283(a6 +a’ +1)2 (b6 +b° +1)2 (06 +c8 +1)2 .

Mt khéc theo bat dang thirc Holder ta c6
(a6 +a’ +1)(b6 +b® +1)(06 +c? +1) > (azbzc2 +abc +1)3 .

Tir d6 ta c6 diéu phai ching minh.

Ding thirc xay ra khi va chi khi a=b=c=1.
Bai 15. Goi P 12 biéu thic vé tréi va dit S =c(a+b)’ +b(c+a)’ +a(b+c)’.

Str dung bét déng thic Holder ta cé P.P.S 2(a+b+b+c+c+a)3 :8(a+b+c)3.

Vay ta can chirng minh

8(a+b+c)’ 16(a+b+c)’
2 2 7=
a(b+c)’ +b(c+a)’ +c(a+b)’ 3(a+b)(b+c)(c+a)

& 3(a+b)(b+c)(c+a)=2|a(b+c) +b(c+a)’ +o(a+b)’ |
< (a+b+c)(ab+bc+ca)>9abc |
Ludn dtng theo AM — GM.

Bai 16. Goi P 1a biéu thirc vé trai va dat S=a+b+c.
Str dung bét déng thic Holder ta c6

3 3
ST (e [ ) S
b+c c+a a+b 2 8(a+b+c)

Bat dang thirc dugc chimg minh. Bang thire xay ra khi va chi khi a=b=c.
Bai 17. Goi P la biéu thuc vé trai va dat
S =8ab(4a+4b+c)+8bc(4b+4c+a)+8ca(4c+4a+b)
=32(a+b+c)(ab+bc+ca)-72abc '
Str dung bat dang thire Holder ta c6

PPS>(a+b+b+c+c+a) =8(a+b+c)’.

Vay ta ching minh 8(a+b+c)*>$S
=8(a+b+c)’>32(a+b+c)(ab+bc+ca)—72abc

& (a+b+c)’+9abc>4(a+b+c)(ab+hbc+ca)
Day chinh 1a bat dang thuc Schur bac 3. Bat ding thie dugc chimg minh. Déng
thire xay ra khi va chi khi a=b=c.

Bai 18. Goi P la biéu thuc vé trai va dat
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S =a[(b+c)2 +502}+b[(0+a)2 +5a2}+c[(a+b)2 +5b2]

Sir dung bt dang thic Holder ta c6 P2.S > (a+b+c)’.
Vay ta can chirng minh
(a+b+c)’> a[(b+c)2 +5c2}+b[(c+ a)’ +5az}+c[(a+b)2 +5sz

e a(a-b)Y’ +b(b—c)’ +c(c-a)’ >0
Bat ding thuc cudi ludn dung ta c6 dpem. Pang thuc xay ra khi va chi khi
a=b=c.

Bai 19. Sir dung bat ding thirc Holder ta c6

§/6a+l +§/6b+1 +§/6c+% = i/l(Gab +1) +§/%(6bc +1) +§/1(6ca+1)

C a a C

s33(1+1+1](6ab+l+6bc+1+6ca+1)= S 1
a b ¢ Yfabc — abe

ab+bc+caj3 1
3 33
1

Bit diang thire dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c=—.

Vitheo AM - GM ta co abc < (

&

Bai 20. Str dung bat dang thic C -S ta c6
a N b . c
a?+b+c® al+b?+cd® at+pd+c?
a? b? c?
-3 3 373 3 3T 3 3, 3
a’+ab’+ac® a’b+b’+bc® ca’+cb’+c
(a+b+c)’

- a3+b3+c3+ab(a2 +b2)+bc(b2+cz)+ca(cz+a2) '

\%

(a+b+c)

B a4+b4+c4+ab(a2 +b2)+bc(b2+cz)+ca(cz+a2)

(a+b+c)’ a+b+c

_(a+b+c)(a3+b3+c3)_a3+b3+c3

Taching minh a+b+c>a+bd+¢?
2 3
<:>(a+b+c)(a4+b4+c4) 2(a3+b3+c3)

Dung theo bat dang thirc Holder.
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Bai 21. oi P la biéu thuc vé tréi sir dung bat dang thiac Holder ta c6

3
2 2 2
sz[,i/?a 2+1.a.a+\/7bbc+lbb \/7c 2+1.C.C]
a C

y 7a%b +1, 7b%c +1, 7¢? a+1
| a® b?
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 22. Sir dung bat ding thirc Holder ta c6

](a b+c)?=8(a+b+c)’

a+b+(:Z (a+b+c)3 __1
(a+1)* (b+1)° (c+1) (a(a+1)+b(b+l)+c(c+1))2 (t+1)

Vi t=a2+b2+022%(a+b+c)2=%.

2_ —
bat p=a+b+c=1gq=ab+bc+ca= P t=1—2t;r=abc.

Mt khac theo bét dang thie Schur béac ba ta co
abc>(a+b-c)(b+c—a)(c+a-b)

=abc>(1-2a)(1-2b)(1-2c)=9r+1-49>0r> 4q9_1 :1—92t :

Vay ta chi can chang minh

s B e (3t—1)(30t2 + 76t +13) > 0.
9 (t+1) 8

Bat dang thuc cudi ding ta c6 dpem. Bang thic xay ra khi va chi khi a=b=c :% :

CHU DE 8: KY THUAT SU DUNG BAT DANG THUC CHEBYSHEV

A. NQI DUNG PHUONG PHAP
1. Bt diang thirc Chebyshev véi hai diy don diéu cung chiéu

., |lyzay>..2a, | [y<a,<..<a, . )
Néu co hoac thita co
by>b,>..2h, b, <b, <..<b,

n(agb; +agh, +...+ayb, ) > (a +a; +...+a, ) (b + b, +...+by).

g = =...=d,

Ding thuc xay ra khi va chi khi {
by =b, =...=b,

Ching minh. Ta c6 dang thic



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

n
N(ayby +agh, +..+ 2 ) —(a +a +...+a, ) (b +by +.. 40y )= (ai—aj)(bi—bj)zo.
I<i#]
Vi (ai —aj)(bi —bJ)ZO,VL J :ﬁ.
2. B4t ding thirc Chebyshev véi hai diy don diéu ngwoc chiéu
y>a,>..>a, {a1£a2£...§a

" thitaco
b <by <..<b,

Néu c6
{ b >b, >...>b,

n(aby +asb, +...+apb, ) <(a, +ay +..+a, ) (b +by, +...+b,).
g =2a,=..=4a,
b=b,=..=b,
Chirng minh twong tu cho diy don diéu cung chiéu.

Bat dang thirc Chebyshev dugc ap dung cho cac bat dang thic ddi xing ba
bién va bai toan duoc giai theo cach nay kha don gian.

Ding thirc xay ra khi va chi khi {

B. BAlI TAP MAU
Bai 1. Cho a,b,c la c4c s6 thyc duong thoa man diéu kién a +b? +c? =1.
a2 b 1
+ + >,
b+c a+c a+b 2
Loi gidi
Do a,b,c dbi xtng, khong mat tinh tong quét gia sta>b>c

Ching minh rang

a?>b?>c?
= a _ b ¢ tirc 1a hai day don diéu cung chiéu.

b+c a+c a+b
Ap dung bat dang thirc Chebyshev ta c6 :

2 W2, 2
2 8 42 b L2 C >a+b+c.(a+ b . CJZ%%:%

‘b+c  a+c  a+b 3 b+c a+c a+b
Bt dang thire duoc ching minh. DAu bang xay ra khia=b = cz%
Chuy. Ta cé thé chitng minh bang C -S
2
B3 p 3 (a2 +b%+ 02)
+ + >
b+c a+c a+b a(b+c)+b(c+a)+c(a+b)

1
2(ab+bc+ca) 2(a2 b2 +c2) 2
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Bai 2. Ching minh véi moi s6 thuc duong x,y,z ta co
1 N 1 N 1 < X+y+2z N 3 .
X+Yy Y+Z Z+X Xy+yz+x 2(x+y+1z)

Léi gidi
Bt dang thire da cho tuong duong voi:
3( Xy + yz + zx
(xy +yz+2X) t Lt SX+y+z+(y—y)
X+Y Y+Z ZI+X 2(x+y+2)
PR X S3(xy+yz+zx)
X+y y+z z+x  2(x+y+z)
S [(x+y)+(y+2)+(z+x)]. 1 1. <3(Xy +yz+2x)
11 1 1 1 1|
e e
Xy y z 12
Khéng mat tinh tong quét gia str
1 1
>y> > > . > >
X2Y2Z=X+Y2XF 22y + L 2T 2T
T et
X y X z 7Yy

Str dung bat ding thirc cho hai day don digu clng chiéu trén ta c6 ngay diéu
phai chirng minh.
Bat dang thuc xay ra khi va chi khi x=y=z.

Bai 3. Cho x,y,z la céc sb thuc c6 tong bang 1. Chang minh

X y z 9
sttt <.
x“+1 y“+1 z°+1 10

Lo1 gidi

Trudc hét chuyén bai toan vé danh gia voi cac s6 duong

X z X y z
fop i B
X*+1 y°+1 z°+1 x°+1 y°+1 z°+1
Nén ta chi can chirng minh bat dang thirc trong truong hop ca ba sb déu khong am.
Vi bat dang thirc d6i xting véi ba bién nén khéng mat tinh tong quat gia sir
X >y >1zkhido

y>z.
241

x2+12y2+1222+1; X > 5 >
X“+1 y°+1 z

That vay ta chi can ching minh
X

> Y oxy?axzxly+y e (x-y)(1-xy)20.
x“+1 y“+1
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2
Bt ding thie dung do x—yzO;l—xyzl—(X;yj 21—%=%>0.
Viy ta c6 hai diy don diéu cling chiéu

2 g2 2 09 X Y . Z
X“+1y +1z2° +1); ; ; .
( )(x2+1 y?+1 22+1J

Ap dung bat dang thirc Chebyshev ta c6

(x2+1+y2+1+22+1)£ X Y,z j

x2+1 y?+1 z2%+1

s?{(xz +1). x2X+1+(y2 +1). y2y+1+(22 +1). ZZZ+J

X z 3(X+y+z
2 +2y+2 Sz(zyz)
X“+1 y°+1 z°+1 x°4+y“+z°+3

U

. 3(x+y+z

Vay ta ching minh %sg©x2+y2+zzzl.
X“+y“+z°+3 10 3
Bét ding thie ding vi x? + y? + 2 2%(x+ y+12)° =%.

Bai toan dugc ching minh. Bang thic xay ra khi va chi khi x=y=z= % :

Bai 3. Cho a,b,c la c4c sb thuc duong thoa man diéu kién a+b+c> L +%+1 .
a c

Chittng minh rang 2(<';1+b+c)2\/a2 +34+4b2+3+/c2+3.
Loi gidi
Bat dang thirc da cho twong duong véi

(2a—\/m)+(2b— b2+3)+(2c—m)zo

3(a2 —1) 3(b2 —1) 3(c2 —1)
= 2a++a?+3 i 2b++/b2 +3 " 2c++c? +3

2 4 w2 4 2
Chu y diéu kién atbrcxtpt l izt prol cfoly
a b c a b c

>0

0.

Nén ta bién d6i bat ding thuc vé dang
a®-1 b?-1 -1
a

2+\/1+3 2+\/1+32 2+ /1+%
a b C

N
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Khong mat tinh tong quét gia sir a>b>c, khi d6
1 S 1 1

2 >
2+\/1+32 2+\/1+32 2+\/1+32
a b C

a®-1_b%*-1_c%*-1
> >

a b ¢
Khi dé st dung bét diang thirc Chebyshev ta c6
a?-1 b? -1 c®-1

a + b + c
2+ /1+i2 2+ /1+i2 2+ /1+i2
a b c
2
21[@1 -1 bP-1 c2-1

+ \]
a b 2+ f1+— 2+ /1+— 2+ f1+—

Bat diang thire duoc ching minh. Dang thic xay ra khi va chi khi a=b=c=1.
Bai tap twong tw

£ s aA Lia 1 1 1
Cho n s6 thyc duong thod man diéu kién a; +a, +...+a, 2 —+—+...+—.
a 8y

Chitng minh rang 2(a, +a, +...+an)2\/a12 +3 +\/a§ +3+4..+a% +3.
Bai 4. Cho x,y,z la c4c sb thyc duong. Chirng minh

\/x+y+\/y+z+\/z+x>\/6(X+y+Z)

z X y  Ixy+yz+zx
Loi gidi
Tac0\/x+y+\/y+z+\/z+x: Xty |, X+2 y+z
z X y \/z(x+y) \/y(x+z \/x (y+2)

Khong mat tinh tong quéat gia st X>y>7 = X+y>X+2>2+Yy V&
X+y o X+z  y+z
\/z(x+y)_\/y(x+z)_\/x(y+z)
\/z(x+y)£\/y(z+x)s\/x(y+z)

Khi d6 st dung bt ding thirc Chebyshev cho hai diy don diéu nguoc chiéu nén
taco
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Jz?:fy) +Jy)z:: 2) +JX3E;:2) (JZ(X+ Y)+\/y(z+x)+\/x(y+z))

23(x+y+x+z+y+z):\?(x+y+z)\/ \/
Két hqp/ sir dung bét\ééng thirc C\LS ta co
X+Yy X+12 y+z 6(x+y+2)

\/z(x+ y)+\/y(x+z)+\/x(y+z) _\/z(x+ y)+\/y(z+x)+\/x(y+z)
6(x+y+12) _\/6(x+y+z)
- JB(xy +yz+2x) Xy + yz+ 2x

Bat dang thire duoc chirng minh. Dang thirc xay ra khi va chi khi x=y=z.

Bai tap twong tw
Chitng minh rang véi moi x,y,z duong ta co

§{\/x+y+\/y+z+\/z+xJ22 8(x+y+2) |
2\V z X y (x+y)(y+2z)(z+x)
Bai 5. Cho a,b,c la cc sé thuc khéng &m chirng minh
3(a+b+c)>a? +8bc ++b? +8ca ++/c? +8ab .
Loi gidi
+ Néu ton tai mot sb bang 0 bt ding thic c6 dang 2(x + y)>2,/2xy luén ding.
+ Ta xét ca ba s6 déu duong khi d6 viét lai bat dang thirc dudi dang

(Sa—\/a2+8bc)+(3b— b2+80a)+(3c—\/02 +8ab)20

2 2 2
o 8(a —bc) N 8(b —ca) N 8(0 —ab) S0

3a+va®+8bc 3b++vb®+8ca 3c++/c’+8ab

n (a2—bc)(b+c) . (bz—ca)(c+a) ) (02—ab)(a+b)
(3a+\/a2+8bc)(b+c) (3b+\/b2+8ca)(c+a) (3c+\/cz+8ab)(a+b)

Chay (a2 —bc)(b+c)+(b2 —ca)(c+a)+(c2 —ab)(a+b) =0,

Do vay str dung bat ding thirc Chebyshev ta chi can chiing minh hai day sau
don diéu nguoc chiéu

(a2 —bc)(b +c),(b2 —ca)(c+ a),(c? —ab)(a+ b)

(E’>a+\/a2 +8bc)(b+c),(3b+\/b2 +8ca)(c+a),(3c+x/c2 +8ab)(a+b)

>0
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Khong mat tinh tong quét gia st a>bh>c¢ taco
(a2 —bc)(b+c)—(b2 —ca)(c+a):(a—b)(c2 +ab+bc+ca)20

(b2 —ca)(c+a)—(c2 —ab)(a+b)=(b—c)(a2 +ab+bc+ca)20
Va (3a+\/a2 +8bc)(b+c)s(3b+\/b2 +8ca)(c+a)
< 3c(a—b)+(b+c)va® +8bc —(c+a)Vb? +8ca<0

(b+c)’ (a2 +8bc)—(c+ a)’ (b2 +80a)

<3c(a-b)+ <0
(b+c)va® +8bc +(c+a)vb® +8ca
8(a2 +b? +02)+6ab +15c(a+b)

< 3c(a-b)|1- <0

(b+c)va® +80c +(c+a)yb? +8ca |

Bat dang thuc cubi dung vi

Va? +8bc <a+b+c;\b?+8ca<a+b+c

= (b+c)va® +8bc +(c+a)Vb? +8ca<(a+b+c)(a+b+2c)

<8(a2 +b? +cz)+6ab +15¢c(a+b)

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .
C. BAI TAP REN LUYEN
Bai 1. Cho a,b,c 1a c4c sb thuc dwong thoa min diéu kién a+b+c <3abc.

1 1

Chiang minh ring + + <1.
1+2bc 1+2ca 1+2ab

Bai 2. Cho cac sb thuc a,b,c >1 thoa man diéu kién 1 + 1 L

+ =1.
a’-1 b°-1 c’-1

1 1
+ + <1.
a+l b+1 c+1
Bai 3. Cho x,y,z 1a cac s6 thuc duong c6 tong bang 1. Chirng minh
X y z 27
s+ -+ <.
Xyz+ X +1 xyz+y +1 xyz+z°+1 31

Ching minh rang

Bai 4. Cho a,b,c 1a c4c sb thuc dwong thoa min diéu kién ab +bc +ca =3.

1 1 1 3

5 +—— +—— < .
1+a“(b+c) 1+b“(c+a) 1+c“(a+b) 1+2abc

Chang minh ring
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Bai 5. Cho x,y,z la c4c sb thyc duong. Chirng minh
\/1+ 16x +\/1+ 16y +\/1+—162 >9.
y+2 Z+X X+Yy

D. HUONG DAN GIAIl - PAP AN
Bai 1. Bét dang thire da cho tuong duong voéi
a b c
+ + <1.
a+2abc b+2abc c+2abc
Khong mat tinh tong quét gia st a>b > c. Khi d6 ta c6
a+ 2abc>b+ 2abc >c + 2abc
1 S 1 S 1 N a S b S c
1+2bc 1+2ca 1+2ab a+2abc b+2abc c+2abc
Str dung bét déng thirc Chebyshev cho hai diy don diéu cuing chiéu

(a+ 2abc; b + 2abc;c + 2abc); 2_. b —
a+2abc b+2abc ¢+ 2abc

taco

3(a+b+c)2(a+b+c+6abc)( Zb +b kz)b + ;b)
a+2abc b+2abc c+2abc

a b c 3(a+b+c)
= + + < S
a+2abc b+2abc c+2abc a+b+c+6abc
Boivi a+b+c<3abc.
Bat dang thie dugc chimg minh. Dang thie xay ra khi va chi khi a=b=c=1.
Bai tap twong tw

1 1

+ + >1
1+2bc 1+2ca 1+2ab

Cho a,b,c 1a c4c sb thuc duong thoa méan diéu kign

Chang minh rang a+b+c > 3abc.
Bai 2. Bat dang thic da cho tuong duong véi
1 1 1 1 1 1 >0 a-2 b-2 C—2>0

22U + + 2

3 a+1 3 b+1 3 c+1 a+l b+1 c+1
Chu y diéu kién duoc viét lai thanh
1 1,1 1.1 1

a-2 a+2+b—2 b+2+c—2 c+2_0
a+la-1 b+1'b-1 c+1c-1
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a—22b—22c—2
a+l b+1 c+1
a+2 b+2 c+2
< <
a-1 b-1 c-1
Str dung bét ding thire Chebyshev cho hai day don diéu nguoc chiéu trén ta c6
ngay dpcm.
Bat dang thire dugc chirng minh. Dang thirc xay ra khi va chi khi a=b=c=2.
Téng quét cho n sb thuc a,a,,...,a, >1 thoa man diéu ki¢n
1 1 1
+ +

Khong mat tinh tng quat a>b>c =

=1.
af-1 as-1 az-1
, Sy 1 1 1
Chirng minh rang + +ot <vn+1-1.
yq+l g +1 a, +1

Bai 3. Khong mat tinh tong quét gia st

Xyz + x2 41> Xyz + y2 +1>xyz + 72 +1

Xzyz21= X S y S Z

xyz+Xx2+1 xyz+y?+1 xyz+z2+1

Str dung bét déng thirc Chebyshev cho hai diy don diéu ciing chiéu trén ta dugc

X y z 3(X+y+z)
2 . 2 . 7 = 2,32, 52
Xyz+x“+1 xyz+y“+1 xyz+z°+1 3xyz+3+x"+y“ +z
3

3xyz +3+ X2 + y2 + 22
Do d6 ta chi can chirg minh

32 TR s£<:>3xyz+x2+y2+z2 zi.
3xyz+3+x“+y“+z° 31
Chu y theo bét dang thirc Schur bac ba ta c6
9xyz

2
>A4(xy+yz+2x)—(X+
Xiyiz (xy yz zx) (x y+z)

= 3Xyz 2%(xy+ yZ + zx)—%

:>3xyz+x2+y2+222%(xy+yz+zx)—%+x2+y2+z2

_3(x+y+z)2 —2(xy +yz +2x)

1
1 3-2--1
12 3 :4

3 3 9
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Bat dang thirc dugc chimg minh. Bang thire xay ra khi va chi khi x=y=z= %

Bai 4. Bét dang thire da cho tuong duong voi
1 1 1 1 1 1
- + - + - >0
1+2abc 1+a®(b+c) 1+2abc 1+b?(c+a) 1+2abc 1+c?(a+b)
a(ab+ac—2bc)+b(bc+ab—2ca)+c(ca+bc—2ab)>0
1+a’(b+c) 1+b?(c+a) 1+c(a+b)
a(1-bc) . b(1-ca) . c(1-ab)
1+a(3-bc) 1+b(3-ca) 1+c(3-ab)

>0

1-bc l-ca 1-ab
= + + 20
bc+abc(3-bc) ca+abc(3—ca) ab+abc(3—ab)
1-bc l-ca 1-ab
> >

Giast a>b>c=>{bc+abc(3-bc) ca+abc(3-ca) ab+abc(3-ab),
bc +abc(3—bc) <ca+abc(3—ca)<ab+abc(3—-ab)

Str dung bét ding thire Chebyshev cho hai day don diéu nguoc chiéu trén ta c6
ngay diéu phai chimg minh. Dang thirc xay ra khi va chi khi a=b=c=1.
Bai 5. Bat dang thirc da cho tuong duong véi:

( /1+16—X—3]+[ /1+16—y—3]+[ 14202 —3]20
y+12 Z+X X+Yy
o[y 7t) %) oL
y+ . Z+X + +Yy >0

\/1+16X+3 \/1+1W +3 \/1+162 +3
y+1z Z+X X+Yy

Khéng mat tinh tng quét gia st
2X 1> 2y 1> 2z 1

y+Z  Z+X  X+Y

1 1 1
> >
1+ 16x +3 1+—16y +3 |1+ 162 +3
\" y+z V" z+x \j X+y
Str dung bét ding thirc Chebyshev cho hai diy don diéu cing chiéu trén va dua

vé chirng minh
2X 2y 14 22 X y Z 2;

-1+ -1>0& + +
y+12 Z+X X+y Y+Z Z+X X+Y
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Bat dang thirc cudi dang. Bai toan dugc chimg minh. Pang thirc xay ra khi va
chikhi x=y=z.

Bai tip twong tw
Cho x,y,z la cac sé thuc khdng &m thoa man diéu kién xy + yz+zx>0.

Chirng minh rang \/1+ 48x +\/1+ 48y +\/1+4—82 >15.
y+2 Z+X X+y

CHU DE 9: BAT DANG THUC BERNOULLI VA UNG DUNG

A.NOI DUNG PHUONG PHAP
V6i moi sé thuc a> -1, >1taludn co (1+a)” =1+a.a(1).
Chang minh.
+ Voi a =1 bat dang thic tré thanh dang thuc.
+ Véi a>1 Xéthamsd f(a)=(1+a)" —1-a.a véi a>-1taco
f(a) =o{(a+1)0“l —1]; fa)=0<a=0.
Ta c6 f°(a) d6i dau tir 4m sang dwong khi di qua a=0 nén f(a) dat cyc tiéu tai
a=0.
Vivay f(a)2 f(0) < (1+a)" 21+ a.a.

Bat diang thirc dwoc ching minh. ang thic xay ra khi va chi khi a=0 hoic
a=1.

Chay. Véi 0<a <1 bit ding thic ddi chiéu.
M6t dang phét biéu khéc cua bit ding thirc Bernoulli hay duogc sir dung

x2 zgxb +1—%véri x>0,a>b>0.
Charng minh.
a
X2 :[1+(xb —1)}'O z1+3(xb —1)=3xb +1-2,
b b b

Ap dung ta chimg minh dugc bat dang thic AM — GM dang luy thira

a"+a) +..+a" >(a1+a2 +...+anjm
n n
Chang minh.

Viét lai bt dang thire dudi dang
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m m na m
ney + N3 +ot| ——D——| >n.
3 +a,+..+a, a +a, +..+a, & +a,+..+a,

Chay
n m n
o m (n-1)a, - > a (n-1)a, - > a
—* | =|1+ Lizk 1 o>1-m, Lizk k=1n
a +a+..+a, 8 +a+..+a, a+a,+..+a,

L4y téng tat n bit ding thirc trén ta c6 didu phai chirng minh.
Dang thuc xay ra khi va chi khi &, =a, =...= a,.
Xét hai bat dang thuc AM — GM
a+a,+..+a
%2 n/alaz_"an .
Chang minh.

a +a,+..+a
bat A, =12 _1.G =10/aa,..a, .

n
Str dung bat ding thac Bernoulli ta c6

(ijn :{1+i—1jn >n+ n[ A —1} A (YA
A 1 1 Ava Ay -
= Al >a,AT
Str dung lién tiép bat dang thirc trén ta duoc
A'>a A"l>aa A"Z>..>a.a, .8.A =aa,..a,=G"= A >G,.
Vay bt dang thirc duoc chirng minh.
Ta c6 mgt dang suy rgng ciia Bernoulli hay dwoc Sir dung nhw sau
Véi n s6 thue cuing ddu va I6n hon hoic bang -1 ta c6
(1+a)(1+ay)...(1+a,)=1+a +a, +...+a,(1).

Chl y. (1) d& chirng minh bang quy nap toan hoc.

B. BAI TAP MAU
Bai 1. Cho a, b la c&c sb thuc thay d6i thoa mén diéu kién 0<a,b <1.

Chuang minh ring a° +b? >1.
Loi gidi
Str dung bat ding thac Bernoulli ta c6
b
1 [ 1—a} s1+b.1_a=a+b_ab:>ab> a

1+—— >
a a a a+b-ab

ab
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a
i:(uﬂ) s1+a.1_b=a+b_ab:>ba2L.
b? b b b a+b—-ab

a+b a+b
> =1.
a+b—-ab a+b

Cong theo vé hai bt dang thire trén ta duoc a° +b? >

Bat dang thire dugc ching minh.
Chu y. Bat dang thire trén dang véi moi a,b duong.
Bai 2. Cho a,b 1a cac s6 thuc duong thay doi thoa man diéu kién a+b=ab.

Chung minh ring a° +b? > 6.

Loi gidi
o aL A 101 N a
Tuwgiathiettaco: —+—=1=a>lb>1vab=——.
a b a-1

a a
Ta can ching minh aa-1 J{ilj >6.

a_
2 a
a?l=(1+a-1)a1>1+(a-1)——=1+a
Taco: a-
a \ 1 )? a
(_j :[1+_j S
a-— a-1 a-1
a a
P 1
Suy ra aa—1+(—j >2+a+——=4+(a-1)+——=>4+2,/(a-1).— =6.
- a- a- a-1

DAu ding thirc khong xay ranén a® +b? > 6.
Bai 3. Cho hai s6 thuc a,b thoa méan diéu kién 0<a,b<1.
Chting minh rang a® 2 +b? P <2.
Loi gidi
Str dung bat ding thac Bernoulli ta c6
a® = (1+a-1)"" <1l+(a-1)(b-a)
b3 = (1+b-1)*" <1+(b—-1)(a—b)
Cong theo vé hai bat dang thirc trén ta duoc
a® 2 +b*P <21 (b-1)(a-b)+(a-1)(b-a)=2-(a—b)’ <2.
Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi a=b.

Bai tap twong tw
Cho a,b,c 1a c4c sb thuc dwong c6 tdng bang 1. Chang minh

[qiaptbelc < % .
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Bai 4. Chirng minh véi moi sb thuc a,b, ¢ thude doan [0;1] ta lubn c6
a?® +p%¢ 4 ZE.
4
Loi gidi
Str dung bét déng thuc Bernoulli ta co:

XY — _
i=(1+_1 j clyy X XYYy X
xY X X X X+Yy—Xy

Ap dung bat dang thic trén suy ra:

a 2 b 2 c 2
a® 1%y > + n
a+b-ab b+c-bc c+a-—ac

5 (o) ()
> + + > =
a+b b+c c+a 4

Bai toan dugc chirng minh.

n
Bai 5. Chtng minh véi moi s6 nguyén dwong n ta c6 (l+£j < 3—%.
n n+

Loi gidi
Ta ching minh bai toan bang quy nap két hop st dung béat dang thirc Bernoulli.
+ V6i n=1bit ding thic tro thanh dang thrc.

k
+ Gia sir bt dang thuc dung véi n=k tac 14+1] <33
k k+2
k+1 3
+ Tacan chiing minh [1+—j <3-——— .
k+1 (k+1)+2
Chay
1+i “ k
k+1)  k+2( k¥+2k | k+2 1
1)\ K+1| k2 +2k +1 k+1 1 k
1+~ I+
k k* +2k
kt2 1 (k+2)°
< . =
k+1 2k (k+1)(k+3)
k< + 2k

Suy ra

(“ﬁjm S(“%jk %S@‘ kizj(kgkl;(i)i 3) ﬂ‘ﬁ'
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Diédu d6 ching to bat dang thire dung voi n=k +1.
Vay theo nguyén ly quy nap ta c6 diéu phai ching minh.
bing thirc xay ra khi va chi khi n=1,n=2.

Bai tap twong tw

1 n+l 1 n
Ching minh véi moi s6 nguyén duong n ta co [1+—1J > (1+ —J .
n+ n

Ta cliing xét cac bai toan da duoc d& cap.
Bai 6. Cho a,b,c 1a c4c s6 thuc khéng &m thoa mén diéu kién ab+bc+ca>0
ching minh véi moi s6 nguyén dwong n>2 taco

Q/a +r\1/ b +r\\/ ¢ >2.
b+c c+a a+b

Loi gidi
+ Néu ton tai mot s6 bang 0 gia sir 1a khi d6 st dung bét ding thirc AM — GM cho
hai sb ta c6 ngay diéu phai ching minh.
+ Xét ca 3 sb déu duwong sir dung bit ding thirc Bernoulli ta c6

m z[(n—lib%)y ) [(nlgbﬁ)]l ) (1+ (n—l)i'm)—a :

1 3 na
_1+£(n—1)(b+c)—a (n-1)(a+b+c)
n a
. b nb
T tu t >
vone A eo \n/(n—l) c+a) (n-1)(a+b+c)
c nc
n >

(n-1)(a+b) (n-1)(a+b+c)

Goi P 1a biéu thirc vé trai va cong theo vé ba bat ding thirc trén ta dwoc
n
PZ—lxn/n—122.
n —

Bai toan dugc chung minh.

Chl y trong (1) ta dung phép nghich dao trude khi st dung Bernoulli bai véi s6
mii nhé hon 1 néu danh gia ngay s& c¢6 chiéu bat dang thuc nguoc lai. Vi vay
can nghich dao dé c6 chiéu bt déng thirc can ching minh.
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Bai 7. Cho a,b,c la c4c sb thyc dwong. Chirng minh

e e
3 +3 +3 >
2b +25¢ 2c+25a 2a+25b

Lot gidi
Ap dung BDT Bernoulli ta c6
o 27a 1 S
- 1= 2b +25¢
2b +25¢ 2b + 25¢ \a 1+ 1 2b+25c+54a
27a
27a

. 27b
Tuong tutaco 3
2c+ 25a 20+25a+54b a+25b 2a+25b+54c

Cong theo vé ba bét diang thuc trén va két hop sir dung bit dang thic C - S ta

a c (a+b+c)
duoc 3 +3 +3 >27. >
2b + 25¢ 2c +25a 2a+25b 81(ab +bc +ac)
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c .
Bai 8. Cho a,b,c 1a c4c sb thuc duong. Chirng minh

SN NP R

Loi gidi

Str dung bét dédng thuc Bernoulli dang x? 21+%(xb —1) ta co
2a Y (2aVi_. 7[( 2a Y
T e
a+b a+b 6[\b+c
7 7
3 2b _ 2b 321 -
b+c b+c b+c
7

7
3( ch z( 2c )321 4l
c+a C+a c+a

Cong theo vé ba bat dang thic trén va goi P 1 biéu thuc vé trai ta duoc

2 2 2
P23+Z 2a + 2b + 2 -31.
6|\la+b b+c c+a
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Khi d6 dua vé chitng minh

(a)z(b)z(cf 1 1 1(b c a)
— |+ —] + = + + | X==y==,2==
a+b b+c c+a (1+x)2 (1+y)2 (1+z)2 a b ¢
Z + 2: + 22_
+xy (1+z)° z+1 (z+1)° 4
Chu y. Cau hoi dit ra la tai sao khdng st dung truc tiép Bernoulli dang suy rong
ban dau boi nhu vay ta c6
b c
+ +
a+b b+c c+a 2
a=1b=2,c=3.
Bai tip twong tw
Ch{rngminhréngi/ 2 +§/ b +§/ ¢ 5o,
b+c c+a a+b
2) Cho bdn sb thuc duong a, b, ¢, d. Chitng minh
Bai 9. Cho a,b,c la cac s thuc duong ching minh aP*¢ +b®*2 4¢3 > 1.
Loi giai

1 1 z 1 3
Vivay P >3.Ding thuc xay ra khi va chi khi a=b=c.
7 —
s(ﬁj :(1+ﬁ_ j Z(
a+b a+b 3
Tuy nhién bat ding thic ndy khong phai ding véi moi a,b,c dwong chang han
1) Cho a,b,c la c&c sb thuc khdng am thoa mian diéu kién ab+bc+ca>0.
7 7 7 7
5 22 L3 2_b L3 2¢C L3 2d S 4
a+b b+c c+d d+a
Ta can so séanh cac sé (b+c),(c+a),(a+b) véisd 1.

+ Néu ton tai mot trong ba s 16n hon 1 thi rd rang bét dang thire ludn dung.

+ Ta chi can xét khi a,b,c cuing thugc nira khoang (0;1] , khong mat tinh tong quat
tagia s a>b>csuyra min{(a+b),(b+c),(c+a)}=b+c.
Dén day ta lai chia truong hop dé xur ly

- Néu b+c>1 st dung bat ding thire Bernoulli ta c6

©—[1+(a-1)]" 21+ (a-1)(b+c)
b+ =[1+(b-1)["" 21+ (b-1)(c+a).

—[1+(c-1)** 21+ (c-1)(a+b)

Cong theo vé ba bat dang thirc trén dwa vé ching minh
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l+ab+bc+ca-a-b-c>0«(1-a)(1-b)(1-c)+abc>0.
Bat dang thire dung.
- Néu b+c<1 talai chia thanh cac trudng hop sau déy:
Khd nang 1: b+c<c+a<a+b<1sir dung bat ding thuc Bernoulli ta c6
a*e = a > a = a > 2
(1+(a_1))1—(b+c) 1+(a-1)(1-b-c) a+b+c-a(b+c) a+b+c

Tuong ty cho 2 bat ding thac con lai rdi cong lai theo vé ta c6 diéu phai
chang minh.
Khd nang 2: b+c<c+a<l<a+btacd
a’*C > ;b >b= aP*® +b%*2 £ 3P > a4 b+ 2P
>a+b+1+(c-1)(a+b)=c(a+b)+1>1
Ta c6 diéu phai ching minh.
Khd ning 3: b+c<l<a+c<a-+btaco
"t >a
b*® >1+(b-1)(c+a)
P >1+(c-1)(a+b)
Cong theo vé ba bat dang thirc trén va dua vé chitng minh
1+bc+(ab+bc+bc—a-b-c)>0«<(1-a)(1-b)(1-c)+abc+bc>0.
Bat dang thic dung.
Vay véi moi sé thue duong a,b,c ta ludn c¢6 a>*¢ +b2 4¢3 >1,
Bai tap twong tw
Cho a,b,c 1a cac s6 thuc duong ching minh (a+b)° +(b+c¢)* +(c+a)
Bai 10. Cho a,b la céc sé thuc khdng am c6 tdng bang 2 ching minh

b 12a (a—b]z
a” +b+| —— | <2,
2
Lo gidi
Khong mat tinh tong quat gia st a>b=0<a-1<1;0<b <1 si dung bat dang
thuc Bernoulli ta co
a® =[1+(a-1)]" <1+(a-1)b=—b>+b+1
b® =b.[1+(b-1)T" <b[1+(a-1)(b-1)]=b?(2-b)

Vay ta chi can ching minh

bso.
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( 2 24 2 (a-b 2
b +b+1) +b*(2-b)" + 5 <2

<:>(—b2+b+1)2+b4(2—b)2+(b—1)2£2<:>b3(b—1)2(b—2)£0

Bat dang thirc cudi dung do d6 ta c6 dpem.
Ding thirc xay ra khi va chi khi a=b=1.
Bai tap twong tw
Cho a,b la céac s6 thyc khdng am c6 tong bang 2. Chirng minh

a-b 4
oot o(250) 2

C.BAI TAP REN LUYEN
Bai 1. Cho n s6 thyc thoa mén diéu kién 0< x, X, ..., X, <1. Chiing minh rang

1 1 1
(14 %) )xg (14 X )xg oo (14 %, )i =27,

Bai 2. Chang minh riang véi moi s thuc 0< x <% ta co

)COt X

(0052 X >sin?x.

Bai 3. Chang minh vai moi s6 thuc 0 < x <% ta co

(2+sin x)2+tan *>(3+tan x)1+5i” X

Bai 4. Cho a,b 1a cac s thuc thuoc khoang (0;1). Chang minh
a)® (b
(_j (_j =3
b a
Bai 5. Cho a,b la cac sé thuc duwong thoa man diéu kién bz%,a+b =2.Chiing
minh ab? +2>3ab.

Bai 6. Cho x,y la hai s6 thyc dwong. Chang minh x¥ +y* >1.
Bai 7. Cho a,b,c la c&c sb thuc khdng am thoa mian diéu kién ab+bc+ca>0.

Chfrngminhréngi/ 2 +§/ b +§/ C 52,
b+c \Vc+a Va+b
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D. HUONG DAN GIAl - PAP SO

1 J—
Bai 1. Chiy (1+ X )1 >1+ 2k >0 [ koThix =%
Xk+1 Xk+1
Nhan theo vé n bit ding thirc trén ta c6 diéu phai ching minh.
Dang thic xay ra khi va chi khi x =x, =..=x, =1.

Bai 2. Chl y Véi O<x<% ta c6 cotx>1 khi d6 sir dung bat ding thuc
Bernoulli ta cé
(0052 x)wtx = (1—sinx)™* (1+sin x)** > (1-sin xcot x)(1+sin xcot x)
=(1-cosx)(1+cosx) =1-cos’ x =sin® x
Ding thire khéng xay ra nén bai toan dwoc ching minh.
Bai 3. Pat a=1+sinx,b=2+tanx=1<a<b tacan chitng minh
(1+a)° > (1+b)? ®(1+a)§ >1+b.

Bat dang thirc cudi dung theo Bernoulli.
Bai 4. St dung bét ding thire Bernoulli ta c6:

a a a
(Ej =(1+Bj sl+a.ﬂzb+l—a:>[gJ > 1

a a a b b+l-a’
b
Tuong tu ta co: (Bj > L :
a a+l-b
Cong theo vé hai bit déng thuc trén va chi y
1 1 S 4

+ P =
b+l-a a+l1-b b+l-a+a+l-b
Bat dang thire dugc chimg minh. Dang thire xay ra khi va chi khi a=b.
Bai 5. St dung bét ding thire Bernoulli ta c6

b2 14 (a1 1 21+b(a—1).
b* =[1+(a-1)] (1+i_1ja 1+a(t1)—1j

Viy ta ching minh 227D o 3ab < b~ b(1-b)

o[ L -1) 2-b(2-b)

< (b-1)(3b—-4)>0dung.
Bat dang thire dugc chitng minh.

+2>3b(2-b)
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Bai 6. Ta xét ba truong hgp sau:

+Néu x>1,y>1=x¥ +y* > x+y> 2, bt ding thirc luon ding.

+Néu x>1,y<1=x¥ + y* >1+y* >1, bat ding thirc luon ding.

+ Néu x,y <1, 4p dung bai tap mau ta c6 dpcm.

Bai 7. Néu mét sb bang 0 st dung bat ding thac AM — GM ta c¢6 ngay diéu phai
ching minh.
Ta xét ca ba s6 déu duong khi d6 st dung bét dang thire Bernoulli ta c6

iE 1 1 233 2a?3
= 1= 2 - B 3= 23 p2 ok
b+c brc)s 1 M§+E (b+c) +a a“ +b“" +c
a 20 a 2
LD 2p%/3 [ c 2¢%/3
Tuong tuta co 3 > 3 > .
cta 2234102 +cB \Nath 223 12 4 o2

Cong lai theo vé ba bét dang thirc trén ta c6 dpem.
Ding thuc xay ra khi va chi khi c6 mét s bang 0 va hai s bang nhau.
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Clurong 3:

PHUONG PHAP HAM SO TRONG GIAI TOAN
BAT PANG THUC VA CUC TRI

CHU DE 1: KY THUAT SU DUNG TINH DON DIEU VOI BAI TOAN
* CUC TRI VA BAT DANG THUC MOT BIEN SO
A. TOM TAT LY THUYET
1. Pinh nghia 1. Gia st K la mot khoang, nira khoang, mét doan.
Ham s6 y = f(x) xac dinh trén D duoc goi la:
+ Dong bién trén K néu véi moi xg, %, € K, X <X, = f(x) < f(%,).
+ Nghich bién trén K néu véi moi xg, %, € K, X <X, = f(x)> f(%,).
2. Piéu kién cin dé ham sbé don digu
Gia strham sb y = f(x) co dao ham trén K
+ Néuhamsé y = f(x) dong bién trén K thi f'(x)>0 véi moi x thudc K.
+ Néuhamsé y = f (x) nghich bién trén K thi f'(x) <0 vé&i moi x thudc K.
3. Piéu kién di dé ham sé don diéu
Dinh ly. Gia sir K 1a mot khoang, nira khoang, mot doan. Ham s y = f (x) lién
tuc trén K va ‘cé dao ham tai moi diém trong cua K(tirc cac diém thudc K nhung
khong phai dau mat cia K). Khi d6
+ Néu f'(x)>0,¥xeK thihamsb y= f(x)dong bién trén K.
+ Néu f'(x)<0,VxeK thihamsb y = f(x) nghich bién trén K.
+ Néu f'(x)=0,VxeK thihamsb y = f(x)khong doi trén K.
Cha y. Néu ham sd y=f(x)lién tuc trén doan [a;b] va c6 dao ham
f'(x) >0(f'(x)<0) véi moi x thugc khoang (a;b) thi ham sé y = f (x) ddng bién
(nghich bién) trén doan [a;b].
4. Dinh nghia 2.
Cho ham sb y = f (x) Xac dinh trén K.
+ S8 M duoc goi 1a gia tri 16n nhat caa ham sé y = f (x) trén K khi va chi khi
f(X)<M,vxeK
{ElxoeKl f(x)=M"
+ S m duoc goi 12 gia tri nho nhat cia ham sé y = f (x) trén K khi va chi khi
f(x)>m,¥xeK
{oneK| f(x)=m
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B. NQI DUNG PHUONG PHAP
1) Ky thuat tim gia tri l6n nhat, gia tri nhé nhat cia ham sé
Dé tim gia tri I6n nhat, gié tri nho nhat caa ham s6 y = f(x) trén D ta tinh y’
roi tim cac diém t6i han(cac diém ma tai do y’ triét tiéu hodc khong ton tai) lap
bang bién thién. Tir bang bién thién suy ra max, min.
Chay. Néu ham sé y = f (x) ludn ting hodc lubn giam trén doan [a;b] thi
Ymax = Max{ f(@); f (b)}; Ymin =min{ f (a); f (b)}.
+ Néu ham s6 y = f (x) lién tuc trén doan[a;b] ludn ton tai gia tri I6n nhét, gi tri
nho nhit trén doan do6 va ta tim max, min don gian nhu sau:
Buéc 1. Tinh dao ham y’, tim cac diém téi han ciia ham s6 gia sir 1a X, Xy ..., X, -
Buéc 2. Tinh cac giatri f(x)), f(X5),..., f(X,)-
Buac 3. Két luan
Ymax = Max{ f (%), £ (X),eoes £ X)) Yimin = Min{ £ (%), £ ()., £ (X))}

. . . 3
Vi du 1. Tim gié tri 1on nhét, gié tri nho nhat cua ham s§ y = x° +4(1—x2) trén

doan [-1;1].
Léi gidi

p 3
Xéthamso y= x5 + 4(1— XZ) lién tuc trén doan [—1;1] .Taco

y'=6x° —24x(1— x2)2 y'=0s 6X|:X4 —4(1— xz)z} -0

Suy ra y(0) =4; y(i\EJ =g; y(+1) =1.

N A 2 4
Vi vay Ymin = y(i—\/gJ 25; Ymax = y(o) =4.

Vi du 2. Tim gié tri 16n nhét va nho nhat cua ham sb

y = VL x4 14 (1-x)"" vsi xe[0;1].
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Loi gidi
201521 2015(1-x)*

Taco y'= - ;
2\/1+x2015 2\/1+(1—x)2015

Suy ra
y'=0c>x2°14mz(l—x 2018 14 X205
2014 LA /

[1 | +2015
it trén doan [0;1] ta c6

t2014

Xétham s f (t) =

2013t29%° + 4028

f(t)=-
() 2t2015 [1+t2015 <0

Vi vay f(t) 1a ham nghich bién trén doan [0;1], do d6

e f(x)= f(l—x)<:>x=1—x<:>x=%.

1 12015
Tinh céc gia tri: y(0) = y(1)=1+\/§;y(5j=2 1+(Ej :
) o 1)1 o
Vay gié tri nho nhat ctia ham so6 bang 2, [1+ (Ej  gia tri I6n nhit bang 1++/2 .

Bai tap twong tw

Cho a,b 1a hai sb thuc khong &m c6 tong bang 1. Tim gia tri I6n nht, gia tri nho

nhat cta bidu thic P =1+ a2 +\1+p%H

Vi du 3. Tim gié tri 1on nhat va gia tri nho nhat cia ham s6

y=5|cosx+sinx|+]|7cosx+sinx|.
Lo gidi
Ta dua vé chung mét biéu thirc bang cach st dung ding thic:
|a| + [0 = /a* +b? + 2|ab] .

Khi d6



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

y =\/25(sin x+cosx)’ +(7cos x+sin x)* +10|(sin x +cos x) (7 cos x +sin x)|

=\/50+323in 2X + 2408 2X +10‘sin2 X +7¢0s? X + 4sin ZX‘

= \/50 +325in 2X + 24¢0s 2X +10|4 +3c052X + 4sin 2x|

= /8(3c0s 2x + 4sin 2x) +10]4 + 3c0s 2x + 4sin 2x| + 50

= J40sin(2x + &) +[40 +50sin (2% + )| + 50

Véi cosa =£,sina =§.
5 5

Gio chi can khao sat ham s6 y = 4sint +|4 +5sint| = Yya =13; Yin = —Ee.

Tir d6 suy ra gi tri 16n nhét va nho nhat cua ham sé da cho 1a
Ymax = 6\/5; Ymin = 3\/5 .

2) Ky thuat déi bién
Str dung khi ham mét bién cé chura cin phic tap; dang luong gidc; mi hodc da

thirc co6 chira béac cao.
X—X(x-1)+2

du 1. Tim gid tri 1on nhit va nho nhat cia ham sb y = :
) ' X —/x-1+1

Vi

Loi gidi
Tap xac dinh: D =[1;+c0).
Pt t=vX —X1=—— <1 vx>1=te(0:].

X +4/x-1
t2 41
Chiy. t2 =2x—2,/x(x—1) —1=> x—/x(x—1) = :
ay X x(x—1) -1= x—/x(x-1) 5

t2+5

2t+2
2 _ M

Taco y‘=%<0,we(0;l]. Do d6 Y, = Y@ =§. Khong ton tai gia
2(t+1) 2

Khidoy =

tri 16n nhét.
Vi du 2. Chting minh rang véi moi s6 ty nhién n > 1 ta c6

r§/1+@+Q/1—@<2.




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Loi gidi

Q/*

biat X =Tne (0;1), Vne N™ . BDT cin chirng minh tro thanh

V+x+W-x<2,vxe(0;1).
Xéthamsé f(x)=V1+x+V1—x liéntyc xe[0;1)co

1 1
Ya+xt Ya-—xn-t
Vay f(x) nghich bién [0; 1) nén f(x) < f(0) = 2, ¥x (0;1) (dpem).

Vi du 3. Cho ham sé f xac dinh trén tap sb thuc, lay gia tri trén R va théa mén diéu
kieén f(cotx)=sin2x+cos2x, Vxe(0;7).

F0)=1 <0, vxe(0)

Hay tim gia tri Ion nhit va gia tri nho nhidt cua ham s
g(x)= f(sin2 x).f (c032 x) trén R.

Loi gidi
Taco f(cotx)=sin2x+cos2x, Vxe(0;7)

2cotx  cot®x-1_cotx+2cotx-1

< f(cotx)= = , Yxe(0;z
(cotx) cot?x+1 cot?x+1 cot?x+1 (0:7)
Tir d6 véi chd y ring véi mdi teR déu ton tai x e (0;7) sao cho cot x = t ta
2
duoc f@):i—%gl—l, VteR.
t°+1

sin® 2x +32sin? 2x - 32
sin® 2x —8sin® 2x + 32

Suyra g(x)=f (sin2 x).f (0052 x): VxeR (1).

Pit u =%sin2 2x ta c6 u thudc doan {O;% .

Vivay tir (1) ta dugc
ming(x)=minh(u) va maxg(x)=maxh(u)
XxeR 1 xeR 1

& &

_u?+8u-2
uz-2u+2
2(—5u2 +4u +6)

trong d6 h(u)

Taco h'(u)=

(u2 —2u+ 2)2
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D& dang chiing minh dugc h'(u)>0, Vu e {O;ﬂ .

Do d6 ham h(u) dong bién trén {o;ﬂ :

Vi vy trén {O;H tacé minh(u)=h(0)=-1 va maxh(u)zh&]

_1
25°

Vay ming(x)=-1, dat dugc chang han khi x = 0 va max g (X) =%, dat duoc

ching han khi x =%.

3) Ky thuét khao sat truc tiép
Trong mot s bai toan cd thé phai dao ham nhiéu lan lién tiép tham chi phai
khao sat thém ham sé phu. Ta thuong st dung
% f(x) ddng bién trén [a; b] thi f(x) > f(a) voi moi x > a.
% f(x) nghich bién trén [a; b] thi f(x) > f(b) véi moi x <b.
Chu y. Lap bang bién thién néu can thiét hodc st dung tinh chit vé diém cuc dai,
cuc tiéu.
3

Vi du 1. Chirng minh rang véi moi x > 0ta c6 X—%<sinx<x.

Léi gidi
3

Xéthamsd f(x) :—x+%+sinx trén nira khoang [0;+0) . Ta c6

2
f'(xX)=—-1+cosx

X
2
f"(X) =x—sinx
f"(x)=1-cosx
Ta co f"(x)=1-cosx>0,vxe[0;+0)= f"(x)> f"(0)=0, nén f'(x) dong
bién trén [0;+00). Suy ra f'(x) > f'(0)=0=> f(x) dong bién trén [0;+o).
Do do f(x)> f(0)=0,vx>0 va f(x)> f(0)=0,vx>D0.
x3 X3
Tﬁclag—x+sinx>0<:>x—€<sinx vai x>0 (1)
Luuy f"(x)>f"(0)=0 véix>0tacod sinx<x (2)
T (1) va (2) ta co dpem.
Vi du 2. Chting minh véi moi x duong va n 1 s6 nguyén duong ta co
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2 3 n

X X

R T
2! 3! n!

Loi gidi
2 3 n

Xéthamsé f,(x) =e* —(1+ x+—+—...+X—Jtrén khoang (0;+0)ta c6
2! 3! n!

2 .3 n-1
fro(x)=e*- lexe X X :
21 3l (n-1)!

Tudosuyra f™ (x)=e*-1>0,vx>0= £ (x)> "D (0)=0.
St dung lién tiép taco f W) > f,(0)=0= f,(x)> f,(0)=0(dpcm).
Chuy. Sb thuc duong a dé bat dang thuc sau ludn dung véi moi sb thuc x 13 e.
G X" x
a* 21+X+7+...+—|,VXGR;I‘I€N .
n!

That vay, Bét dang thac dé cho tuong duong voi:

2 n
X X
xlnazln£1+x+7+...+—]

n!
X2 x"
Inf1+X+—+..+—
2 n!
Ina> X>0"
X
=
x? X"
Inf1+X+—+..+—
2 n!
Ina< ,X<0
X
Chuy
X2 x" x? X"
Inf14+X+—+...+— INn[1+X+—+..+—
) 2 n! ) 2 n!
lim = lim =1
x—0" X x—0~ X
~ |Ina=1
Do do < a=e
Ina<1

Nguoc lai vai a 13 e thi bat déng thuc ding.
Vi du 3. Cho n 1a s 1& I6n hon 3. Ching minh rang véi moi x = 0ta c6

2 n 2 3 n
1+x+x—+...+x— 1—x+X——X—+...+X— <1.
21 n 21 3l n!
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Lot gidi
2 n
u(x):1+x+x—+...+x—
< 2! n!
bat 2 3 n’
v(x)=1- x+ 2 X X
2! 3! !
Ta can chung minh f (X) =u(x).v(x) <1.
Taco
u'(x)=1+x+=—+.. 42 ()——
21 (n-11
2 3 n-1 n
v(x)_—1+x—x— LS. =—v(x)—X—
21 3! (n-1)! n!
Vi vay

f'(x)=[u (x).v(x)]' =u'(X)v(x) +u(x).v'(x)
= {u(x) —%} V(X)+ u(x){—v(x) —%} =—

2x NG + x4 . X"
21 G

www.toanmath.com

%[u(x) +V(X)]

Vinlasé e lén hon 3 nén f (X) d6i diu tir dwong sang am khi di qua x=0.
Do d6 tai x =0 thi ham sé dat cuc dai vi vay f (X)< F(0)=1,vx=0. (dpcm).

b+x
Vi du 4. Chitng minh vgimoia, b, x >0va a=b taco (?j
+ X
Loi gidi

Xét ham sb f(x)=(a+x
b+

Suyra [In f(x)] = {(b+ x)InaLﬂ

<:>f(x)=|na+x+(b+x)b ( szlna+x b-a
f(x) b+ x +x \ b+ b+x a+x
:»f’(x):f(x)(lna” J
a+x
a+tXx

b- aj (a+ij+x -
b+x a+x b+ x 9

b+x
a+Xx
= — In
(b+x} (

b+x
J , x>0. Khi do6 Inf(x)=(b+x)|n(b—j.
X

().

a+X
+ X
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trong do g(x)=lnﬂ+b_—a.Tacé
b+ x + X
_b+x b-a a-b (a—b)?

g9'(x)

a+x (b+x)>? " @+x?  (a+x)2(b+x)

Do d6 g(x) nghich bién trén (0;+c). Suy ra

g(x) > lim g(x) = lim (ln“ﬂﬂ):o.
X—>0 x>0\ b+Xx a+x

Vay f'(x)>0, ¥x >0, nén f(x) ddng bién trén (0;+o0).
Suy ra f(x) > f(0) (dpcm).

Vidu 5. Cho a,be[0;1]. Ching minh ring

X b a .
a+b+1+ x+a+1+ X+b+1+(1—x)(1—a)(l—b)sl, vxe[01].
Lo gidi

X b a

Xéthamsé f(x)= + + +(1-x)(1-a)(1-b) lién tuc
a+b+1 x+a+1l x+b+1
trén doan [0;1] ta cé
1 b a
f'(x)= - - —(1-a)(1-b
) at+b+l (x+a+1)’ (x+b+1) (1-a)@-b)

f"(x)= 20 5+ 2a 520, v e[0;1]
(x+a+1)" (x+b+1)
Nén ham sé (x) dong bién trén [0; 1], suy ra phuwong trinh £'(x) = 0 ¢6 nhiéu
nhat mot nghiém trén (0; 1).
e Néu phuong trinh £(x) = 0 v6 nghiém thi f(x) don diéu trén [0; 1], thi

f (x)<max f (x)=max{f (0); f (1)}.

[01]
Taco
b a a’b’+a+b+1 ab+a+b+1
f(0)=——+——+(1-a)(1-b) = < =1;
e L G Gt ey Py e T PR 1T (WY
f(l)z 1 N a " b < 1 + a + b _1
a+b+1 b+2 a+2 a+b+1 b+a+1l a+b+1

Suy ra f(x)sr[r(l)?ﬁ( f (x):max{f(o); f (1)}31.

e Néu phuong trinh £(x) = 0 c6 nghiém duy nhat x = x,. Khi d6 do (x) dong
bién trén [0; 1], nén
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f'(x)<0, vxe[0;x]va f'(x)>0, Vxe[xy1].
Do d6 x,1a diém cuc tiéu caa ham s6, ma f(x) lién tuc trén [0; 1] nén

f(x)sr[r(l)?ﬁ( f (x):max{f(o); f (1)}31.

Tir hai truong hop ta c6 diéu phai chang minh.
Vi du 6. Cho tam giac ABC c¢6 A>B>C . Tim gia tri nho nhét cua biéu thuc

\/x—sinA \/x—sinB

P= — + —.

Xx—sinC Xx—sinC
Loi gidi

biéu kién xac dinh: D =(—o0;sinC]U[sin A;+o).

X —sin A +\/x—sinB
Xx—sinC Xx—sinC

, 1 /x—sinC sinA-sinC 1 |x-sinC sinB-sinC
f'(x)== —. >+ —. > >0,vxD.
2\ x-sinA (x—sinC) 2\ x-sinB (x—sinC)
, A x VT . sinA-sinB
Do d6 f(x) dong bientrénDvacé lim f(x)=2;f(sinA)=,|— <1.
X—>—00 sinA-sinC
U S s /sinA—sinB . .
Vay gia tri nho nhat cua P bang ,|————— dat tai x=sin A.
sinA-sinC

1 a+n p+n
Vidu 7. (VMC 2011) Cho «, 8 € Rthoa mén [1+—] <e< (1+—J véi moi
n n

Xétham sé f(x) =\/ lién tuc trén D ta c6

nnguyén duong. Tim min |a - ,B| .
Loi gidi

1
In(1+1j
n

—X,Xx=>1.Khi do

LAy logarit tw nhién suy ra « < -n< p,Vne N".

1
In(1+1j
X

min|a — S| =max f (x) —min f ().
x=>1 x>1

Xétham sb f(x) =

Mit khac f'(x) = -1<0,vx>1.

1
X(x+1)
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Do domax f (x)—min f(x)= f(1)— lim f(X)=i—l— lim ;—X .
x>1 x>1 X—>+00 In2

X—>+w0 In(1+1)
X

In ot 1+1 In2 X—>+00 3 1
X x(x+1)
11
1 X(x+1) (x+1)° 1 ox(x+1)-x* 13
=—-1- lim =—_1- _ 7 - =,
In2 X—>+00 2X+1 In2 X—>+00 2X+1 In2 2
xz(x+1)2
. 1 3
Va —pl=—-2
By mine = 4=35-3

Vi du 8. [ MR No.4 2009] Cho céc s thyc .. thoa man  diéu kién
a +ay +..+a) =b"+b) +...+b; véimoi xeR.

Ching minh rang f :IR — (0,+0)

& ' a ' Gn X a S 0
f(X)—(le +(b2J +...+{bnj tang trén (O,+ )

Loi gidi

X X X
Tacé f'(x):(ﬁj |n(ﬁj+[ﬁj |n(ij+...+[a—"J |n[a—"J,
by b ) (b b, by b,

X 2 X 2 X 2
f"(X)=[ﬁj [In(ﬁﬂ +[2j {In[ﬁﬂ +...+[a—”J {In{a—“ﬂ >0.
by by by b, by by
Suyra f'(x) 1a ham tang trén R . Ta ching minh f'(0) =0 , that vay.

Theo gia thiét ta c6

bl[(qjllb[[b_jl}b[[b_)l]WR

X X X
b b
Véi x>0 taco b i +by 2 ~—4——>0,Vx>0.
X X X

Cho x — 0" ta dugc
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T R e P P Y (0.2)
b b by

Vi x<0 taco
X X
X bl X b2
. +b;.
bt X 2 X

Cho x — 0~ ta duoc

a a a
NZL+Ih=2+..+In2<0 (0.2)
2 n

Tu (0.1) va (0.2) suy ra f'(0)= Inﬁ+ Ina—2+...+ Ina—n =0
bl b2 bn

= f'(x)> f'(0)=0= diéu phai ching minh.

Vi du 9. Cho cac s6 thucay,a,,...,a, >0 vahamsé f :(0,+%) — (0,+%)x4c dinh

Ux

X X X

 +a, +...+a,
n

boi f(x) {

Chang minh rang f 1a ham ting va tinh gidi han cia f (x) khi x — +o.
Léi gidi

Xétham sé g:(0,+00) — (0,+00)xdc dinh bdi g(x) = x" 1a ham 14i.

Xét t =L > 1t x <y, khi d6 ta co
X

y
g(alx+a2x+...+a§J:[a1X+a§‘+...+a§]x S%(g(alx)+g(azx)+---+9(ar)f))

n n

=%(a1y +a%’+...+a,-‘{)

Bat dang thuc trén twong duong véi

X X X 1/x y y y 1y
[al +ay +...+anJ S[ai +a,5 +...+anJ N f(X)S f(y).

n n

Vay f 13 ham ting. Ta co6 diéu phai ching minh.

Vi du 10. (IMC 2006) So sanh sin(tanx)va tan(sinx)véi x e (0%]

Lo gidi
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Xéthamsé f(x) = tan(sin x) —sin(tan x)trén (O%)

3, 2 (i
Taco f1x)= gos-x _cos(ta;n X) _ COS°X cozs(tanzx)ctos (sin x).
cos“(sinx)  cosx c0s“xcos* (sin x)

Néu 0<x< arctan% = cos(tan x) > 0 st dung bét dang thirc c6 si ta dugc

cos(tan x) + 2cos(sin x) 3 tanx +2sinx\ |
cos(tan x)cos® (sin x) s{ } < {cos(—ﬂ < cos’x

3 <
do cosxla ham I6m va tan x + 2sin x > 3x, ¥x e(o;%].

Do d6 f'(x)>0hay f(x)laham tang trén (0; arctan %j .
Vivay f(x)> f(0)=0= tan(sinx)>sin(tanx).

Néu x=arc tan%th‘l

tan (sin (arc tan ED = tan”—/2 > tanZ >1>sin (tan (arc tan ED
2 V1+ 724 4 2

Néu x e (arctan%;%} = tan(sinx) >1>sinx(tanx).

Vay véi moi XE(O;%jthi tan(sin x)>sin(tanx).

4) Van dung két hop céc bét dang thirc khac nhw AM - GM; C -S

Truée khi khao sat tinh don diéu cia ham s ta st dung cac danh gia co ban
thong qua cac bat dang thirc co ban nhu AM — GM; C — S s& dua vé chirng minh
mét bat ding thirc co ban hon thuan lgi cho viéc khao sat ham sé.

Vi du 1. Chirng minh rang néu 0< x <% taco 25 4 2tax > ox+l.
Loi gidi
Sir dung bét dang thic AM —GM ta ¢ 251 4 2tanx > p /psinx ptanx
Ta chung minh 24/251X 21X > oX+L oy pSINXHaNX 5 92X sjnx + tanx > 2X .

Xéthamsd f(x) =sinx +tanx —2x lién tyc trén [0;

(SRR

},tacé
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. —2>c08% X+ ;
cos?x cos?x

f'(x) =cosx +

—220,an{0;5]
2
(vi véiXe[O;%} thi cosx>cos’x va theo BDT AM-GM ta co

cos? X +

>2).
COsS™ X

Do d6 f(x) ddng bién trén {o;ﬂ .

Suyra f(x)> f(0)=0, hay sinx +tanx = 2x véi moi XE[O;%:| (dpcm).

Bai tap twong tw

NN

3x+2
Ching minhring 45" +28"X>2 2 vy e[o; J

)

. \3
Vi du 2. Chang minh ring (mJ > COS X, VXG(O;
X

(SIS

Loi gidi
Bat dang thic trong duong voi:

a3

sinx 3 sin” X
—— | >cosXx <

X x3

>cosx < sin? x.tanx-x3 >0 (1).

Xétham sé f(x) =sin® x.tanx- x> V&i X e [0;%} .

Taco f'(x):25in2x+tan2x—3x2.
Ap dung BPT 3(a® +b2 +c?)>(a+b+c)” tacod

] . 1 ;
f'(x)=sin® x+sin® x + tan® x - 3x> zg(ZSm X + tan x)2 —3x2.

bat g(x) =2sin x + tan x — 3x, Xe[o;%j , thi

1 1 1
9'(X)=2C08X+————3=COSX+COSX +—— —3>33/cos? x. —-3=0
cos? cos? x cos? x

véi moi x e [0; %) , nén g(x) ddng bién trén {0;%) .
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Suyra g(x)= g(0)=0,VXG{O;%).

Dodo f'(x)>

Wk

(3x)2 —3x2=0 nén f(x) déng bién trén [0;%} .Suyra

f(x)> 1 (0)=0, VXE{O;%}.

Nhdn xét: Khi trong BDT c6 chtra c4c loai ham sb khac nhau ta thuong co 1ap
mdi loai ham sé dé d& xét diu caa dao ham, hoic ta c6 thé dao ham lién tiép dé
khtr bt mot loai ham sé.

] X
Cach 2: Taco X—F< sinx, suy ra

. \3 2\3 2 4 6 2 4
R s N T

X 2 12 216 2 24
2 4
Ta chirng minh duoc cosx < -+ (2)

T (1) va (2) ta cé dpem.
5) Ky thuét van dung dinh ly Lagrange
Pinh ly. Néu ham sé y = f (x) 1a ham lién tyc trén doan [a; b] va c6 dao ham trén

f(b)-f(a)

khoang (a; b) thi ton tai c e (a; b) sao cho f'(c) = o
-a

Vi du 1. Ching minh (1+1)* < 1+ ——)**1,  vx e (0;).
X X+1

Lo gidi
Taco: (1+ E)X < (1+L1)"+l < X[In(x+1) - Inx] < (X +D[In(x + 2) - In(x +1)]
X X+
Xét ham s6 f (x) = x[In(x +1) -Inx] ta co
, X 1

f')=In(x+)—-Inx+—-1=In(x+1)-Inx———.

X+1 X+1
Ap dung dinh 1i Lagrange d6i v6i ham s6: y = Int trén [x; x+1], thi ton tai
Cc e (x; x+1) sao cho: f‘(c):In(x+1)—|nx:>£=|n(x+1)—|n X.

c
1 1

Mat khéc0<x<c<x+1:>£>—>—
X ¢ x+1
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:>1>In(x+1)—lnx>iz>In(x+1)—|nx—i>0
X X+1 X+1

= f'(x)>0, Vxe(0;+)=hamsd f(x)ddng bién trén (0;+wx).
Tur (1) suy ra: f'(x)>0,Vx e (0;+00) = f(x) ddng bién trén (0;+).
Suyra: f(x+1)> f(x),Vxe (0;+0) = didu phai chirng minh.

t
Cha y. Ta c6 thé chitng minh truc tiép ham sb y:(1+%j ddng bién trén khoang
(0; +oo).
1 X x+1
+ V6i moi X duong ta co6 [1+—j < e<(1+—j :
X

X
Vi du 2. Cho s6 nguyén duong n. Ching minh ring

1 .
X" A1—X <——— vdi moi Xe(0:;1).
J2ne ¢ ( )
Lo gidi
Bat dang thirc trong duong voi

1 1
X"W1-X < SX1-X)<=— (*
s A-x) T *)

Xéthamsé f(x)=x*"(1—x) véi xe(0;1), taco
f'(x)=x*""[2n-(2n+1)x].

Suy ra (x) d6i dau tir dwong sang am khi di qua x = 2N .
2n+1
2n
Vi vay maxf(x):f( 2n ]z (2n) .
(01) 2n+1) (2n+1)2*

Ta chirng minh

(2n)2" 1 ( 2n j””l 1

< J—
(2n+1)>"  2ne 2n+1 e

on+1 2n+1
<:>( . J >e < (2n+1)[In(2n+1)—-In(2n)]>1.
1
2n+1 (2)
Ap dung dinh ly Lagrange cho ham s f(x) =Inx trén [2n; 2n+1] suy ra ton tai
f(2n+1)— f (2n)
2n+1-2n

< In(2n+1) —In(2n) >

ce[2n;2n+1] thugc sao cho f'(x) =
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1
+1

Suy ra In(2n+1) —In(2n) =%> (3).

Tt (1), (2) va (3) suy ra dpcm.
C. BAI TAP REN LUYEN
Bai 1. Chang minh céc bt ddng thuc sau
X3 XX
a) X——<SINX<X——+—V&imoi x>0.
6 6 120

X2 x> xt .
b) 1—7<cosx<1—7+2— véi moi X la s6 thuc duong.

2 2

c) _12 <i+1—ivéimoix»e(0;£).
sin“x X Vid 2

d) 1< x.cos? x < 72

VvGi moi X e [O;E} .
4
—x2 4

e
1-x< <1l-
&) 1-x X+1 X+2(1+x)

véi moi X thuge doan [0;1].

Bai 2. Chting minh rang

a) Vi moi XE|:O;£:| tach sinx<Fx— 2 x2.
2 T 71'2

2 L. ( 72')
- Vol xe| 0;—|.
sin 2x 2

Bai 3. Tim gié tri nho nhét cua ham s6 f (x) =

b) 3x-x3 <

sin®x  cos® x
+—
cosX  sinx

trén khoang (0;%) .

n
Bai 4. Cho s6 nguyén duong n. Ching minh rang > ———— "z k D <2In2.
k= -

Bai 5. Chting minh rang: 1+Inn>z In(n+1),VneN*.
=

Bai 6. Tim GTNN cua hamsé f(X)=vX2 +X+1+Vx> —x+1.

X 1
Bai 7. Chiing minh rang  x1 + x1-x >E, vxe(0;1).
e

Bai 8. Chting minh rang véi moi x ta c6

JI7 <Jcos?x + 4c0os X + 6 +1/cos2X — 2¢0s X + 3 <~/2 +11.
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Bai 9. Tim gié tri I6n nhat, gia tri nho nhat caa ham s6 y = trén nua

1+/x+3
x—-1
khoang (1;6].

Bai 10. Tim gié tri 16n nhat va gid tri nho nhit caa ham s6 y = (x +1)2/1-x2 .

Bai 11. (TSPH Khéi D 2010) Tim gia tri nho nhat caa ham s6 \

y:x/—x2 +4x+21—\/—x2 +3x+10.

Bai 12. Tim gia tri nho nhit cia ham s y=x+%+2 /1+l2trén khoang
X X

(0; +oo).
Bai 13. (TSPH Khéi B 2003) Tim gid tri I6n nhit, gia tri nho nhit caa ham sb
y=xX+v4-x2.

Bai 14. (TN THPT 2014) Tim gi4 tri 16n nhat va nho nhat cua ham sb

yzixz—x—\Mx—x2 .

Bai 15. (TSPH Khéi D 2003) Tim gia tri I6n nhat, gia tri nhé nhat ciia ham s6

y= x+1 trén doan [-1;2].
X2 +1

2
Bai 16. Tim gid tri 16n nhat, gia tri nho nhat ctia ham s6 y =e”* —1—x—7tren

doan [0;1].

. S o : . ‘ In x
Bai 17. Tim gia tri nhé nhat, gia tri 16n nhat cia ham s6 y=

o) )

X +1
Bai 18. (TSPH Khéi B 2004) Tim gié tri nho nhét caa ham sé y = 1%
X

[1; eg} .

Bai 19. Tim gié tri 16n nhét va gi tri nho nhit caa ham sé y =sin® x ++/3cos x..
2
Bai 20. Ching minh rang e* +cosx > 2 + x —X? vGi moi s6 thuc x.

trén doan

trén doan
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Bai 21. Chung minh ring 1+ xln(x+x/x2 +1) >/x% +1 véi moi s6 thuc x.

Bai 22. Chiing minh rang In (1+ V1+x2 ) <Inx+E voi moi s6 thuc duong x.
X

2
. X+1) -2 . .
Bai 25. Cho ham so f(X) =(2—)1. Tim gia tri 16n nhat va gia tri nho nhat
X<+
ciahamso y = f(x).f (1—x) trén doan [-1;1].

sinx +2c0s ~
Bai 26. Tim gid tri 16n nhat va gia tri nho nhat cia ham s6 y =—— 2 yén

COS X + 2sin X
2
doan [0;1} .
2

Bai 27. Tim gia tri I6n nhit va gi4 tri nho nhit caa ham sb

CVX+1+2v3-x+2
2Ux+1+/3-x+1
Bai 28. Tim gia tri Ién nhit va gi4 tri nho nhit caa ham sb

y= x(2013+\/2015— xz).

1

Bai 29. Chiing minh ring véi moi s6 thuc x ta c6 3< 25X 4 205X < 21+ﬁ :

Bai 30. Tim tat ca cac sb thuc a dé bat dang thirc sau luon dung véi moi x khong
am In(1+x)>x—ax?.

Bai 31. Tim tat ca cac gia tri cua k dé bat dang thirc sau ding véi moi sé thyc a va
b khong am e**® >1+a+b+k(a—b)’.

Bai 31. Pap s6: k=e—2.

Bai 32. Ching minh rang véi moi x >2tacé (x +1)cosL1— xcos % >1.
X+ X

2 Z_x+1 1-

. , S o .1 X — X2 X
Bai 33. Chiing minh rang véi moi O<x<1taco —|In —In <-4.
X X X

Bai 34. Chiing minh rang véi moi s6 nguyén dwong n>3 taco n"™* >(n+1)".

Bai 35. Cho tam gidc ABC c6 A<B<C <90°.
2c0s3C —4co0s2C +1 S
cosC B

Chirng minh 2.
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Bai 36. Cho a,b,c 1a céc s6 thuc thoa man diéu kién a<6,b<-8,c<3. Ching
minh vé&i moi x>1 taco x* —ax?—bx-c>0.

T

n n+2
Bai 37. Cho I, =Ixtann xdx,n>1. Chang minh 1, >L(£j :
0 n+2\ 4

Bai 38. (Pai hoc khdi A, 2004) Cho tam giac ABC khong t0, théa mén diéu kién
cos2A+2v/2 cosB + 24/2 cosC =3 (1).
Tinh cac goc cua tam giac ABC.
D. HUONG DAN GIAl - PAP
1.,
sin® x+cos® x 1—§sm 2X
Sin X cos X

B 2 —sin? 2x

Bai 3. Tacd f(x)= = ein2
sin 2x

1sin2x
2

~ (1-sin2x)(2+sin 2x)
B sin 2x

+121,VXe(O;%j

Vay gié tri nhé nhat cia f(x) bing 1 dit tai x = % .

2 3 2n-1 2n
Bai 4. Xét ham sb f(x):ln(1+x)—[x—x?+x——...+X X j

3 2n-1 2n
trén [0;+00) . Ham s6 ddng bién trén [0;+00) suy ra f(x)> f(0), dpem.
Bai 5. Xét f(x)=Inx= f'(x) :% va f'(x) nghich bién trén (0:+).
Tuong tu bai todn trén ta co:

f(n)-f@)+ f '(1)>Zn:f'(i)> f(n+1)- f(1),vneN"
i=1

n
=1+Inn >Z%>In(n +1),vneN”
iz !

Bai 6. Xét ham s6 f (x) =X + x+1+x2 —x+1 trén R. Taco
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F1(x) = 2 . 2 _ 2,2

P s e B
SN

. . , t
V4l moi x, trong do g(t) =

,teR.
3

2 +=
4

Vi ham g dong bién trén Rnén f'(x)=0< x=0
f'(X)>0< g(x+%)>g(%—xj©x>0

Diéu d6 ching to f(x) dat cyc tiéu tai x=0. Vivay min f(x)=2 < x=0.
Bai tip twong tw

Tim tap gid tri cua ham s& £ (x) =V/x2 + 2x+ 4 —v/x% —2x+ 4 .
Bai 7. HD: Xét ham s

x 1 x x X
f(X) = XX 4+ x3X = x4 xx X = 14+ x)xE%, vxe(0;1).
Bai9.Tacld y'= X—7-2vx+3 <0,vxe(L6].

2\/x+3(x—1)2
Do d6 ham s6 nghich bién trén (1;6].
4

Vivay Ypin = Y(6) - khéng ton tai max.

Bai 10. Tap xac dinh: D = [—1;1] .

— 2_ —_——
Tacd y'=M;y‘=0<:>2x2+x—1=0<:> X 2.
V1-x2 x=-1
Taco y(-)=y(@)=0; Y[EJ =ﬁ-
2 4
. 1) 33
Vay Yimax = y(Ej ZT; Ymin = y(£1)=0.

.. o | —x®+4x+2120
Bai 11. biéu kién: & -2<x<5.

—x?+3x+10>0
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X6t ham s6 y = vV—x2 + 4x+ 21 —v—x? +3x+10 trén doan [-2:5] ta c6

B —2X+4 3 —2X+3

o x?iax+21 2 x?+3x+10°

y' =0 (=2 +4)V-x? +3x+10 = (-2x+3)-x? + 4x + 21
(-2x+3)(-2x+4)=0 1

< {(2x+4)2 (—x2 +3x+10) =(—2x+3)2 (—x2 +4X+ 21) “r73

y

Taco y(-2)=3; y(%) =2;y(5)=4.

. 1
Vay Ymin = y(g] = \/E .

Chuy. y>0;y2=(\/(x+3)(5—x)—\/(x+2)(7—x))2+222:> y>+/2.

Khao sat ham s cho ta ca két qua max.

Bai 12. Taco
1 1 (2° ~11)Vx® +7 - 28
yl:]_— — = 1
2x? B e T 2x%x% +7
2
X

y‘=0©(2x2—1l) x2+7-28=0cx=3

Ta c6 'y’ ddi diu tir am sang duong khi di qua X =3nén y dat cuc tiéu tai x=3.
- 15

VIVAY Yiin = YE) ==

Bai tap twong tw

Tim gié tri nho nhét cua ham sé y=2x+£+ /2(1+i2j V6i x>0.
X X

Bai 13. Tap xdc dinh: D =[-2;2].

Tacé y':l—%;y':OcmM—x2 X x=4/2.
4—x
Suy ra y(-2) = -2, y(v2) = 24/2;y(2) = 2.
VAY Yinax = Y(V2) = 242, yin = y(-2) = 2.
Bai 14. Tép xac dinh: D =[0;4].
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1 2—X 1 1
Tacé y'=—x—1——=(x—2){—+—};y'=0<:>x=2.
2 Vax—x? 2 \Jax—x?

Suy ra y(0)=0;y(2) =-3,y(4) =0.

ViVAY Yiax = Y(0) = y(4) =0; yin = ¥(2) =-3.
1-x

(141

Suy ra y(-1) =0; y(1) =/2; y(2) =

Bai 15. Taco y'= V=0 x=1.

3
5
ViVaY Yina = YO =V2; Vi = ¥(-1) =0.
Bai 16. Taco
y'=e*-1-x;y"=e*-1>0,vxe[0;1]
1 1 5 '
= Y'2Y'(0)=0= Yna =y(1)=e—§;ymm =y(0)=0

2 n

Chay. e* 21+X+X?+...+X—',VXZO,I‘1€N*.
n!
Bai 17. Taco
L(x2 +1)-2xi Lo
. ;( +)— xIn x x+;— XX 5o nx 1
y'= = —> = >0,vxe| =1
(x2+1) (x2+1) (x2+1)
1 4In2
Suy ra Ypin = y(—j =——Ymax = Y1) =0.
2 5
.. ., Inx(2-Inx) Inx=0 x=1
Bai18. Taco y'=——2,y'=0 = .
X2 Inx=2 X = g2

4 9
Suy ra y(1) =0; y(e2)=e—2:y(es)=e—3-

- 4
VIVAY Ve = V(€%) =7 Ymin = y(1)=0.

Bai 19. Vi ham s da cho tuan hoan véi chu ky T =27 nén ta chi can tim gia tri
I6n nhat va gid tri nho nhat trén doan [0;27].

Taco y'=5sin* xcos x —~/3sin x =sin x(5sin3 xcosx—\@);
y'=0< sin x(55in3 xcosx—\/§) Q)
Chary.
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3
2 2 02
(sinsxcosx) — 130082 xsin? x.sin? x.sin? x < =| 308" X +3sIn" X 3
3 3 4 27

Vivay (1) <sinx=0< x=kr = x=0,x=7,x=21.

Suy ra y(0) = y(27) =~/3;y(z) =—/3.

VaY Yinax = ¥(0) = Y(27) = /3; Yin = y(7) =—/3.

2
Bai 20. Xét ham sb y=eX+cosx+X7—x—2tacé
y'=eX —sinx+x-Ly"=e* —cosx+1>0,VX.
Mat khac y'(0)=0nén y'>0,vxe(0;+%);y'<0,¥x e(-x;0).
Do d6 ham s6 dat cuc tiéu tai x=0. Vivay y> y(0) =0 (dpcm).

Bai 21. Xéthamsb y =1+ xln(x+\/x2 +1)—\/x2 +1taco

y':ln(x+\/x2+1);y'=0<:>x+ X2 +1=1<x=0.
Ta c6 'y’ doi diu tir am sang duong khi di qua x =0 nén dat cyc tiéu tai x=0.
Vivay y > y(0)=0(dpcm).
x2(1—x)2+8x(l—x)—2

Bai 25. Tinh dugc y = 5 .
X2 (1-x)" —2x(1-x)+2

1 t2 +8t—2
Patt=x(1-x)e| -2;—|,Vxe|-L11|khid0 y=———.
' (=) { 4} - T
2(5t2 -4t -6 te 2, B
Taco y'=—(—2);y'=0<:>5t2—4t—6=0 { 4} st 2 @_
(t2—2t+2) 5
Tinh cac gia trisuy ra y,, =y 2- V34 =4-34;y,. =y L
5 4) 25
sin%—l -
Bai 26. Taco y'= 5 SO,VXG[O;E]
cosx+25inxj
2
. T V2
VIVAY Yiin = Y(0) =2 Yinax = Y(Ej :1+7.
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Bai 27. Tap xac dinh: D = [—1; 3].

2

o (V1) +(V3=x) =4= 3t e[| Vx+1= 7 3= 2 t)
t2 +1

Khi d6 yzﬁ.

Turdo déco yyi, =y =—; ymax y(0)=2.
Bai 28. Tap x4c dinh: D = [—\/2015;\/2015] .

Tacd y'=2013+ M 1y'=0< 2x2 —2015=2013y/2015— x> .
\/2015—x
2x2 -2015>0

)c>x=iJﬂﬁZ

=
(2x2 _ 2015) — 20132 (2015— NG
Suy ra Ypmax = Y(v2014) = 2014+/2014; Y i, = Y(—V/2014) = -2014+/2014 .

i 2
Bai 29. Pat y = 25" 4 2y t=sinx|,t € [0;1] khi d6 y = 2' +2¥*

[1 42 [1_+2
Tacd y'=2'In2- 2 In2;y'=02' = L
1-t? 1-t?
O<t<l1
Py 2t 2\/1*t2
—= @
toV1-¢?
. 22
Xéthamso f(a)=— trén khoang (0;1) tac6
a
2%(aln2-1 .
f'(a) =¥< 0,vae(0;1). Do d6 f(a) nghich bién trén khoang (0;1).
a
Vi vay (1)c>f(t):f(\/1—t2)©t: 1—t2<:>t=%.

1
Tacé y(0) = y(1) =3: y(%} Py

1 1+%
Suy ra Ymin = y(O) = y(l) =3 Ymax = y(ﬁj =2 V2 (dpcm)-
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Bai tip twong tw
1
Chang minh ring véi moi sb thuc x ta c6 8 < 48" 4 4,204 <5 435
Bai 30. Xéthamsé f (x) =ax® —x+In(1+x) trén [0;+w).
Tacantimadé f(x)>0,vx>0.

Tacod f'(x)= 1(2ax+2a 1).
+

+ Néu a<0= f'(x)<0= f(x)< f(0)=0khéng thoa man.
1-2a
2a

+ Néu 0<a<%:>f'(x)=0<:>x=0hoéc X =
Khi d6 f(x)< f(0)=0 khdng thoa man.

+ Néu az%:>2ax+2a—120:>f'(x)20:>f(x)zf(O):Othoémén.
P S s 1
Vaygiatricantimcuaala: azE.
Bai 32. HD: Str dung dinh ly Lagrange cho ham sb y =tcos%.

Bai 33. Huéng dan st dung dinh ly Lagrange cho ham sé y = Inli .

Bai 34. LAy logarit tw nhién hai vé ta can ching minh _n+l 0
In(n+1) Inn
Inx-1
Xét ham sb f(x):— véi x=3taco f'(x)= >0,Vx>3
Inx In? X

Tudosuyra f(n+1)> f(n)=o.

Bai 35. Pua vé chitng minh y=8t> -8t -8t +5>0,t =cosC e (o;ﬂ .

V4 n+2
Bai 37. S dung tanx>Xx,Vxe O;z :I,1>Fx”*1dx:L z . (Xem
4 0 n+2\ 4

thém chu dé Ky thuat danh gia bat dang thic Tich phan).
Bai 38. Tirgia thiét 0< A<”, suyra 0<S|nA -
2 x/_

Tach (1) < 1-2sin® A+2y2(cosB +cosC) =3

€ (2)

o —sin? A+ Zﬁsing.cos B
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Lai c6 2\/_smEcos <2\/_sm§ (3)

T (2) va (3) tacod —sin® A+ Zﬁsing—lz 0.

Pit t=sin§ thi bit déng thirc tro thanh: —4t> (1) +2./2t-120  (4)

r
Xétham f(t)=4t* —4t? +2./2t-1.
Taphaico f(t)>0 voi O<t<— (5).
() =
f'(t)=16t° —8t+2v2; f"(t) =48t -8 = f”(t)zo@tzi
J6
Suy ra f”(t)<0©0<t<i;f "(t)<0e=—= L
G 5%

1 ; s 1
Vivay f'(t)> f'| == |>0 nén f(t) dong bién trén | 0;— |.
b 1102 1 Jg |0 en 0 dingbién e 07|

Do dé f (t) < f(%j:o.

Vi vy déu bing xay ra khi va chi khit = —— <> sin2 = = < A:%

V2 2 2

241 x-12<0e -4<x<3

y=x2+x—12,y£0<:>x

=1= BC——
4

B—
Thay vao ta duoc cos

CHU DE 2: KY THUAT SU DUNG TINH PON PIEU CHO BAI TOAN
CUC TRI VA BAT DANG THUC HAI BIEN SO

A. NOI DUNG PHUONG PHAP
Nguyén tic chung cua k§ thuat nay la dung phép thé(rat bién x theo y hoic

nguoc lai) thay vao biéu thirc can tim cuc tri dua vé khao sat ham mot bién. Tuy
nhién néu tinh té sir dung céc bét dang thie co ban(tdng va tich ddi xing véi hai
bién) va nhan ra cac phép dat dac biét duwa vé mot bién mai chung gitra hai bién s&
gilp ta xtr 1y bai toan don gian hon.
1. Ky thuit thé bién dwa vé khao sat ham mét bién

Rt x theo y(hoic rat y theo x) thay vao biéu thirc can tim cuc tri(bat diang

thirc) dua vé khao sat ham mot bién(bat phuong trinh).

Nhu vay k¥ ning can c6 la bai toan khao sat tinh don diéu caa ham mat bién sb.
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Vi du 1. Cho x,y 14 hai s thuc théa man diéu kién y<0,x*> +x—y-12=0.
Tim gié tri nho nhét cua biéu thuc P =xy + x+2y+17=0.
Loi gidi
Tugiathibttace: y=x?+x-12,y<0< x? +x-12<0< -4<x<3.

Khi do P:x(x2 +x—12)+x+2(x2 +x—12)+17=x3+3x2 -9x-7.

Xétham s f (x) = x® +3x% —9x — 7 lién tyc trén doan [-4;3] taco:
x=1
X=-3
Taco f(-4)=13, f(-3)=20,f(@1)=-12,f(3)=20
= max_f(x)=f(-3)=1(3)=20, min f(x)=Ff(1)=-
xe[-4;3] xe[-4;3]

f(x)=3x% +6x—9; f '(x):Oc{

Vay gia tri 16n nhét cua P bing 20 dat tai (x;y)=(3;0); (-3;-6) va gia tri nho
nhét cia P bang —12 dat tai (x;y)=(1-10).
Vi du 2. Cho x,y la hai s6 thuc théa méan diéu kién 2x—y=2.

Tim gié tri nho nhat cia biéu thic P =\/x2 +(y+1)° +\/x2 +(y-3).
Loi gidi
Theo gia thiét ta co: y = 2x — 2 thay vao biéu thic cua P ta dugc

P =/5x% — 4x+1++/5%2 — 20X+ 25 .

X6t ham s6 f (x) =v/5x2 — 4x +1+/5x% — 20x + 25 lién tuc trén R ta co:
Fi(x) = 5x -2 . 5x-10 ’

V5x2 —4x+1  J5x2 — 20%+ 25

f'(x) =0 < (5%~ 2)V/5x% — 20X+ 25 = —(5x —10)v/5x? — 4x +1

{(5x—2)(5x 10)<0

2

“(sx-2) (5> — 20x+25) = (5x~10)" (5x° — 4x+1]

2
—<x<L2 2
=<5 S X=—

24x° —16x=0

Tir do6 suy ra P—f(x)>f( j 2.5 .

Ding thirc xay ra khi va chi khi x :%, y= —%.
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Vi du 3. Choa,b la c4c sb thyc dwong thoa man diéu kién a+b=1.

Tim gi tri nhé nhét cua bidu thicc P = 31+ 2a2 +24/40+9b? .
Loi gidi
Theo gia thiét taco a=1-b,(0<b<1).

Khi d6 P=3\1+2(1-b)’ +2/40+9b? .

Xétham sé f (b)=3,/1+2(1—b)” +2:/40+9b% véi 0<b<1taco
6(b-1) 180V V

V2b2 —4b+3 9% +40

f'(b) =0 <> (1-b)v/9b? + 40 = 3by/20% — 4b + 3

& (1-b)*(9b% + 40) = 9b? (2b” — 4b + 3) |

f'(b) =

< (b+2)(3b-2)(30% ~10b+10) =0 b =§

Vay gid tri nho nhat cua P bang 511 dat tai a==:b =§.

O\JIH

Vi du 4. Cho a,b 1 hai s6 thuc thoa man a? +b? =1.

33

Chiing minh rang ab + max{a,b} <—
Lo’l gidi
A Y Le JA . r 3\/§ ’ <A
Néu a va b tréi dau khi d6 ab+max{a,b} <max{a,b} <1< — 12 co ngay dieu

phai chirng minh.
Vay a va b cling dau va néu ca a va b déu am khi dé:
a’+b® 1 3(

ab+max{a,b} <ab< , ta c6 ngay diéu phai chirng minh.

2 2
Xét véi a,b>0 khi d6 khong mét tinh tong quat gia sir a=max{a,b}ta can
33

ching minh: ab + a<—

Tir dicu kign ta c6: a=v1-b* = ab+a= f(b)=(b+1)y1-b?.
Xéthamsé f (b) =(b+1)V1-b? trén doan [0;1] ta ct:
(1+b)(1-2b)

V1-Db?

f'(b) = f'(b)=0eb==
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Ta c6 £(b) ddi dau tir duong sang 4m khi di qua b :%nén f (%j :¥Ié gia

tri cuc dai hay f(b)< # Ta c6 ngay diéu phai chimg minh. Dang thic xay

ra khi va chi khi a=§, =%.

Céch 2: Thyc hién 1ap luan nhu trén va sir dung bat dang thirc AM-GM ta c6:

ab+a=a(b+1) =i.(2.£.aJ(2%.b +1j

J3 2
a2+§+b2+§2
Si[a2+§j(b2+§jgi 47 Ta4| _38
J3 4 4 3 2 4

2. Ky thuat xir ly véi biéu thire ddi xitng hai bién
Budc 1: Tir diéu kién dat t = x+ y (hodc t = xy ) rdt ttheo xy(hoic x+y).
Buwéc 2: Thay vao biéu thic caa P ta dugc mot ham sb vai t.
Budc 3: Tim mién gia tri cua t dua vao bét dang thie co ban (x + y)2 > 4xy (hoic
diéu kién rang budc cua bién dé bai cho). Ta tim dwoc mién gia tri cia t 1a [a;b].
Buéc 4: Xét ham s6 f(t) trén doan [a;b]tir d6 tim duoc gia tri 16n nhét, nhé nhat
cua f(t) va suy ra gia tri I6n nhat, nho nhét cia P.
Chu y. Dbi khi cin danh gia P théng qua cac bat ding thic co ban trude tién dé
giam sy cong kénh cua ham f(t) gip bai toan thuc hién don gian hon. Mot s bai
toan c6 thé thuc hién theo danh gia diéu kién c6 nghiém ciia phuong trinh bac 2.
DAu hién nhan biét:

- Rut duoc bién nay theo kién kia va dua biéu thirc vé dang mot bién.

- Biéu thirc c6 dang ddi xing giira téng va tich.

- Biéu thiic c6 dang ddi xing giira cac bién.

- Biéu thic 1a tong hop ciia cac ham(ham da thirc,cin thirc, luong giac, mii va

logarit).

Mét sé ddnh gid co ban:
a) Vi hai s6 thuc khéng &m x,y ta co:

2
t=x+y:xys%,OstsJZ(x2+y2).

b 2
>

a
b) Véi a,b duong ta co + > .
) g b+ab a+ab 1++/ab
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Vi du 1. Cho x,y 1a hai sé thuc khong am thay ddi thoa man diéu kién
4(x2 +y? 4+ xy) <1+2(x+y) .

Tim gid tri 16n nhét cua biéu thic P = xy +/x+y — x% — y2.
Léi gidi

2
Nhan xét. Ta co: xyg(xz y} —x? —y? S—%(x+ y).

Do vay dé tim gia tri 16n nhét cua P ta quy vé 4n t = x + y va viéc dau tién can
lam d6 la tim khoang gia tricua t=x+y.

2
Taco: Ps(xzyj +Jx+y—%(x+y)2=—%(x+ y) +x+y.

Dit t=y/x+y,(t20)= Ps-%t‘l +t.
Xuit phét tir didu kién bai toan ta co:

4[(x+ y)2 —xy}s1+2(x+ y) < 4(x+ y)2 —2(x+y)-1<dxy <(x+ y)2.

Suy ra 3t2—2t—1§0<:>—%st§1d0t>0nén 0<t<1.
Xét ham sb f(t)=—%t4+t v6i 0<t<1ta duogc:
. 3 3 3
fit)=—t"+120,vte(0;1]= f(t)< f(l):Z:PSZ.

Vay gié tri I6n nhat cia P bang %dat tai x=y :% :

Vi du 2(TSPH Khoi D 2014) Cho hai s6 thuc x,y thoa man cic diéu kién
1<x<2;1<y<2,

X+2y y +2X 1
> + > + .
x?+3y+5 y?+3x+5 4(x+y-1)
Loi gidi
Do 1<x<2 nén (x-1)(x-2)<0< x* +2<3x.

Tim gié tri nho nhét cua biéu thic P =

Tuong tw ta cd y? +2<3y.

Suyra P> 2y + y+2x + 1
3x+3y+3 3x+3y+3 4(x+y-1)
X+Yy N 1

T x+ y+1 4(x+y-1)
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) t 1
Dit t = (2<t<4)t P>f(t)=—r :
att=xry( Jtaco ® t+1+4(t—1)

Vi du 3. Cho x,y la hai s6 thuc dwong.

Tim gia tri nho nhat cua biéu thac P ==t t+t5—

+§In(xy).
X< y© x4yt 2

Loi gidi
Nhan xét. Biéu thirc d6i ximng voi x va y du doan dau bang xay ra tai x =y, khi d6
iz+i2 ! 3 = > nén ta danh gia i+i+ ! Véi >

X2 y2 xZey? 2x2 2y X2 y2 xPayr o xy

Tacé:
120001 5 g1t 23 1 1
W2 yz x2+y2 2xy | X2 yz Xy x2+y2 2xy

N e TV

x3y? 2xy<x2+y2)_(x y) x2y® 2xy(x2+y2)
oyl )]
- 2x2y2(x2+y2) - 2x2y2(x2+y2)

Vay Pzﬁ[i+In(xy)}zﬁ{i—ln(iﬂ.
2| xy 2| xy Xy

1 5
Pat t=—,(t>0)khiddé P> f (t)=—(t-Int).
B = (1 0) Wi P2 1) =7 (t= )

(x=y)*[2.2xy - xy] S

Xéthamso f (t) =g(t—lnt) voi t>0ta co:

f '(t)=§(1—%); fi(t)=0et=1.

Ta c6 £(t) d6i dau tir am sang duong khi di qua t=1nén f(t) dat cuc tiéu tai
t=1hay P> f(t)> f(l)z%.
Ding thirc xay ra khi va chi khi x=y=1.

Vay gié tri nho nhat cua P bang gdat tai x=y=1.
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Vi du 4. Cho xy 14 hai sé thue duong thoa man didu kien 3xy+3= x* + y* +—2> .
xy

Tim gia tri 16n nhét cua biéu thic P = x?y? +#.
X“+y +2
Loi gidi
Xuat phat tir gia thiét ta co: 3(xy +1)=x* +y* 2 2x2y? L2
Xy Xy
=23y +2<3x%y? +3xy = 2x3y —3x%y? —3xy +2<0

< (xy+1)(2xy -1)(xy -2) < O@%S Xy <2

Khi do P<xy +— 16 x2y2+ .
2Xy +2 Xy +1

N~

Détt:xy,( <t SZthldO P<f(t)—t +i
t+1

Xét ham b £ (t) =2 +—— lién tuc trén | =:2 | ta duoc:
t+1 2

Fr(t)=2t——S

St (H)=0st=1.

Taco f(%):f’—? f(l)—— f(2)——osuyra P< f(t)<f(2)——0

Vay gié tri 16n nhét cia P béng 5 dat tai x=y=+/2.
Vidu5. Chox,y lacéc sb thuc duwong thoa min didu kién x+y+xy =3.
Tim gié tri nho nhat cua biéu thic: P = 4(X;1) 4(yT+1)3 X2+ y2.
Loi gidi

Sir dung bat dang thuc a® +b* > ab(a+b)ta co

P24[x+1j(y+lj[x+l+ y+lj+ /7x2+y2

y X y X
16(x%+y2+x+y
= ( 5> )+\/x2+y2 >64++/2

X7y
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3. Pa thirc c6 dang ding cap
Dang toan nay da dé cap dén trong chu dé ky thuat sir dung tinh dang cap d6 la
dat x =t.y hoic y =t.x dwa vé khao sat ham mét bién vai t.

Dang toan niy vai nim tré lai day thuong xuat hién trong dé thi TSPH cua B va
ky thuat kha don gian nén cac em nam chic phuong phép c6 thé hoan toan xir 1y dugc.
Vi du 1. Cho x,y 1a hai sé thirc khac 0. Tim gia tri nho nhét cua biéu thic

4 4 2 2

Ty X“ oy X y
P=—+—F-2(5+=5)+—+—.
AR (yz Xz) y X
Loi gidi
X ‘ X ? X
Taco P=(—+X] —6{—+1j XY e
y X y X y X

Pat ="+ |t|>2khi do P=t*—6t? +1+6.
y X

Xéthamsé f(t) =t* —6t> +t+61trén (—o0;—2]U[2;+00), ta co
fi(t)=4t° 12t +1; f "(t) =12t* —12> 0, Vt € (~o0;—2] U[2; +o0).
Do do f'(t)< f'(-2)=—7,Vte(-w;—2]; f'(t) > f'(2) =9, Vte[2+x).
Vi vay f(t) nghich bién trén (—oo;—2] va dong bién trén [2;+00).
Suyra f(t)>min{f(-2),f(2)}=f(-2)=—4.
Vay gié tri nho nhét cua P bang -4 dat tai x=—y.
Vi du 2. Cho x,y 12 hai s thue duong phan biét théa man didu kien x2 +2y =12.

Tim gid tri nho nhét cua biéu thac P =i4+i4+L2 .
Xyn8(x-y)
Loi gidi

Ta thiy P chua co dang dang cap tuy nhién khéo léo st dung diéu kién
Taco: 12=x>+2y=x?+y+y=>3¥x?y? = xy<8.
Suy ra

2 2
Pzixzy2 i4+i4 +ﬁ.%:i x_2+y_2 +£. Xy 5
64 X y 8 8(X_y) 16 y X 64 (X_y)

2
:i £+X -2 +i;
16|y X 64 X_ oY

Yy X
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batt= X + l(t > 2), do x,y duong phan biét.
y X

Khido P> f(t) = G[t —2] 34

@

1
-2
1 )
—2tren (2;+00)taco

) 5
Xéthamsd f(t)=—|t2 -2 |+—
0 t(®) 16[ J+ 64
t 5

5
ft)=m > f'(t) =08t (t-2)° ~5=022 5t =2,
8 64(t—2) (t=2) 2

Tai t:gf’(t) ddi dau tir am sang duong nén tai t:gf(t) dat cyc tiéu hay

5) 27
f(t)‘f(zj 64"

Vay gié tri nho nhat cua P bang % dattai x=2,y=4.

Vi du 3. Cho x,y 12 hai sé thuc khac 0. Chting minh rang

2.,2 2 2
M+1001(X—2+y—J > 2014

2 2
o
Lo gidi
Bt ding thuc da cho twong duong véi:
2 2

%1001 [—+1j 2 22014aiz+1001[5+1] > 4016,
G B )

y X y X
Cha y st dung bat dang thiuc AM — GM ta c6

2 2
LZJrg(erlj >2 Lz_g[ﬁJrlJ =24
X y X
G G
+= +=

2 S

y X

2
998(5 + XJ >998.22 = 3992
y X

Cong theo vé hai bat dang thirc trén ta c6 dpem.
4. Ky thuat khao sat ham dic trung
Néu bat dang thirc can chiing minh ¢6 dang ham dic trung f(a) > f (b) hoic
f(a)< f(b).
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Khi d6 ta chitng minh ham s f (x) luon dong bién hoac ludn nghich bién trén
mién D thudc diéu kién cua bai toan.
Vi du 1. (TSPH Khéi D 2007) Cho a>b>0. Chiang minh rang

b a
(2a+iJ s(2b+iJ .
22 2P

Lo gidi
Bat dang thic da cho twong duong véi:

b
(1+46‘)b s(1+4b)a <:>b|n(1+4a)saln(1+4b)<:> In(l;4a) < In(l;4 )

|n(1+4X)

Xéthamso f(x) = v6i x> 0taco

4 In4x—(1+4x)ln(1+4x)

o= X (1+4%)

<0,vx>0.

Do d6 f(x) 1a ham nghich bién trén (0;+w). Vi vay véi a=b= f(a) < f(b).
Bat dang thire duoc chimng minh. Dang thirc xay ra khi va chi khi a=b.
Vi du 2. Ching minh rang véi moi X,y (0;1),x =y taco

1X(In Y I Xxj>4 (1).

y- 1-y 1-
Loi gidi
e Néuy>xthi

Y n X _ Y X
(1)<:>In1_y Inl_x>4(y x)<:>|n1_y 4y>|nl_x 4x .

e Néuy<xthi

(1)< Ini—lni<4(y—x)<:> Inli_4y< In—"__ax.

1-y 1-x -y 1-x

Xét ham s f (t)= InlLt—4t vai te(0;1). Taco

R { R T B .
(=2 (Hj 1= B0 (o).

Suy ra f(t) ting trén (0;1). Suy ra f(y) > f(x) néu y > x va f(y) < f(x) néuy < x

o L In—_ = >4,Vx,ye(0;1),x=y.
y—x\{ 1-y 1-x
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Bat dang thie dugc ching minh.

Chu'y. Theo dinh Iy Lagrange cho ham sé y = Inlt_t ta co

VT = f(y)—f(X)_f(C) 1.1 > 4 =4 (dpcm).
y—X c 1 c c+l-c

5. Ky thuét xét riéng 1é tirng bién
Noi dung ky thuat nay t6i s& dé cap chi tiép hon trong noi dung chii dé khao sat
ham nhiéu bién. Loai toan nay thudng &p dung véi cac bai toan cuc tri khi cac bién
thudc doan gid tri cho trudc hodc c6 didu kién rang budc giita cac bién véi nhau.
Vidy 1. Xéthamsd f(x,y)=(1-x)(2-y)(4x—2y) trén mién
D={(xy)|0<x<10<y<2}.
Tim gid tri nho nhét caa ham f trén mién D.
Loi gidi
Bién d6i ham sb d cho thanh
f (%) =2(1-)(2- y)(2~ )~ 24-¥)
Pitu=1-x,v=2-y, tachuyén vé& tim GTNN cua ham sb:
F(u,v)=—2uv? +u?v trén mién E = {(u,v),0<u<20<v<1}, nghiala
mln F(u,v) = min [min (—2uv? + uzv)} .
O<u<2] 0<v<1

Xétham s6 g(v)=-2uv® +u?v véi 0<v <1, coi u la tham s. Ta c6
9'(V)=—4uv+u® =u(-4v+u).

Ta thiy g’(v) = 0 khi vy =—, ma 0< - <

4’

N |-

Vva qua Vv =% thi g’(v) doi dau tir

N -

duong sang am, suy ra
maxg(v):min{g(O),g(l)}:min{O;uz—2u} (do u?-2u<0).

0<v<1

Vay minF(u,v)= min (uU>-2u)=-1 khiu=1,v=1. T do

E 0<u<2
mgn f (x,y)=2rTE1in F(u,v)=-2 khix=0,y=1.
Vi du 2. Cho0 < a,b<1. Chiang minh raing tana.tanb > tanab .
Léoi gidi
Giasir a>b.bat f(x)=tanb.tanx—tanbx véi b<x<1.Tacé
tanb b
f'(x)= - .

() cos®x  cos?bx
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Do O0<a,b<1 nén tanb>b>0 va 52

cos?x  cosZbx
dong bién trén [b; 1]. Vivay véi a=b tacod f(a)= f(b).Suyra

suy ra f'(x)>0, nén f

tana.tanb-tanab > tan’b—tanb® (1).

Pit g(x)=tan’ x—tanx?, c6

COSX  Cos®X
Suyra g(b)>g(0)=0=tan’b—tanb®>0 (2)
Tu (1) va (2) suy ra dpcm.

g’(x):ZtanX 2x >0; Vvxe(0;1)

Vi du 3. Chang minh rang véi moi 0< x<%va O<y <%ta ludn co

cos(x—y) < 4c0SXCOS Yy ~
(cosx+cosy)
Loi gidi
Y e XY

, X
Taco cosx+cosy =2 cosTcos

Do vai trd x,y nhu nhau nén ta c6 thé gia sir x>y .
Khi d6 viét lai bat dang thire duoc viét lai dudi dang

cos? )(Lzycos2 X;zy.cos(x —y) <COSX.COSY .

Lay logarit ty nhién hai vé ta dugc

2Incos%+2lncos%+lncos(x—y)SIncosx+Incosy.

Dén day ta xét ham sb

f(x):lncosx+Incosy—ZIncos%—2Incosx;2y—lncos(x—y),sz y;x,ye(o;%j

X—-Yy X+Yy

Taco f'(x)=—tanx+tan(x—y)+2tan +2tanT.

= oIy +2tan
COSX.COS(X—Y)

—Y otan XY

>0,VX>Vy; X,y e(o;%)
Do d6 f 1a ham ting. Do d6 f (x) > f (y) =0, diéu nay twong duong véi
X+Yy X—Yy

2IncosT+2IncosT+lncos(x—y)sIncosx+|ncosy.

Bai toan dugc chimg minh hoan toan. Dang thic xay ra khi va chi khi x=y .
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6. Ky thuat sir dung dinh ly Lagrange
Vi du 1. Cho hai s6 thuc duong a, b thoa mén a < b. Chang minh rang:
b-a b b-a
<lh—<——
a a

Léi gidi

Xéthamsd f(x)=Inx= f'(x) =1,vX € (0;+00).
X

Theo dinh Ii Lagrange ludn ton tai ¢ e (a; b)sao cho f'(c) = M .
-a

. .1 Inb-lna a-b b
Vivay —= = =In—
c b-a c a
Mat khécO<a<b<c:>1<1<1:> b—_a< In9<u(dpcm).
b ¢ a b a a
7. Két hop sir dung cac bit ding thire co ban AM — GM ; Cauchy — Schwarz
Dé viéc khao sat ham sb thuan tién va don gian trude khi chang minh bat dang
thirc hodc tim Min, Max ta danh gia qua cac dai lwong trung binh cua hai bién sb

2. 2
(%,\/WM X ; Y} hoic két hop sit dung mot s bét ding thuc phu quen biét.

Sau diy 1 mét s6 danh gia hay dwoc sir dung:

+ x2+y22%(x+y)2;x3+y32%(x+y)

3
+ e* > x+1,vx>0;In(x+1)<x,Vx>0.

+ \/x2+y2+\/a2+b22\/(a+x)2+(b+y)2.
Vi du 1. (TSPH Khéi B 2006) Cho x,y la hai s6 thyc thay doi.

Tim gié tri nho nhat cia biéu thac P =\/(x—1)2 +y? +\/(x +17+y2 +]y-2|.
Loi gidi
Trén mat phang toa do Oxy, xét cac diém M(1-x; y) va N(1+x; y).

Tac6 OM + ON > MN, suy ra \/(x—l)z +y? +\/(x+1)2 +y? 2\/4+4y? .

Ping thuc xay ra khi x = 0, ta duoc P>2y1+y? +|y-2|.

Xéthamsd f(y)=2y1+y? +|y-2.
*)V6i y>2 thi f(y)=2y1+y®+y-2 lahim dong bién.

*)Voiy<2thi f(y)=2 1+y2+2-y co f'(y)= 2y -1.
J1+y?
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1
Khidé f'(y)=0cy=—1—.
)=0=y=T5
S TN ) : _ 1
Lap bang bién thién cua ham'sé f(y) ta duoc mlnP:2+\/§<:>(x,y)= O,E :

Chuy. Ta c6 thé sir dung bét déng thic Mincopski:

\/(x—l)2 +y? +\/(x+1)2 +y? 2\/(1—x+ x+1)° +4y? = ZM.

Vi du 2. (TSPH Khéi B 2011) Cho a,b 1a s6 thuc duong thoa man diéu kién
Z(a2 +b2)+ab=(a+b)(ab+2).

3 13 2 B2
Tim gia tri nho nhét cua biéu thuc P =4 a_+b3 -9 a_2+b_2 .
b® a b a
Loi gidi

Nhan xét. P c6 thé biéu dién theo t=%+9nén ta nghi dén viéc danh gia
a
a b . A a - .
t =5+—dua vao diéu kién bai toan.
a

pat t=2+2 ki do
b a

a b a b a b) 3 2
P=4 -3 = 9| =+—| -2 |=4t"-9t° —12t +18.
b a b a b a

Xuét phat tir diéu kién ta co:

2(3+9j+1=(1 j(ab+2) 2+/2ab (1 1) 2\/_{\/7 \/7]
b a a b

Suy ra 2t+122\/§.\/t+2<:>t22.

Xétham sé f (t) =4t> —9t? —12t +18trén B;ﬂo)ta co:

f'(t) =12t2 —18t—12>0,Vt2%nén f(t) dong bién trén B;+oo)suy ra

5 23

Vy gia tri nho nhét cua P bang —? dat tai a=2,b=1hoic a=1b=2.
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Bai tip twong tw
1) Cho x,y la 2 s6 thuc dwong thoa man didu kién

6(x2 + y2)+ 20xy =5(x+y)(xy +3).
Tim gia tri nho nhét cua biéu thuc
4 4 33 2 2
P =9(X—4+V—4J—16{X—3+y—3j+25[x—2+y—2].
y X y© X y- X
2) Cho a,b 12 hai s6 thuc duong thoa man diéu kién
2
(a? + 207 ) +32%% = 2(a” +b? (2 + 207
Tim gié tri nho nhét cua biéu thirc
@b +£+ [(aer)2 +2a2 +5b2}[(a—b)2 +2a° +5b2}

i ok a’ ab(a2 + 2b2)

Vi du 3. Cho a,b 1a cac s6 thuc duong thoa mén diéu kién
a+b+2/(a+2)(b+2)=12.
a b 48
+ + .
b+2 a+2 a+b
Loi gidi

Tim gid tri nho nhét cua biéu thuc P =

ik 1 2 a+2+b+2)
Theo gia thiét ta co: Z(lZ—a—b) =(a+2)(b+2)<s| ——| .

Pit t=a+b,(0<t<12)suyra (12-t)° <(t+4) o t+4>12-tt>4,

a®(a+2)+b3(b+2) 48 _a4+b4+2(a3+b3) 48

Khidé P= = .
1 (@a+2)(b+2) a+b  (a+2)(br2)  a+b

Sir dung bét dang thac AM-GM ta c6 a’ +b* > %(a+ b)*;a% +b°> %(a +b)°.
S(a+b)'+2.(a+b)

Suy ra p>8 48

(@+2)(b+2)  a+b

(a+b)4+4(a+b)3+ 48 t'+4® 48

(12-a-b)®  a+b 2(12-t) t
4

8.
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theat® 48
———— +—— nayrorang day 1a mot ham so
2(12-t) t
phtic tap néu dao ham 1én khong xac dinh tinh duong 4m cta dao ham trén khoang
[4; +oo) . Do d6 ta can don gian ham sb do di bang cach danh gia

1 1
— >—.
2(12-t)" 128

Nhan xét. Néu ta xét ham sé f (t) =

2(12-t)* <2(12-4)’ =128 =

t* + 4t 48
Vay tacd danh gid P> f (t) = +—
ay g ®) 178 "
4 3 5 4_
xéthamsé () =2 s Bysi t>ataco ()= 1930 0 visa,
128 t 322

Do d¢ f(t) dong bién trén [4;+o0)suy ra P> f(t) > f (4) =16 . Dang thic xay ra
khi va chi khi a=b=2.
Vy gia tri nho nhat cia P bang 16 dat tai a=b=2.

B. BAI TOAN CHON LOC
Bai 1. Cho x,y la hai s6 thyc thoa méan didu kién x+y—-1=~/2x—4+,/y+1 .
Tim gia tri 16n nhét va gi4 tri nhé nhét cua biéu thirc

P=(x+ y)z—‘/9—x—y+ —x1+y'

Loi gidi
Nhan xét. P 1a mot biéu thuc biéu didn theo t = x + ynén ta tim cach dua vé khao

sat ham véi t = x+y nhung trudc tién phai tim mién gia tri cua t thoa man diéu
kién bai toan.
Dit t = x + y xuat phat tir diéu kién va bt ding thuc C-S ta co:

X+ y—1=1/2(x—2)+\/ms\/(2+1)(x—2+ y+1)=\/3(x+ y-1).

t>1
= 2 <1<t<4
(t-1)" <3(t-1)
Khidé P = f(t):tz—\/g—t+i.
Jt
1 1 1 4tt-1

Taco f't)=2t+

- = + >0,Vte|l4].
209t 2ttt 29—t 2tvt (4]

Suy ra max f(t) =f(4) :ﬁ_\/g; min f(t)=f()=2- 242
te[1;4] 2 te[14]



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Vay gia tri 16n nhat cua P bing %—\/5 dat tai x=4,y=0. Gia tri nhé nht

cua P bang 2-2+/2 dattai x=2,y=-1.
Bai 2. Cho x,y la hai s6 thuc dwong thoa man diéu kién xy + x+y=3.
Xy 3X 3y

Tim gié tri nho nhat cua biéu thic P = x? + y? — - =L
X+y y+1 x+1

Loi gidi
XY 4 (x+ y)2 —2xy+3(x+Y)
X+y Xy +X+Yy+1

Vibt lai P=(x+y)’ —2xy -

Pit t=x+y=xy=3—t.Taco (x+y)’ >4xy =12 >4(3-t)« st >2.
Khido P=t2 —t-2_3
t 2

Xét ham sé f (t) =t® —t —%—gtrén [2;+0)ta co

t?(2t-1)+12
f'(t):2t—1+%:%>0,w22.
t t
Do d6 f(t) 1a ham dong bién trén [2;+00)suy ra P = f(t)> f(2) = ‘%'

Vay gié tri nho nhat cua P bang —gdat tai x=y=1.
Bai 3. Cho x,y la hai sb thuc thoa mén diéu kién

2
(x2 +y? +1) +3x%y% +1=4x% +5y2.

2 2 2.,2

Tim gia trj 16n nhat, gia trj nho nhat cia biéu thic P == +22y 23X y_.

X“+y +1

Loi gidi
Nhan xét. Bé y dén dai lugng x° + y2 +1tir diéu kién va biéu thic cua P ta nghi
dén viéc bién ddi P theo x? + y? +1dwa vao diéu kién bai toan.
. 2
Tu gia thiét ta co: (x2 +y? +1) +3x%y? +1=4(x2 +y? +1)+ y2 -4
2
=N (x2 +y? +1) —4(x2 +y? +1)+5= y2 —3x%y2.

Do dé P (x2+y2+1)+(y2—3x2y2—1) (x2+y2+1)2—3(x2+y2+1)+4
odo P= = )

x2+y2+1 x2+y2+1
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2_
Piat t =x2 + y? +1khi do P:ﬂ

. Ta can tim mién gi4 trj cua t.
Xuit phét tir didu kién ta co:

(x2 + y2 +1)2 +3x2y2 +1=5(x2 + y2 +1)— X2 -5

<:>(x2 +y? +1)2 —S(X2 +y? +1)+6:—x2 —-3x%y? <0

:>(x2 +y? +1—2)(x2 +y? +1—3)§0:>t €[2;3]

t2 —3t+

Vay xét ham s f (t) = 4 ien tuc trén [2;3]ta duoc:

t? -4
t2

f(t) = >0,Vte[2;3]. Vay f(t) 1a ham dong bién trén [2;3]suy ra

1=f(2)sf(t)sf(3)=% haylsPs%.

Vay gia tri nho nhit cua P bang 1 dat tai x =0,y =+1va gié tri l6n nhét caa P
bing %dat tai x=0,y=%2.

Bai 4. Xét phuong trinh ax® —x® +bx—1=0 véi a, b 1a cac sé thyc, a=0, a=b
sao cho c4c nghiém déu 1a s thuc dwong. Tim gia trj nhé nhit cua biéu thic:

P_532—3ab+2
a’(b-a)
Loi gidi
Goi u, v, s 1a ba nghiém thuc duong cua da thac ax® — x? +bx—1.
Theo dinh ly Viete ta c6 u+v+s=1;uv+vs+su=B;uvs=l (1).
a a a
Tudosuyraa>0,b>0.
bat ¢ =£. Ap dung BBT AM — GM cho ba s6 dwong ta c6
a
c=uvs=u+v+s>3us =3Yc = c3>27c=¢c>3/3 (2).
Mat khéc (u +v+s)2 —3(uv+vs+su)=%[(u —v)2 +(v—s)2 +(s—u)2J20.
Do d6 ¢ =(u+v+s)’ >3(uv+vs+su)=3bc (3)
Tir (1), (2) va (3) ta ¢



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

522 _ 3ab 4 2 15—32+2;3 ¢(5-3bc+2¢?)
B a’(b-a) “a b_, - bc—1
a
20(5—(;2+2c2):50(§2+5) @)
07_1 c°-3
3
50(02+5)

Xéthamsd f(c)=—, S v ¢>3y3. Tadugc f(c)>12./3.
C —

DAu bang xay ra khi c=3+3. Suyra P>12./3.

, . 1
Ping thic xay rakhi u=v=s=+/3,ticla a=——,b=+/3.
g y 3\/5

Vay minP =12/3.
Bai 5. Cho a,b,c la cac sb thuc khdng am thoa mén a>b>cva
3ab +5bc+7ca<9.
Tim gia tri nho nhat caa biéu thuc P = 32 o+ ! T+ ! e
(a—b)" (b-c)" (c-a)
Léi gidi
Theo gia thiéttacoé a>b>c>0=9>7ca+5bc+3ab>3ab=ab<3.
Khi do:

32 1 1>a2b2[ 32 1 1]

P> —+—4+—> —t—+—
(a—b)4 a4 b4 9 (a_b)4 a4 b4

22 2’ b°
2 2 2
(a®-2ab+b?)" P 2

1
9

Détt=3+9,(t>2). Do a>bh, khido P> f(t)== 32 2+t2—2
b a 9 (t-2)

1

Xét ham sb f(t):§{ 32

—2+'[2 —2] vai t>2ta co:

oy 1| 64 CE Y o _
f(t)_g{ (t_2)3+2t},f(t) 0 2t(t-2) =64 =t=4.
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Ta c6 £°(t) d6i ddu tir Am sang duong khi di qua t=4nén tai t=4 thi f(t) dat

cuc tiéu hay P> f(t) > f(4)=%.

c=0 a=16+33

Déng thitc xay ra khi va chi khi: Jab=3 < {b= 2+J§(2ﬁ—3).
b a

Vay gia tri nho nhét caa P bang 10/9 dat tai

a=\/6+3\/§,b=\/2+\/§(2\/§—3),c=0.

C. BAI TAP REN LUYEN
Bai 1. (TSCP 2009) Cho a va b 12 hai s6 thuc théa mdn 0<a<b<1. Chang minh

ring a’Inb—b%Ina>Ina—Inb.
Bai 2. Cho x,y la cac sb thuc khdng am thoa man diéu kien x% —xy + y2 =1.
2xy

JX+D(y+1) '

Bai 3. Cho x,y la hai s6 thyc dwong thoa man diéu kién xy + x+y =3.

Tim gié tri nho nhat cua biéu thic P =x+y —

Tim gid tri nho nhat cua biéu thac P =4—X1+4—y1+ 2Xy —+/7 -3y .
y+1 x+

Bai 4. Cho x,y >0 théa man diéu kién x+2y—xy=0.

2 2
Tim gia tri nho nhét ctia biéu thirc P = + Y
4+8y 1+x
Bai 5. Cho x,y 14 hai sb thuc dwong c6 tdng bang 1. Ching minh ring

X y
+ >4/2 .
1-x J1-y

Bai 6. Cho x,y |a hai sb thuc duong thay ddi thoa man 3x? +8y3 =20.

Tim gia tri nho nhét caa biéu thic P =iz+iz+;2 .
X“ YT (x=y)
Bai 7. Cho x,y la hai s6 thuc dwong phan biét thoa man xy <4.
N S , 2 2 3
Tim gia tri nho nhat cua biéu thac P =—t+—F+t—.
Xy (x=y)

Bai 8. Cho x,y la hai s6 thuc dwong thoa man xy <3.
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r 1.1
(X—y)4 X4 y4

Bai 9. Cho xy Ia hai s6 thuc duong théa man 8(x+2y)xy =5x +2y(5+16x).

Tim gié tri nho nhét cua biéu thic P =

Tim gid tri 16n nhét va nho nhat cua biéu thuc
(1+ 2xy)2 +7xy—6
Xy
Bai 10. Cho x,y 1a 2 sb thuc dwong thoa min didu kién
6(x2 + y2)+ 20xy =5(x+y)(xy +3).

P=x®+4y®+

Tim gia tri nho nhat caa biéu thic

4 4 3 3 2 2
oo X Ly S s ).
y X y- X y X

Bai 11. Cho a,b |a hai s6 thuc dwong thoa man diéu kién
2
(a2 + 2b2) +3a%? = z(a2 +b2)(a2 + 2b2) .
Tim gid tri nho nhat cua biéu thac

Babd 83 [(a+b)2 +2a° +5sz[(<';1—b)2 +2a’° +5sz
P= +—

b? al ab(a2 + 2b2)

Bai 12. Cho x,y la hai s6 thyc thoa man x+y =1.

Tim gid tri 16n nhét cua biéu thic P = (x3 +1)(y3 +1).
Bai 13. Cho x,y 12 hai s6 thyc thoa man x% +y? =x+Vy.

Tim gié tri 16n nhét va nho nhat cua biéu thuc P = x> + y3 + x?y + xy? .
Bai 14. Cho x,y 12 hai s6 thyc thoa man x3 +y3 =2.

Tim gid tri nho nhat cua biéu thuc P = x% + y2.
Bai 15. Cho x,y 12 hai s6 thuc duong théa man x>1,y>1va 3(x+y)=4xy.

Tim gi4 tri nho nhat va I6n nhét cua biéu thac P = x® + y® +3(Xi2+%j :
Bai 16. Cho x,y la hai s6 thuc khac 0 va thoa man xy(x+y)=x*+y* —x—y+2.

1

i, Ko o bR 1
Tim gia tri I6n nhat caa biéu thac P=—+—.
Xy
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Bai 17. Cho x,y 1 hai s6 thuc thoa man x? + y? + xy =3.
Tim gié tri 16n nhat va nho nhét cua biéu thuc P = x® + y® —3x—3y.
Bai 18. Cho x,y 12 hai sé thyc théa man x? + y? =2.
Tim gid tri I6n nhét va gia tri nho nhat cua bidu thuc P = 2(x3 + y3)—3xy .
Bai 19. Cho x,y l1a 2 s6 thuc khéng &m thoa man x+y =1.
X2y + xy?

X2 +y2—xy

Tim gia tri 16n nhét caa biéu thic P =
Bai 20. Cho x,y |2 hai sb thuc théa mén 2(x2 + yz)— xy =1.

Tim gié tri 16n nhét va nho nhit cua biéu thic P = 7(x4 + y4)+ 4x%y?,
Bai 21. Cho a,b Ia hai s6 thuc duong thoa min a+b+1=3ab.

3a_ % 1 1
(a+1)b  (b+l)a a® b2’

Tim gid tri 16n nhét cua biéu thic P =

Bai 22. Cho cac sb thuc x,ye[o;ﬂva x+ys% .

Xty
V1-x+ 1—y'
Bai 23. Cho a,b Ia hai s6 thyc duong théa man a+b=6ab .
3a+1 3b+1
2 1 oa2
9°+1 9a°+1

Bai 24. Cho x,y 12 hai sé thuc thoa man didu kién xy2—y2 +yy2-x2 =2.

Tim gia tri I6n nhét cua biéu thic P =

Tim gia tri nho nhat caa biéu thuc P =

+(3a+b)(3b+a).

Tim gié tri 16n nhét cua biéu thic P = (x+y)* —12(x=1)(y —1)+/xy .
Bai 25. Cho a,b |a c4c sé thuc khdng am thoa man diéu kién
a’+b?+ab<l-a-b.
1
\/1+ a® \/1+ b2

Bai 26. Cho x,y 12 hai sé thyc duong thoa man x* + y* R Xy +2.
Xy

Tim gid tri 16n nhét cua biéu thic P = +1+ab.

2 3
2+ 2_1 2 '
1+x° 14y +2Xy

Tim gia tri 16n nhét caa biéu thic P =
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Bai 27. Cho x,y 12 hai s thuc thudc khoang (0;1) va

(x3 N y3)(x+ y)=xy(x-1)(y-1).
1 1

+
\/1+ X2 \/1+ y2
Bai 28. (TSPH Khéi D 2009) Cho x,y 2 hai s6 thyc khéng am thoa mén diéu kién
X+y=1.

Tim gid tri 16n nhét cua biéu thic P = +5xy — (X + y)2 .

Tim gié tri I6n nhat va nho nhét cua biéu thirc
P= (4x2 +3y)(4y2 +3x) + 25Xy .
Bai 29. (TSPH Khéi D 2012) Cho x,y Ia hai s6 thuc théa man diéu kién
(x—4)2 +(y—4)2 +2xy<32.

Tim gid tri nho nhat cua biéu thic P = x>+ y* +3(xy —1)(x+y - 2).
Bai 30. (TSPH Khéi B 2009) Cho x,y la hai s6 thuc théa man diéu kién
(x+ y)2 +4xy>2.

Tim gié tri nho nhat cia biéu thic P =3(x4 +yt+ xzyz)— 2(x2 + y2)+1.
Bai 31. Cho x,y 12 2 s6 thuc khong 4m théa mén xy(x+y)=2.

Cht:ng minh rang 3(x3 + y?’)—Z(x2 + y2)+ X+y+4>0.
Bai 32. Cho x,y | hai sb thuc duong théa man

(xy+1)(9\/x_y—2xy) = 7(x2 + yz)—ny+ 2.

N cs e Lo oo / .2 1 1
Tim gia tri I6n nhat va nho nhat cta biéu thic P =xy + Xy + —+—.

Xy \/W

Bai 33. Cho x,y |2 hai sb thuc théa mén 2(x2 + yz) =xy +1.

, , \ x4 + y4
Tim gia tri nho nhat va I6n nhat caa biéu thuc P = .
2xy +1
Bai 34. Cho x,y 1 hai s6 thuc thoa man x? — xy + y? =1.
4 4
N Sy 1 . , Lo X"+ +1
Tim gia tri lon nhat va nhé nhat cua biéu thiac P =% .
X“+y +1

Bai 35. Cho x,y 12 2 s thyc thoa man x* + y* = 2xy .
Tim gid tri 16n nhét va nho nhat cua biéu thac
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P = xy + 3x%y? +2xy(x2+y2)—(x+ y)z.
Bai 36. Cho x%+y%>0va x4+y4+2=2(x2+y2)+xy.

Tim gid tri I6n nhét va nho nhét cua biéu thac P = 2x2y? + xy —

x2+y?
Bai 37. Cho x,y la cac sb thuc duong. Tim gié tri nho nhat cua biéu thuc
2.2
I:,:x+y+xy N 13xy .
Xy 1+ xy(1+x+y)

Bai 38. Cho x,y 1 hai sb thuc duong thoa man x* —x2y? + y* =1.

x+1+ y+1 2\/@

Tim gié tri nho nhét cua biéu thic P = :
3x+1 3y+1 xy(x+y)+2

Bai 39. Cho x,y la hai s6 thuc duong thoa man xy + x+y =3.
3x 3y Xy 2 2

Tim gié tri I6n nhét cua biéu thic P = + + — X -y,
y+1 x+1 x+y
Bai 40. Cho x,y 1 hai s6 thuc théa man ~/x+1++/y+1=4.
Tim gi4 tri I6n nhat va nho nhat cua biéu thic P = xy + n 64

Bai 41. Cho cac s6 thuc x,y thoaman x+y =~Xx—1+.2y+2 .
Tim gia tri 16n nhit va nho nhét cua biéu thic
P=x®+y? +2(x+1)(y+1)+8/4—x—-y.

Bai 42. Cho x,y la hai s6 thuc duong thoa man x+y+2= 3[— +I =

. , . 2 X2 y? 3
Tim gia tri nho nhat cia bieu thic P =(x-y)"| —+=-—|.
y© ox X

Bai 43. Cho x>1,y>1. Tim gia tri nho nhat cua biéu thic

S A S 2,2
P= +2(X°+y°|-164xy .
(x=1)(v-1) ( 1o
Bai 44. Cho x,y 1 hai s6 thuc duong. Tim gié tri 16n nhét cua biéu thic
b x*+y? . X% +y? +5\/x7y.
(x+y)4 (x+ y)2 X+y
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Bai 45. Cho x,y 1 hai s6 thuc khong &m. Tim gid tri nho nhat cia biéu thirc

24(2x+1)° (2y +1)° |

P=34(e3x+e3y)— .

E. HUONG DAN GIAl - DAP §C \f
Bai 1. Bat dang thirc twong duong véi:

(a2+1)lnb>(b2+1)lna<:>|2n—b> I2na .

b +1 a“+1

Inx

X2 +1

Véi 0<a<b<1vay ta cin chitng minh ham sé f(x) = ddng bién trén

khoang (0;1).

1.5
+1)-2xInx 2
Taco f'(x):x( ) - +X_2X'2”X>o,we(o;1).
(x2 +1) x(x2+1)
Vay f(x) dong bién trén khoang (0;1).
Inb Ina

Do d6 O<a<b<ltaco f(b)> f(a) =

> .
b?+1 a’+1

Bai toan dugc chirng minh.
Bai 2. Theo gia thiét ta c6

2 2
(x+y) -3y =1 =Y 13(“3’] S 1<x+y<2.

3 2

Khi do
2
x+y) -1
2.(7 2
X+ -1
P=x+y- 3 - =x+y—2\3/§. (2 y) :
\/x+y+1+(x+é) -1 \/(x+y) +3(x+y)+2
2_

Détt=x+y,1st£2tacéP=t—2\/§. -1 .

3 \/t2+3t+2
Tachang minh P >1, that vay ta can ching minh.

2_
t—2\/§. t-1 >1
3 t2 +3t+2

<:>(t—1)[3 t? +3t+2 —2\/§(t+1)}20
(t-1)(-3t° +3t+6)
Wt +3t+2 +24/3(t+1)

>0 (t-1)*(2-1)=0
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Bat dang thirc luon ding. Dang thirc xay ra khi va chi khi t =1hoic t = 2 twong

ung voi (x;y)=(0;1);(L0);(31).

Vay gié tri nho nhat cua P bang 1.

Bai 3. Taco:
4x(x+1)+4y(y+1)+2Xy 7 3y
(x+1)(y+1) /7
4(x2 +y )+4(x+ y
= +2Xy —/7—-3xy
Xy+X+y+1 \/7

2
4(x+y) +4(x+y)—8xy 2xy— [T~ 3xy

B 4
(x+y +X+y—[T-3xy>22+2-./7-31=4

(.

1 1(x+2y

Bai 4. Theo gia thiét ta co: x+2y =X =§. SE

j = X+2y>8

Theo bt ding thirc C-S ta c6 :

2 2
x? . y2 X (2y) N (x+2y)"  _ (x+2y) |
4+8y 1+x 4+8y 4+4x  4+8y+4+4x 8+4(x+2y)

2
Vay dat t = x+2y va xéthamsé f(t) = t ,t>8
8+ 4t
2
Tacs £'t) =% 50 véi t>8.
(8+4t)

. 8
Suyra min f(t)=f(8)==
y te[8;+0) () ( ) 5

r N 8 -
Tur @6 suy ra gia tri nho nhat cua P bang rx khi x=4;y=2.
Bai 5. Tacdy = 1 - x nén BDT can ching minh 14

X 17XS 2 vxe(0:1).

1-x \/_

Xét f(x)=

Vvx e (0;1). Taco

=5
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f’(x)zl 2—X _x+1 :E 1+4(@-x) 1+x
2 (]__x) 1-x X\/; 2 (l—X) 1-x X\/;
1
:E[h( l—X)—h(\/;):|
2
1—:—::%+% nghich bién trén (0;+oo) , Nén

f’(x):0<:>h(\/1—_x):h(\/;)<:>x/l——X=x/§<:>x:
Vi 1()> 065 (Vi) (4K i ek o e

trong 6 h (t) =

NI N

:

Dovay: f'(x)<0< x e(o;%)

Vay r(rg_il?f(x): f(%):\/ﬁ.Suy ra f(X)Z\E, vx e (0;1).

Chuy. Ta c6 thé danh gia don gian bang C -S .
Bai 6. Y tudng la dwa P vé& dang ham s6 c6 nhan tir chung dat 1a t. Mudn vay ta tao
cho P dang dong bac nén thém vao P mot lugng Xy.

Ta co: P.xy=4xy(i2+i2)+ Xy 2:4(l+ﬁj+ 1
X° ¥ ) (x=y) X y) X 5. ¥
y X

bat t=£+l,(t > 2)dua vé P.xy:4t+ti2.
X —

y
Mudn tim gia tri nho nhit ciia P vay trudc tién ta tim gia tri 16n nhat caa xy.

. 1 .
Khéao sat ham so f (t) = 4t +ﬁvél t > 2ta dugc:

1 5
fl)=4-—— :f'()=0>t="=x=2y.
(t) o) ®) 5 y

Vay khi d6 x=2y=12y*+8y*=20< y=1x=2thc P dat min tai
X =2,y =1.Pay la co s cho ta danh gia luong 1on nhit cua xy.
Xuit phét tir diu kién ta co:
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20=3x2+8y3=3x2+4(y3+y3+1)—423x2+12y2—4.
=8=X+4y* 2 4xy &> xy<2.
Do dé lef(t)zlf(EJ:G.

2 2 \2

Vay gié tri nho nhat cua P bang 6 dat tai x =2,y =1.
Bai 10. Taco

4 2 3 2
pgl(uj L +2]_16K1+1] _3[£+1ﬂ+25[1+1j 50
y X y X y X y X y X

Bai 11. Tur diéu kién va str dung bét ding thic AM-GM ta co:

(a2 +2b2)2 +3a%h? = Z(a2 +b2)(a2 +2b2) > 4ab(a2 +2b2)

2
= 3+2—bj +324(3+2—b <:>3+2—b23
b a b a b a

2 4
Khidodat t=2+22vatace P = f(t) =t +3t— 241,
b a t
Xéthamsb f(t) =t°+3t —%+1trén [3;+00)ta co

f(t) =3t +ti2+3 >0, V't €[3;+00) nén f(t) ddng bién trén [3;+o0).

Do do P=f(t)2f(3)=9?7.

Vy gia tri nho nhét cua P bang %dat taia=b=1.
Bai 25. Xuat phat tir diéu kién ta co:
2 1
(a+b) +a+b+ab£1:>12ab+2\/ab+4ab:>0£ab£§<1.

1 2
+ < .
Ji+a? 1+b® l+ab

Ap dung bt ding thirc co ban ta co:

Suyra P< +1+ab.

2
v1+ab
bat t =+/1+ab,t e{l;g} taco P s%+t2.
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(a+b)3 |

Bai 45. HD: Sir dung bét ding thirc quen thuge: a° +b® >

Str dung bét déng thic AM-GM ta co:
4(2x+1)° (2y +2)° sﬁz“lﬂy”) (x+ y+1)3

e +\/ey>2ﬂ 2exzy\/ '

ty

Suyra P>¢e” +e/y——\/ x+y+1 g —% x+y+1

CHU DE 3: KY THUAT SU DUNG TINH PON PIEU CHO BAI TOAN

CUC TRI VA BAT DANG THUC BA BIEN SO
A. NOI DUNG PHUONG PHAP
1) Sir dung phép thé dwa vé bai toan mét bién so
X+y+z2=0p
Vi diéu kign < Xy + yz + zx =  thi ludn biéu dién dugc S, = X" + y" + 2" theo
Xyz=r

p,q'r. , \ o

Do vay vai bai todn gia thiét cho 2 trong 3 diéu kién (p,q,r) ta hoan toan co thé

dwa S, vé mot da thirc ctia mot bién.

) o o [x+y+z=0
Vi du 1. Cho x,y,z 1a cac s6 thuc thoa mén .
Xy+yz+zx=-1
Tinh P =x%+y® + z°theo x.
Loi gidi
, y+2Z=-X
Theo gia thiet ta co: y
yz=-1-x(y+z)=-1-x(-x)=x*-1

Taco

P=x*+y*+2°=(y+2) -3yz(y+2)+x*=(-x)° +3x(x* ~1)+ x* =3x* - 3x.
Nhan xét. Ta chan gia tri cua bién x nhu sau

(y+z)224yz<:>x224(x2—1)<:>3x2s4<:>——3SXS—3
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Vay bai toan tim gié tri I6n nhat va nho nhét cia P dua vé khao sat ham mot

iy 2 2
bién f(x)=3x>—3xtrén doan | ———;—— |.
* { Ne @}
Vi du 2. Choa,b,c la céac sb thyc duong thoa méan diéu kién E+9+£=5.
c a

S, T S S b ¢ a
Tim gia tri I6n nhat va gia tri nho nhat cua biéu thac P=—+—+—.
c

Léi gidi

=1
DétXZE,yZE c {xyz
b c

===
a X+y+2=5

Ta can tim gia tri I6n nhét nho nhét cua biéu thic P = 11,1
X y z

Taco {°  x :>(y+z)224yz<:>(5—x)22

S EES

x23+2\/§

& (x=4)(x?-6x+1)>0 .
( )( ) [3—2x/§£x£4
1 y+z 1

X

2 —
—+X(5—X)=M.
yz X X

Khid6 P=

2 —
et ham s £ = -7 fian tuc trén
X
D=[3—2ﬁ;4]u[3+ 2ﬁ;+oo)dé co

min f (x) = f(ljz £(4) =2 max £ (x) = f(3—2ﬁ)=1+4ﬁ.
2 4 xeD

xeD
Vi du 3. (TSPH Khéi B 2012) Cho cac s6 thuc x,y,z thoa man x+y+z=0va

x2 +y2 + 72 =1. Tim gia tri 16n nhat cua biéu thic P =x° +y° + 2°.

Léi gidi
Taco:

X+y+z=0 X+y+z=0 X+y+z=0

e ) SN 1.
X“+y“+2°=1  |(x+y+z) -2(xy+yz+2x)=1 xy+yz+zx=—E

: 1 1
Suyra y+z=-x va x(y+z)+yz=—5:> yz=—+x".
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Mit khac (y +2)° > 4yz = x? 24(—%+ xzjo—gs s?.
Khi d6 :
P:x5+(y+z)5—5yz(y3+z3)—10y222(y+ 7)

=x° +(y+z)5 —5yz[(y+z)3 —3yz(y+z)}—10yzzz(y+z)

ECTENCIE G ST N T G U2 VRN IO WP AN 1t
=X +(-x) 5( 2+xj{x 3( 2+xj( x)} 10[ 2+xj(x)_ 1

3_
Xétham s f(x) =Mlién tuc trén {—i %} ta duoc:
2_
£00= 3% 75 ¢ 1) 0o x =28
4 6
v o[ B ([ _5B (4B [ )5
3 6 36 3 6 36
Suy ra P—f(x)<i
Vay gia tri 16n nhit cua P bing %dat tai x=§,y=z =—§.

Binh luan. Biéu thic cua P 1a mot d6i vai x nén theo két qua trén ta tim dwoc ca
gia tri nho nhat cua P. Ngoai ra ¢ thé bién do6i P nhur sau:

P=x5+y5+25=x5+(y3+z3)(y2+22)—y222(y+z).
Vi du 4. Cho a,b,c la céc sb thuc thudc doan [L;4]va a+b+2c=8.
Tim gia tri I6n nhét cua biéu thuc P =a® +b* +5¢3.
Loi gidi

Theo gia thiéttaco 2+c<a+b+2c=8<8+2c < ce[L3]
Taco P=(a+b)’ —3ab(a+b)+5c =(8—2c)* —3ab(8-2c)+5¢°

=-3¢% +96¢” - 384c +512 - 3ab (8- 2c)
Véi a,b>1=(a-1)(b-1)>0<ab>a+b-1=7-2¢c>0
Khi do
P <-3¢c® +96¢% - 384c +512 - 3(7 - 2¢)(8 - 2c) = -3¢ +84c” — 294c + 344

Xétham sé f(c) =-3c® +84c® — 294c + 344 lién tuc trén doan [1,3],ta co
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f'(c)=—9c% +168c +512; f '(c) =0 <= c=Cy = e[13].

28-7+/10
3
Ta c6 £(c) dbi diu tir Am sang duong khi di qua Co nén f(c) dat cuc tiéu tai Co-
Do d6 P < f(c)<max{f(1); f(3)} = f(3)=137.
Ding thtc xay ra khi va chi khi a=b=1,c=3.
Vay gia tri I6n nhit cua P bang 137 dat tai a=b=1,c=3.
2) Panh gia thong qua cac dai lwgng trung binh cia ba bién sb
Véi moi sé thuc x,y,z ta ludn cé
3(x2 +y? +22)2(x+ y+2)°;
(x+ y+z)2 >3(Xy + yz + 2X);

(xy+yz+ zx)2 >3xyz(X+Yy+2).
Vi x,y,z 1a cé&c sé thurc khong am ta lubn c6 %2 3xyz;
xyz=(x+y—-z)(y+z—x)(z+x-y)

(x+y)(y+2)(z+x)==(x+y+2z)(Xy+yz+2X)

©|

Nhan xét. Véi cac bai toan co x,y,ze[a;b]va x+y+z=sta thuong sir dung bat
dang thire dé tim méi rang budc gitra cac dai lwong d6i xang Xy + yz + 2x Va xyz .
Mét sé ding thire danh cha y

(a+b+c)’=a®+b%+c® +3(a+b)(b+c)(c+a)

(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)-abc

2(a’h? +b%? +a2a2)—(a4 +b* +c4)=(a+b+c)(a+b—c)(b+c—a)(c+a—b)
Vi du 1. (TSPH Khdi B 2011) Cho a,b,c la cac sb thuc khdng &m théa man diéu
kién a+b+c=1.

Tim gia tri nho nhét cua biéu thuc

P =3(a2b2 +h?%c? +cza2)+3(ab+bc+ca)+ 2va% +b? +c?
’ Lo gidi
Theo gia thiét ta co:
a?+b%+c?=(a+b+c)’—2(ab+bc+ca)=1-2(ab+bc+ca).

Mat khac: 3(a2b2 +b%c? +c?a? ) > (ab+bc+ca)’.
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Suyra P> (ab+bc+ca)’ +3(ab+bc+ca)+2,1-2(ab+bc+ca) .

Diat t =ab+bc+cakhi do: P> f(t)=t%+3t+2y1Y2t .

Vi OSab+bc+ca£%(a+b+c)2 =%:>te{0;%]

Xéthamsb f (t) =t% +3t+ 21— 2t lién tyc trén doan {0;%} ta co:

a2 o2 1
f(t) =2t +3 \/1__2t,f(t) 2 (1_2t)3SO,Vte{O,3]

Do dé f'(t)> f '@):1—31—2@>o.

Vi vy f(t) déng bién trén doan [o;ﬂ. Suyra P> f(t)> f(0)=2.

Pang thirc xay ra khi va chi khi a=b=0,c =1 hoic cac hoan vi.
Vay gia tri nho nhét ciia P bang 2 dat tai a=b =0,c =1hoic céc hoén vi.

Vi du 2. Cho x,y,z 1a cac sb thuc thudc doan [0;2] va thoa man diéu kién
X+y+z=3.

Tim gié tri I6n nhét cua biéu thic P = t + XY + Y7+ 2X.
X+Yy y+2 Z4+X
Loi gidi
Cha y bét déng thuc
(X+y)(y+z)(z+x)2%(x+y+z)(xy+yz+zx).
Khi @6
P:(x+y)(x+z)+(y+z)(y+x)+(z+x)(z+y)JererHZX
(x+y)(y+2z)(z+x)
2
z(x+y+z) +Xy+yz+zx+xy+yz+zx
(x+y)(y+2z)(z+x)

2
X+Y+2) +Xy+yz+2zx
<( y+z) txy+y + XY + YZ + ZX

B g(x+ y+2)(Xy+yz+12x)

SN +xy+yz+zx+§
8(xy + yz + 2x) 8

Chi y diéu kién x,y,z[0;2] nén
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4+ xyz

(2-x)(2-y)(2-2)20=xy+yz+2x> >2.

Khi d6 dit t = xy + yz+zx Vi Xy + yz+zx£%(x+y+z)2=3nén te[2;3].

Dod6 P< f(t)=£+t+§.
8t 8

Xét ham sb f(t)=g+t+§ trén doan [2;3] ta co f '(t)=1—82—72>O,Vt22.
t

Do d6 f(t) ddng bién trén doan [2;3] suy ra f (t) < f (3) =% .

DAu bang xay ra khi va chi khi x=y=z=1.
Vay gia tri 16n nhét caa P bang 9/2.
Nhan xét. Ta c6 thé danh gi4 thong qua bat dang thirc(xem chuong 2).
1+1+1S 3 +x+y+z.
X+Y Yy+Z Z+X 2(X+y+z) Xy+Yyz+2x

Vi du 3. Cho x, , z la céc s thuc thudc khoang (0, 1) thoa mén diéu kién
xyz =(1-x)(1-y)(1-2).
1

TRy SSPUNS SR 1.1
Tim gia tri nho nhat cua biéu thic P=x+y+z+—+—=+—=.
X y z

Lo1i gidi
Theo gia thiét ta co: x+y+z—xy—yz—2x+2xyz—1=0.

Du doén dau bang xay ra khi x=y=z:>x3=(l—x)3:>x=y=z=%.

Do do ta xét hai kha nang sau:

+Néu xy + yz+zx<%:>%>xy+yz+zxz33 x2y222 = xyz <%.

Khi d6 sir dung bat diang thac AM — GM ta c6
( 1) 1 ( 1) 3(1 1 1
P=|X+—|+|y+— |+| 2+— |+—| —+—+—
4x 4y 4z ) 4\x y 1z

22\/x.i+2 y.i+2\/z.i+i
4x 4y 4z 43xyz
9 9 15

=3+ >3+
43/ xyz 21
2
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+ Néu xy + yz + 2x Z%khi d6 bién do6i P theo xy + yz + zx bang cach rit

xy+yz+zx+1 X— y—z

Xyz =

Vachay x+y+z>4/3 xy+yz+zx!
W+W+U

Taco P=x+y+z+———

Xy + YZ + X
Xy +YyZ+2X+1l-X-y-12

> [3(Xy +yz+2x) +2. Xy+yzt o

XYy + YZ + 2x +1—3(Xy + yz + 2X)

=X+y+2+2.

bat t= 3(xy+yz+zx),§£t<3ta co

t2

— 2

P>t+2. 5 3 =t+ 5 2
%+1—t t©-3t+3

:(Zt—3)(t2—7t+15) 1515 [3 3)
2(t*-3t+3) 2° 2

So sanh hai truong hop ta c6 Min P bang 15/2 dat tai x=y =z =% .
Nhan xét. Ly do xét hai truong hop do suy nghi 1am theo huéng hai dau tién tuy

nhién bat dang thirc cudi chi dung véi xy + yz + zx > % Do vay can phan chia lam

hai truong hop, Véi Xy + yz + zx < %ta khéo léo két hop AM — GM dé chi ra P 16n

hon 15/2.
Bai tap twong tw
Cho x, v, z la cac sé thuc thudc khoang (0, 1) thoa man diéu kién
xyz =(1-x)(1-y)(1-2).

Tim gié tri nho nhat cua biéu thuc P = x? + y2 + 22,

3
bS: Py, =— 7
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Vi du 4. Cho a,b,c 1a c4c sb thuc duong. Tim gid tri nhé nhét cia biéu thirc

P= E+E+£—2+ Babc
\b ¢ a (a+b)(b+c)(c+a)

Loi gidi
Str dung bét déng thic AM-GM ta co:
8abc B 8 S 8.27
- > 7
(a+b)(b+c)(c+a) (a+1)(b+1j(c+lj [a+b+c+3j

Pt t=%+9+3+3,(t26)ta c6 P> f()=yI-5+22.
c a t

Xét ham sb f(t):«/t—5+2—£6 vGi t>6 taco:
t

, 1 648 t*-1296t—5
F= IV 4

24t-5 t 2t*t-5
Suyra P> f(t)> f(6) = 2. Dang thiic xay ra khi va chi khi a=b=c.
Viy gia tri nho nhat cia P bang 2 dittai a=b=c.

>0,vt=>6.

Vi du 5. Cho x,y,z 1a cac sb thuc khong am théa man diéu kien x2 + y? + 22 =3.

N S S 16 Xy + Yz + X
Tim gia tri nho nhat cua biéu thac P = LY .
\/x2y2+y222+22x2 X+Yy+2
Lo1 gidi
2
2 .2, 52 4 4 4
) XTHY +2°) X"yt =77 g yA A A
Taco x2y2+y222+22x2=( )2 = 2y _

Str dung bét ding thirc AM-GM ta ¢6
x* +x+x23x2;y4 +y+ y23y2;z4 +7+12232°
Cong theo vé 3 bat dang thirc trén ta duoc :

x4+y4+z423(x2+y2+22)—2(x+ y+2)=9-2(x+y+2).

2_ 2 2,2 2 _
xy+yz+zx:(x+y+z) X“-y"-7" (x+y+2) 3
2 2
2
Dods pr——10 _ (xry+z) -1
JXx+y+z+1l 2(x+y+2)
. : L 16 t*-1
Datt=X+y+Z,t€|:\/§,3:|KhldO P> f(t)—ﬁ‘l‘T
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, 16 t°-1,.
Xét ham sb f (t) = ——— + lién tuc trén doan | +/3:3 |ta c6
== . an [V/3;3]
(t)——2 L —L 1 1.8 —— <0nén f(t) 1a ham nghich bién trén
202 Jt+1) 52 g

doan [@3}

Dodo P> f(t)> f(3)=?.]—)éng thire xay ra khi va chi khi x=y=z=1.

Vi du 6. Cho a,b,c la céc s6 thuc dwong thoa man diéu kién ab+bc+ca=1.
Tim gié tri nho nhét cua biéu thic P=a+b+c+abc.
Loi gidi

Theo gia thiét ta co: c=1_ b,c>0:>ab <1.
a+b

Thay vao biéu thiic cia P ta duoc:

2,.2
P=a+b+1_ab b1 ab a+b+1_ab .
a+b a+b a+b

4
Str dung bt dang thirc AM-GM ta c6: a%b? < [a_+b] .

2
1_(a+bj4 4 2
Suyra P>a-+b+ 2 ) _—(a+b) +16(a+b) +16
a+b 16(a+b)

_t4 2
Pat t=a-+b,(t>0)khi do P> f(f) =0 +16

16t
4 2
Xéthamso f (t) _ U0 Gt s otaco:
16t
4 _1gp2 4—12)(3t2 -4 t=2
f'(t)=—3t j.::z +16=( 1)6(t2 );f'(t)=0<:> t_i'
V3
Lap bang bién thién suy ra Mln f)="f 10\f =P 103 . bang thuc
Jﬁ 27
. . 1
xay ra khivachikhi a=b=c=—.
/ NE
Vy gia tri nho nhét cua P bang 1043 dattai a=b=c L
27 J3
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Vi du 7. Cho a,b,c 1a c4c sb thuc thoa man didu kien a2 +b? +¢? =2.
Tim gia tri I6n nhét va nho nhat cua bidu thac P =a® +b® + ¢ —3abc .
Loi gidi
Taco:
(a+b+c)’ -2

2=a’+b?+c?=(a+b+c)’ —2(ab+bc+ca)=ab+bc+ca= >

Khi do:
P=(a+b+c)(a2+b2+cz—ab—bc—ca)
=(a+b+c)[(a+b+c)2 —3(ab+bc+ca)}

(a+b+c)’ -2 .

—(a+b+c)|(a+b+c)* -3. 5

—(a+b+c)’ +6
2

Dt t=a+b+c:>t2:(a+b+c)233(a2+b2+c2)=6<:>te[—\/§;\/€].

=(a+b+c).

Khi do P = f(t):—%t3+3t.
Xéthamsé f(t) = —%t?’ +3tlién tuc trén [—\5;\/5] ta co

f'(t)=—%t2+3;f'(t)=0<:>t:ir\/§.

Bang bién thién:

C [ o 7 7
' (t) - 0 + 0 _
f(t) 0 22

L N

Dua vao bang bién thién suy ra f(t) dat gia tri I6n nhat bing 2v/2 tai t=+/2 va
dat gia tri nho nhat bing 2+/2 dat tai t =—/2.

Vay gia tri 16n nhat cua P bang 2+/2 dat tai a=~/2,b=c=0hoic cac hoan vi.
gia tri nho nhat cua P bing —2+/2 dat tai a=—/2,b=c =0 hoic cac hoan vi.
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3) Bat dang thic c6 hai bién ddi xirng
Ghép cip hai bién d6i xing véi nhau va danh gia bat dang thirc co ban nhu AM
— GM va Cauchy — Schwarz hoic mot s6 bat dang thic phy dua vé bién con lai
va hoan tit bang khao sat ham s (xem chu dé sau).

Vi du 1. Cho x,y,z 14 cac s6 thuc duong thoa man didu kien x% + y? + 22 =1.

Tim gia tri 16n nhat cua biéu thic P =6(y +z - X)+27xyz..
| Loi gidi
Str dung bét déng thic AM — GM va C =S ta c6
y+zs¢2(y2 +22) =\/2(1—x2)

y2 +22 1—x2

yz <
Suy ra P<6[ }
Xéthamso f(x) = 6[,/ }+—x 1-x )trén khoang (0;1) ta co
f'(x)=§(—27x2+5— 4f2x ];f'(x)=0<:>—27x2+5— wax
2 \/1—x2 \/1—x2
O<x<l1l
o N o e s ar 50
V1-x° 32x2 2
(5 _97y2\ _
1_)(2_(5 27x ) -0
O<x<l
< 15-27x*>0 @X:%

(3x* ~1)(9x* -1)(27%* -25) =0
Ta c6 £(x) d6i dau tir dwong sang 4m khi di qua % nén f(x) dat cuc dai tai %

Vivay P< f(x)< f(%j:lo. Déu bang dat tai x=y:z=%.

Vay gia tri 16n nhét caa P bang 10.

. ok A A 1A 1
Vi du 2. Cho x,y,z 1a cc sb thyc thoa man didu kien x? + y? < EZZ :

4

Tim gia tri nho nhat cua bidu thuc P =(x4 +yty 24)(i+i4+i4}
x* oyt 2
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Léi gidi

St dung bt dang thirc co ban: a% +b? > %(a +b)’ ta co;

%222x2+y22%(x+y)2:>x+y£z.
1 2 4.1 1 2 32
Xyt 2+ y?) 22 (x+y) >
2( ) 8( ) YR (xey)
4

4
SuyraP > M+z4 |32 4+i4 =
8 (x+y)" z

x+y) 1, 32
Déttz( yj (0<t<1)taco: sz(t)=§t+T+5_

z
o A A 1, 32 . .
Xeét ham so f(t)=§t+T+5v0| O<t<ltaco:

f(t)= % —% <0,Vt e(0;1]vi vay f(t) nghich bién trén (0;1].
t

Do do P> f(t)> f(l):%. Diang thuc xay ra khi va chi khi x=y=§.

Vay gia tri nho nhét cua P bang %dat tai z=2x=2y.

Vi du 3. Cho a, b, ¢ 12 cac s6 thuc duong thoa méan diéu kién
S N S S
2 a+l b+1 c+1
32(b3 +c3)+1o
8a2 +1  64b%2 116bc+1
Loi gidi
Chuy. Ta can danh gia be theo a mudn vay xuat phét tir diéu kién ta co:
2abc+ab+bc+ca=1=bc<1.
1,1 _, 1 _1+2

Tim gia tri nho nhat caa biéu thuc P =

Va + =2- = )
b+1 c+1 l1+a 1+a
Vi bc<1 tacod ! + ! < 2 :>1+2ag 2 :bcg;z_
b+l c+1 1++bc  1+a 1++bc (2a+1)
32(b%+c®)+10
Mt khéc ( ) - 6 , 6

64b%c® +16bc+1 8bc+l 8
(2a+1)?
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2(,.2
6(2a-1)"(4a” +8a+1
Suyra P> 23 + 86 :( )( > )+323.
8a®+1  ° 4 (8a2+1)((2a+1) +8)
(2a+1)?
Déubéngdattaiazl;bzc; 1 + ! + L =2c>a=b=c=£.
2 a+l b+1 c+1 2
Vi du 4. Cho a,b,c | céc sb thuc duong thoa man didu kién abc =1.
Tim gid tri nho nhét cua biéu thae P = ! 1. 2 .
2a+1 2b+1 (2c+1)\/6c+3
Loi gidi
1 2

Ta biét bat dang thic phu dung véi ab > % Do vay ta

+ >
1+2a 1+2b 2ab
chia truong hop dé xir ly.
1 1 1 1
+ > + =1.
2a+1 2b+1 1 2b+1
2b

+ TH1: Néu ab<1:»a<i, khi d6 P >
E— 4 4b 1+

+ TH2: Néu ab> % = ¢ <4, khi d6 van dung bat dang thirc phu trén ta duoc:
by 2 . 2 e . 2
“1+2Jab  (2c+1)V6c+3 Ne+2 (2c+16c+3

Ve, 2
Je+2  (2c+1)/6c+3

min f(c) = f(l):%.

Xéthamsb f(c) = trén khoang (0;4] ta duoc

DAu bang dat tai a=b=c=1. Vay gia tri nho nht caa P bing g .
4) Panh gia xoay quanh cac dai lwgng (a—b),(b—c),(c—a).
Vi du 1. Cho céc sé thuc khdng am a,b,c c6 tdng bang 1.
Tim gia tri I6n nhét, gia tri nhé nhét cua biéu thac P =(a-b)(b—c)(c-a).
Loi gidi
. p2 2 2 2
Taco: P*=(a—b)"(b-c) (c—a)”.
Khéng mat tinh tng quat ta c6 thé gia st a>b>c > 0khi do

P2<(a+c—b)’ b%(a+c) .

it t=a+ctacs P? =(2t-1)°t* (1-1)° = (2t° -3’ +t)2.
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Taco: t=a+c:1—b£1,t:a+cza+g+C=%.Véy te[%;l}.

, N e 3 2 2 N N 1 z
Xeét ham so f(t)=(2t -3t +t) lién tuc trén E;l ta co:

1
Ju] |2
f'(t)=2(2t3—3t2+t)(6t2—6t+1);f'(t)=0<—2> t=1 .
t_3+\/§
6
Tac f(1j=f(1)=o,f 34981 1 Sivra0<f)< - hay PP< L.
2 6 ) 108 108 108
Do a6 —ESPSE. Tal a=3+\/§,b=O,C=3_\/§th‘| Pzﬁ. Tal
18 18 6 6 18
a:3+\/§,b=3_\@,c=0th‘| P:—ﬁ.
6 6 18

Vy gia tri nho nhit caa P bing —ﬁdat tai a=3+\/§,b=3_\/§
108 6 6
V3 3443 | ._3-\3

tri 16n nhat cua P bang ~— dat tai a= 0,c="12.
18 6 6

,c=0va gia

Nhan xét. Xuat phét tir dang thac

x3+y3+z3—3xyz=(X+y+Z)(X2+y2+22—Xy_yz_zx)'

Tathay x=a—b,y=b—c,z=c—atacd x> +y>+2z°> =3xyz.
Thay vi yéu cau tim gia tri Ion nhat, nho nhat ciia P ¢6 thé yéu cau tim gia tri
I6n nhét, nho nhit caa biéu thirc
P=(a-b)’ +(b—c)’+(c-a)’.
Vi du 2. Cho a,b,c 1a céc sb thuc khong am doi mot phan biét thoa man
ab+bc+ca=4.
N SR , 1 1 1
Tim gia tri nho nhat caa biéu thac P = >+ 5>+ > -
(a-bf  (o-cF (c-a)
Lo gidi
Khéng mat tinh tong quat gia st a>b>c>0.
1 1

t—t—.
(a—b)2 a2 b2

Khido P>
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Tacéd: 4=ab+bc+ca>ab=ab<4.

Khidé4P2P.ab=ab{ L ! 1]:% a b

=t

(a_b)Z a2 b2 a_, b

b

patt=2+2 (t>2). knids P> f(t):l(uij.
b a 40 t-2

Xét ham sb f(t)=%(t+%)véi t>2, tacod

! _1 _ 1 CF () — t>2 _
f(t)—A[l —(t_z)zi,f(t) 022 5t=3.

Ta c6 £(t) d6i dau tir 4m sang dwong khi di qua 3 nén tai t=3thi f(t) dat cuc
tidu hay f(t)> f(3)=1.
Vay gia tri nho nhét cua P bang 1 dat tai
C:O,ab=4,%+2=3© a=J§—1,b=J§+1,c=0va cac hoan vi.
a
Céch 2: Khong mét tinh tong quat gia st a>b>c>0. Khi d6 viét lai vé tréi cua
bat dang thirc va sir dung bat dang thiuc AM-GM ta co:

1 1 1\ 1 1 1 1 1 1
P= + + -2 . + . + .
(a—b b-c c—aj [a—b b-c b-cc-a c-a a—bj

( 11 1 jz 4 ( 11 j 4 4
a-b b-c c-a) a-blb-c c-a) (b-c)(a-c) ab
Nhan xét. Chi ¥ dang thirc quen thuoc
1 1 1 1 1 1 c-a+a-b+b-c
a-bb-c b-cc-a c-aa-b (a-b)(b-c)(c-a)
Vi gia thiét a,b,c dé biéu thirc sau c6 nghia va cach chimg minh tuong ty ta c6
céc bat dang thirc tuong tu dang sau
1) Véi a,b,c>0taco

(a2+b2+c2) ! + ! + 1 >11+5\/§
(a-b)* (b-cf (c-a)| 2

2) V6i a,b,c=0taco

[(a+b)2+(b+c)2+(c+a)1[ ! + ! + ! ]259“1\/@.




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

3) Voi a=b=c tacd

(a2+b2+c2—ab—bc—ca) ! ~+ ! ~+ ! 5 > 2
(a=b)” (b-c)” (c-a)

4) Véi azb=#c tacd

(a2+b2+c2) 1 5+ ! 5+ ! > 22.
(a-b)® (b-c)° (c-a)" | 2
Sau day ta cung xét mot s6 bai toan dang trén
Vi du 3. Cho a,b,c |a c4c s6 thuc khong am dbi mot phan biét.
Tim gia tri nho nhét cua biéu thuc
P:(a2+b2+c2) ! >+ ! >+ ! > |-
(a-b)” (b-c)” (c-a)
Loi gidi
Khong mét tinh tong quét gia sir ¢ =min{a,b,c} .

Khi d6 (a—c)’ <a?,(b—c)’ <b?,a® +b? +c? > a2 + b2,

Do d6

a
2,12 42 B2 —+ 2
Pz(a2+b2) L 2+i2+i2 =a;bz+a_2+b_2+2: b +(E Ej
(a-b)” a® b") (a-b)” b” a a_,. b (b a
b a

pit t=%+9,(t>2)do a=b.Khido P> f(t):ﬁﬂz.
a —

Ta co: f'(t):— 2 2+2t,fl(t):0 t>2 t:3+\/§.
t-2 2
Bang bién thién:
t 3++/5
2 400
2
(t) 0
f(t) 400 o0
11+5V5
2
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Dua vao bang bién thién suy ra f (t) > f (

3+\/§J:11+\/§
5 .

2
DAu bang xay ra khi va chi khi

3+/5 a
@_
2 b

3+\/§©a_3+\/§i\/6\/§—2
2 4
11+5y5 3+\/§i\/6x/§—2b

dattai c=0,a=
2 4

b.

b
+—
a

Vay gia tri nhé nhat cua P bang

hodc cac hoan vi.
Vi du 4. Cho abc la cac sb thuc phan biét thoa min a+b+c=1va
ab+bc+ca>0.
2 2 2 5
+ + + .
la=b| |b—c| |c—a] +ab+bc+ca
Loi gidi
Khéng mat tinh tng quat gia st a > b > ¢ khi do:
2 2 2 5 8 2 5
P= + + + > + +
a-b b-c a-c +ab+bc+ca a-b+b-c a-c ab+bc+ca
10 5

+
a—-c +ab+bc+ca

bat t=\/ab+bc+ca,(0<t<%j do ab+bc+ca<%(a+b+c)2:

Tacs: (a-b)’ +(b—c)’ >-[(a-b)+(b-¢)]" =~ (a-c)’.

Tim gid tri nho nhét cua biéu thae P =

W

Suy ra:
g(a—c)2 <(a=b)* +(b—c)’ +(c-a)’ =2[(a+b+c)2 —3(ab+b(:+ca)}=2—6t2
213 503 .5

t

>a-C<——=P>2f(t)=——=
V3 Ji-3

Xét ham sb f(t):iijdi te(o;ijta co:
Vi—a? ot V3
3
f'(t):istg—%;f'(t)=0<:>3\/§t3= (1—3t2) ot=t

(1-3?) t V6
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Ta c6 °(t) d6i du tir am sang duong khi di qua t :inén f(t) dat cuc tiéu tai

J6
t:%.Dodé P> f(t)> f[%]ﬂo\/é.

=

pole l 1
3

1
N3 %
1 1

Vay gia tri nhd nhit cua P bing 104/6 dat tai a==+——,b =%,c L hoac

NG

5 ) 1
bang thic xay ra tai a= 3 +

w

w

cac hoan vi.

Céch 2: Panh gia thong qua bt ding thic AM-GM.
Khéng mat tinh tdng quét ta gia st a>b > ¢ ta co:
P= 2 + 2 + 2 + > .

a-b b-c a-c +Jab+bc+ca

Str dung bat dang thiec: 1.1
X Yy X4y

P>2 4 2 + > :5[ 2 + ! j

, VX, y >0 ta duogc:

. +
a-b+b-c a-c ab+bc+ca a-c ab+bc+ca
522 - 20

) ‘\‘/(a —c)?(ab+bc+ca) ‘\‘/(a —c)?(4ab +4bc + 4ca)
s 20 B 2032 B 202

\/(a—c)z +dab+dbc+dca \/(a+c)2 +4b(a+c) ) J(a+c)(a+c+ab)
2

2072 2076 406

Jib)@i3) J(3-3)@rab) S-iedd

106

a-b=b-c a= 6
2 . T 1
bang thurc xay ra khi va chi khi = <<b=

1
a—-c +ab+bc+ca 3
3-3b=1+3b 2

Vay gia tri nhd nhit cua P bing 106 dat tai a=%+—,b =%,c L hoac

cac hoan vi.
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Vi du 5. Cho a,b,c 1a cac s6 thuc khéng &m thoa méan diéu kién

2(a2 +b? +c2)=(ab+bc+ca+1)(ab+bc+ca).

Tim gié trj 16n nhét cia biéu thic P =2va” +b? + ¢ —[a—b|-|b—c|-|c-a].

Loi gidi
Khong mét tinh tong quat gia sir a>b>c = P =2va* +b® +c* -2(a-c).
X , t(t+1
Dit t=ab+bc +ca,(t > 0)theo gia thiét ta co: a® +b® +¢* = (2 )

Néut=0wa=b=c=0=P=0.
Xét t > 0khi d6 st dung bat dang thirc co ban ta co:

a2 b2 4c?>ab+botcams LY s e ts,
2
Taco
(a=b) +(b—c)’ +(c-a)" =2(a” +b?+c® ) ~2(ab+ b+ ca) =t(t+1) - 2t =t(t-1).
(a-c)’ =[(a=b)+(b-c)] =(a=b)*+(b—c)* +2(a=b)(b-c)>(a-b)*+(b—c)’.

t(t-1)
o

suyra 2(a-c)’ >(a-b)* +(b—c)’ +(c-a)’ =t(t-1)=a-c>

242t

Do do P<f(t)=42t(t+1)—/2t(t-1) =—F——.
0 ® \/ ( ) \/ ( ) Vvi+l+4t-1
Xéthamsé f (1) =/2t(t+1) —[2t(t-1) véi t>1ta c6:

g 0= T T

t>1
“ {(2’[ +1)2 (t _1) — (Zt _1)2 (t +1) (VO nghlem)

Vay £(t) khong doi du trén (L+oo)tacod f'(2)<Onén f'(t)<0,vt>1.

f(t)

Vay f(t) 1a ham nghich bién trén [1;+o0).

Suyra P< f(t)< f (1) =2 . DPing thirc xay ra khi va chi khi a=b=c=i.

&

Vay gia tri I6n nhit cua P bing 2 dat tai a=b=c =

-
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Vi du 6. Cho a,b,c Ia cac s6 thuc thoa man diéu kién a® +b% +c? =5,
Tim gia tri 16n nhit va nho nhét cua biéu thic
P=(a-b)(b—c)(c—a)(ab+bc+ca).
Loi gidi
Tacé: P2=(a-b)’(b—c)’(c-a)’(ab+bc+ca)’.
Dé tim gid tri 16n nhat va nho nhét cua P ta tim gié tri I6n nhat cua P2 .
Khi d6 ta co thé gia sir a>b > c khi do:
Str dung bét déng thic AM-GM ta co:

(a-b)2(b—c)? =[(a-b)(b—c)T’ {(a—b)Jr(b—c)} _(a-¢)"

2 16
Suy ra P2 s%(c—a)e(ab+bc+ca)2.
Pit t=ab+bc+ca,(t<5) do ab+bc+ca<a® +b?+c?=5.
Taco: (a—b)’ +(b—c)’ z%[(a—b)Jr(b—c)]z =%(a—c)2.
Suy ra:

g(a—c)2 <(a-b)’ +(b—c)* +(c-a)’ =2(a2+b2+cz—ab—bc—ca)=10—2t

3
:>(a—c)2320_‘1't:>Psi 204 tzzitz(S—t)g
3 16l 3 27
Xét ham sb f(t):zi'?tz(S—t)gvéri t <5ta co:
20 =9
f'(t)=—Et(t—2)(t—5)2;f‘(t)=0<:> t=2.
t=5
Bdang bién thién:
t —0 0 2 5

(1)

0 0 0
+00 16
0 0

Dua vao bang bién thién suy ra P < f(t) < f(2) =16 = -4<P <4,
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Tai a=2,b=1,c=0thi P=-4;tai a=-2,b=-1,c=0thi P=4.

Vay gié tri nho nhat cua P bang —4; gia tri I6n nhét cua P bang 4.
Nhan xét. Phép toan binh phuong dua vé da thirc ddi xiing véi ba bién a,b,c gilp ta
c6 thé gia sir dugc a>b>c. Pay la mot cach rat hay duoc &p dung khi gia tri 16n
nhét va nho nhét cua bai toan c6 gié tri d6i nhau.
Bai tip twong tw

Véi moi a,b,c tim s thuc M nho nhét thoa mén bt ding thirc

‘ab(a2 —b2)+bc(b2 —02)+ca(02 —az)‘s M (a2 +b? +02)2.

Vi du 7. Cho a,b,c 12 c4c sb thuc thoa man didu kiena? +b? +c2 =1 .
Tim gié tri I6n nhat, gia tri nho nhat caa biéu thirc
P=(a-b)(b-c)(c—a)(a+b+c).
Loi gidi
Chuyén P vé dang d6i xung
P=(a-b)’(b-c)*(c-a)’ (a+b+c)’
=(a-b)*(b—c)*(c—a)’[1+2(ab+bc+ca)] .

Khong mat tinh tong quét gia st a>b>c va dit x=ab+bc +ca,x e [—%;1} :

Taco:

a-b+b—cy (a-cY 1 3
(a—b)(b-c)< 5 == :(a—b)(b—c)(a—c)gz(a—c)
Mat khac lai c6
a2+b2+c2—ab—bc—cazé(a—b)z+%(b—c)2+%(a—c)2

2%(a—c)2+%(a—b+b—c)2

Suy ra 1—x2%(a—c)2 =a-c< /%(1—x);—%§xgl

Suy ra P% <(1+2x) %( %(1—X)J =2i7(2x+1)(1—x)3

. 4 3 1
Xét ham so f(X)=E(2X +1)(1—X) trén doan [_E’l} taco
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x=1
fi(x)=- (x 1) (8x+1);f'(x)0c{x 1

=5

Tudodécod max_f(x)=f Ly 8
1 8/) 512

xel —=1
2

Suy ra pc 8 9 _p. ®

<PL
512 1642 16+/2

Vy gia tri nho nhét cia P bang —% dat tai
_3J/3+6 oo L C:\/E—sﬁ
62 = 23 6+/2
Vi du 8. Cho a,b,c Ia cac s6 thuc thoa man diéu kién a® +b% +c? =8,
Tim gia tri 16n nhat, nho nhat cua biéu thirc
—(a-b)’+(b—c)’ +(c-a)’.

Loi gidi

Taco:
(a-b)’+(b—c)’+(c-a)’ =5(a—b)(b—c)(c—a)(a2 +b? +¢? —ab—bc—ca)
=5(a-b)(b—c)(c—a)(8—ab—bc—ca)
Vay dé tim gié tri 16n nhat va nho nhat caa P ta tim gia tri 1on nhat caa biéu thirc
P2=(a-b)’(b—c)’(c-a)’(8—ab—bc—ca)’.
Khi do tacothé giase a>b>c.
Str dung bat dang thac AM-GM ta c6:

(a-b)2(b-c)t=[(a-b)(b—c)T’ {(a—b)vt(b—c)} _(a-o)

2 16

Suy ra P? Sf—g(c—a)6 (8—ab—hc—ca)’.

Dit t=ab+bc+ca,(t<8) do ab+bc+ca<a®+b”+c?=8.
1

E(a—c)2 :

Ta co: (a—b) +(b-c) _—[a b) (b—c)}zz

Suy ra:
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g(a—c)2 s(a—b)2 +(b—c)2 +(c—a)2 =2(a2+b2+c2 —ab—bc—ca)=16—2t

:>(a—c)2£ =P 2

32 -4t <§ 32 -4t
3 16

3
j (8-t) = £ 1) =" L(s-1)°
Mat khac:

(a+b+c)’ =a?+b?+c?+2(ab+hc+ca)=8+2t>0>t> 4= —4<t<8.

Xéthamsb f(t) = %(8 —t)5 trén doan [—4;8]ta co:

ft)= —%(t —8)2 <0,do d6 f(t) 1 ham nghich bién trén doan [-4;8].
Suyra P< f(t)< f(~4)=921600 = -960 < P <960.
Vé6i a=-2,b=0,c=2=P=960.Vé4i a=-2,b=2,c=0thi P=-960.
Vay gié tri Ion nhat cia P bang 960 va gia tri nho nhat caa P bang —960.
Vi du 9. Cho a,b,c |a c4c sb thuc khdng am thoa man diéu kién ab+bc+ca=1.
1 N 1 N 1 .
Ja?+b? Jb2+c? 2 +a?
Loi gidi
Khong mat tinh tong quat gia sir ¢ =min{a,b,c},khi do ta cé:

2 2
a’ +b? s(a+£j +[b+£) ;
2 2

Tim gia tri nho nhat coa biéu thuc P =

2
b2+c23(b+£j ;
2

1=ab+bc+ca2(a+£j(b+£}
2 2

c c
bat x=a+—,y=b+—suyra
d > y > y
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3 — 7
Ta c6 f'(t)=1—33=¥<o,we(o;i} nén f(t) 1a ham nghich bién trén
t t

J2
4
Do dé sz(t)zf[%]=2+%.

Vay gi4 tri nhé nhat caa P bing 2+idat tai a=b=1c=0hoic cac hoan

2

vi(xem thém kg thuat sir dung tinh dang cap).
Céach 3: bat x=a?,y=b?,z=c? khi d6 xy+ yz+zx<1. Bai toan dua vé tim gi&
1 N 1 N 1
Jx+y Jy+z Jz+x

tri nho nhét cua biéu thuc P = . Bai toan nay toi trich
riéng va trinh bay dudi day.
Vi du 10. Cho ab,c 1a céc sd thyc khong 4m thay doi théa man didu kién

ab+bc+ca=1.

1 N 1 N 1
Ja+b Jb+c Je+a

Léi gidi

Nhan xét. Vai diéu kién a,b,c khéng am va ab +bc + ca =1nghi dén P dat gia tri
nhé nhit khi mot sé bang 0 va hai s6 bang 1. Vay ta c6 ghép cip hai can lai voi
nhau xem c6 danh gia dugc qua can thirc con lai hay khong.

Tim gid tri nho nhét cua biéu thae P =

Tacé'( L + L jz— L + L + 2
\Wa+b +a+c) a+b a+c fa+b)(a+c)
2a+b+c 2 _2a+b+c 2

- + === + .
a’+ab+bc+ca \a?rabtbctca A +1 a® +1

1 1 _\/2a+b+c+2 a®+1
Ja+b a+c '

Khong mét tinh tong quét gia st a =max {a,b,c} khi do:

Suy ra
a®+1

o1 +\/2a+b+c+2 1+a?
NG 1+a? '

Coi day 1a ham s6 véi bién a va b,c 1a c4c hing sé ta duoc:

bc—a’—ava®+1

f(a) = 3 <0.
\/(a2 +1) (2a+b+c+2 a’ +1)
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1-bc sisuy ra

Do d6 f(a) 1a ham nghich bién nén tir a =
b+c b+c

1
f(a)> f(mj

Mt khac: f( ]:\/ et [ 2FC
b+ \/b+C (b+c)” +1

bat t=\/b+c:>P2t+1+
t t4+1

Dit u=t+%,(u22). Khidé P>g(u)=u+ trén [2;+o) ta co:

u u  Ju-1

g'u)=1- >1- = >0,vu>2.

(u2 - 2)3 Y

u--2

Do d6 g(u) 1a ham dong bién trén [2;+0)nén P> g(u)>g(2) =2 —_

V2
Vay gia tri nho nhét cua P bang 2+% dat tai a=b=1,¢c =0hoic cac hoan vi.
Nhan xét. Ta cd thé khao sét tryc tiép ham s6 g(t)=t+%+ - trén (0; +o0) ta dugc:
t"+1
4
N ) .
g‘(t)—l—i+ tt+1 _t -1, 1t
t* t*+1 t’ (t4+1)\/t4+1
3
, (t2-1) (t4+1) —t4 -2
=(t —1) i = 1g'(1) =020 5t =1

2 4 .4 3
t (t +1) t7+1 t2 (t4 +1)
Ta c6 g’(t) ddi dau tir am sang dwong khi di qua t =1 nén g(t) dat cuc tiéu tai

t =1trén khoang (0;+) hay [rolin )g(t) =g(1) =2+i.
te(0;+0

V2

Vy gia tri nho nhét cua P bang 2+ ictat tai a=b=1,¢ =0 hoic cac hoén vi.

V2

Céach 2: Bat x? =a,y? =b,z% =c. Khi d6 x%y? + y?z2 + 2°x? =1.
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Suy ra
(xy+yz+2x)° =x2y? +y?2% + 222 4 2xyz(x+ y + 2) 2 X2y + y222 + 282 =1,
Bai toan dua vé tim gié tri nho nhat cua biéu thirc
1 1 1
P= + +
\/x2+y2 \/y2+z2 V22 + %2

DPay chinh la bai toan vira trinh bay trudc do.

VOi Xy +yz+2x>1.

B. BAI TAP REN LUYEN
Bai 1. Cho x,y,z la ba sb thyc duong thoa man diéu kién x+y+z < %

Tim gié tri nho nhat cua biéu thic P =x3 +y3 +2° L1011
X y z

Bai 2. Cho x,y,z la céc s6 thyc khong am thoa man didu kién x? + y? + 22 =3.

Tim gid tri 16n nhét va nho nhat cua biéu thuc

P=xy+yz+z2x+—mm.

X+Yy+z
Bai 3. Cho x,y,z la cac s thuc khéng &m thoa mian dicu kién x+y+z=1.

Tim gié tri nho nhét cua biéu thirc

P=3(X2y2+yzz2 +22x2)+3(xy+yz+zx)+x2 +y?+22,

Bai 4. Cho cac sb thuc x,y,z thoa man diéu kien x? + y? + 2% =1.
Tim gia tri I6n nhét va nho nhét cua biéu thirc

P=xy+yz+ X+ —mm.
XY+ YZ+2ZX+2
Bai 5. Cho x,y,z la cé&c sb thuc khdng am thoa mian diéu kién
3(x2 +y? +22)+xy+ yz+2x=12.
Tim gid tri 16n nhét va nho nhat cua biéu thuc
Xyttt
X+Y+12

P + Xy +YyzZ+ZX.

Bai 6. Cho x,y,z 1 c4c sb thuc duong thoa mén diéu kién x+y+z =3.
Xy + YZ + X
Tim gia tri nho nhat cua bidu thuc P = x2 + y2 + 22 +% .
X“+y +2°4+3
Bai 7. Cho x,y,z la cac s6 thuc dwong thoa man diéu kién x+y +z=3.
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33,3
Ching minh rang ?/% +83xyz <9.

Bai 8. Cho x,y,z la céc s6 thyc dwong théa mian diéu kién x? + y? + 22 =3.

2
(x+y+z-1) L1

X2y +y2z+2°x  X+y+z

Tim gia tri nho nhat caa biéu thuc P =

Bai 9. Cho x,y,z |a c4c sb thuc duong thoa man didu kién x+y+z=3.
Xy + YZ + X

Tim gid trj nho nhét ctia biéu thirc P =x* +y* + 2% + 2=
X2y + y2z + 2°X
Bai 10. Cho cac s6 thuc duong x,y,z théa mén diéu kién xy + yz + zx =3.

324

. 2
Tim gié tri nho nhat cua biéu thic P :(x2 +y2+ 22) +—=
X+Y+2
Bai 11. Cho x,y,z la céc s6 thuc dwong thda man diéu kién xyz =1.
72

Tim gia tri nhé nhat cia biéu thic P =(x+y)(y+2)(z+X)+————.
Bai 12. Cho a,b,c la c4c s6 thuc dwong thoa man diéu kién
3(a2 +b? +02)=3(a+b+c)+4.
Tim gid tri nho nhat cua biéu thac
P:a3+b3+c3—%—6(ab+bc+ca).

a“+b+c
Bai 13. Cho x,y,z 1a c4c sé thyuc thoa man diéu kién x? + y? + 22 =3.

Tim gia tri nho nhat cua biéu thic P =(x+2)(y+2)(z+2).
Bai 14. Cho cac s6 duong x, y, z . Tim gi4 tri nho nhat caa biéu thirc

2 2 2
s-XY,yr,rx, 1der
z X y 3(xy +yz© + 12X )

. sz n X 3
Bai 15. Cho x,y,z la céc so thyc thudc doan [0;1]va x+y +z =
Tim gié tri 16n nhat cua biéu thic P = x? + y? + 22.
Bai 16. Cho x,y,z la cac sb thyc duong thoa man x+y+z=10Va Xy +yz+2X=Xyz.
Tim gié tri 16n nhét va nho nhit cua biéu thic P = x® + y? + z2.
X+y+z=4

Bai 17. Cho x,y,z la cac s6 thuc thoa man diéu kién { )
Xyz =
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Chiting minh ring 1831655 < x* + y* + z* <18.
Bai 18. Cho a,b,c 1a cac s6 thuc duong. Chang minh rang
a+2014 b+2014 c+2014 ! E
c

+ + <
b+2014 c+2014 a+2014 b
Bai 19. Cho x,y,z la cac s6 thyc thoamin 1< x<y<z<4.

c
+—= .
a

Chiing minh rang (x + y+z)(l+l+ljg(1+ y+z)[1+l+lj_
X y z y z

Bai 20. Cho a,b,c 1a cac s6 thuc duong thoa man dicu kién a+b+c=3.

Tim gid tri 16n nhét cua biéu thic: P = 2 +3 abe .
3+ab+bc+ca \(L+a)(l+b)1+c)

Bai 21. Cho x,y,z la cac s thuc thudc doan B;l} .

i, £ VT Z Z+X X
Tim gia tri 16n nhat, nhé nhat caa biéu thuc P = yrz X X+Y
x+1 y+1 z+1

Bai 22. Cho a,b,c 1 cac s6 thuc thoaman a+b+c=3.

Chittng minh rang abc(a2 +b? + cz)s 3.

Bai 23. Cho x,y,z 1a cc sb thuc thoa man didu kién x+y+z=0va x®+y? + 7% =1.
Tim gia tri 16n nhét cua biéu thic P = x?y?z2.
Bai 24. Cho a,b,c la céc sb thuc. Ching minh rang

6(a+b+c)(a2 +b? +cz)+27abcs10 (a2 +b? +cz)3 .

Bai 25. Cho a,b,c la cAc s6 thuc dwong thoa man diéu kién ab +bc +ca=3.

Tim gid tri nho nhét cua biéu thae P = 1, 4 .

abc (a+b)(b+c)(c+a)

Bai 26. Cho a,b,c,d,e 1a cac s6 thuc duong thay dbi thoamén a+b+c+d +e=1.

Tim gia tri 16n nhét caa biéu thirc P = abc +bed + cde +eda + eab .
Bai 27. Cho a,b,c 1a cac sb thuc duong thoa man diéu kién ab+bc+ca=3.

Tim gié tri I6n nhét cua biéu thirc

a N b N c

(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)

~a?-b?-c?+2(a+bh+c).

Bai 28. Cho a,b,c 1a céc sb thuc thuoc doan [0;\@] . Tim gié tri 16n nhét caa biéu

thirc P=——— 4+ [31-a?(a+1)—b? (b+1)—c?(c+1).

Ja+b+c+1




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Bai 29. Cho a,b,c 1a cac s6 thuc khéng am thoa man diéu kién a+b+c=3.
Tim gié tri I6n nhat va nhé nhét cua biéu thirc

4 4.4
a“+b"+c
P=,————+3(ab+bc+ca).
\ad+b®+c8 ( )

Bai 30. Cho a,b,c 1 céc s thuc khdng &m va khong cé hai sé nao ddng thoi bang
0. Tim gi4 tri nho nhat cua biéu thirc

1 N 1 N 1
Ja2—ab+b? b%—bc+c? e —ca+a?
Bai 31. Cho a,b,c Ia céc sé thuc khdng &m thoa man didu kién ab+bc+ca>0.

2 2. 2

Z(a +b°+c ) 3 abc

+=— . -
a+b+c 4 a‘b+b°c+ca

P=

Tim gia tri nho nhét cua biéu thuc P =

Bai 32. Cho x,y,z la cac s thuc thugc khoang (0;1) thoa man diéu kién
xyz =(1-x)(1-y)(1-2).
Tim gié tri nho nhat cua biéu thic P = x* + y? + 22,
Bai 33. Cho x,y,z 1a cc sb thuc thoa man didu kien x° + y® + 23 —3xyz =1.
Tim gié tri nho nhat cua biéu thic P = x* + y? + 22,
X+y+z=0

Bai 34. Cho x,y,z la c4c s6 thuc thoa man diéu kién <

8.
x+y? 422 =2

3
Tim gié tri 16n nhat, gia tri nho nhét cua bidu thae P = xy? + yz2 + 2x2.
. o L. |a?+c?=1
Bai 35. Cho a,b,c la cac so6 thuc thoa man dieu Kién ) .
b +2b(a+c)=6
Ching minh ring b(c-a)<4.

Bai 36. Cho a,b,c sb thuc khdng am thoa mian diéu kién
Ja+2b+l+va+2c+1=4.
Tim gia trj 16n nhét cua biéu thic: P = a(1 + b) + b(L + ¢) + c(1 + a).

Bai 37. Cho x,y,z la c4c s6 thuc khdng &m thoa man didu kién x3 + y® + 2% =2+ 3xyz .

X2 +2y2 +72

2

Tim gid trj nho nhét cua bieu thic P = —————.
X“+y +z°+1
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Bai 38. Cho a,b,c 1a cac s6 thuc khéng am thoa man diéu kién a+b+c=3.

Tim gia tri 16n nhit va nho nhét cua biéu thic P = (a—l)3 +(b —1)3 +(c —1)3.
Bai 3 9. Cho a,b,c la c4c sb thuc khong am d6i mot khac nhau.

Tim gia tri nho nhat caa biéu thic

P=[(a+b)2+(b+c)2+(c+a)2}{ + +

D. HUONG DAN GIAI - DAP SO

Bai 1. Taco: x> +y> +2° 23(%] valillls
X

3
Suy ra PZS(XHHZJ + J .
3 X+Yy+12

3 3 .t 9
biatt=x+y+z, O<ts§ taco P2§+?.

e A A 9 . 3., .
Xeét ham so f(t)=3+?v0| 0<ts5taco

2 3
fy-L_ 3! 27<0,Vte(0;§}:>P2f(t)zf(éjzg_
3 t2 32 2 2) 8

Vay gié tri nho nhat cua P bang % dattai x=y =1 =%.

2_
Bai 2. bat t=x+ y+z:t2=3+2(xy+ yz+zx): Xy + yz+zx=t

2_
Do 03xy+yz+zx3x2+y2+22=3:>0£t > 3£3<:>te[x/§;3]

2_
Khidé P=f(t)=" 3+%.

t> -3

Xét ham sé f (t) = +%véri te[\/g;s]ta co

fo=t-2 U5 0 vie[ V33
(t)—t—t—z—t—2> , te[ ,:|.

S

Vay f(t) 1a ham ddng bién trén doan [\/5;3] Do d6 P=f(t)> f(+/3)=

&

Ding thuc xay ra khi va chi khi co mot sé bing /3 va hai s con lai bing 0.
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P< f(3)=%. Dang thirc xay ra khi va chi khi x=y=z=1.

o

NE

gi tri 1on nhat cia P bang %dat tai x=y=z=1.

Vay gid tri nhé nhat cua P bing —— dat tai X =~/3,y =z =0hoac cac hoan vi ;

Bai 3. Tacé P:3(x2y2 +y2z? +22x2)+ Xy +yz+2x+1>1.

Ding thuc xay ra khi va chi khi x = y =0;z =1hoic cac hoan vi.
Bai 4. HD : Panh gia t=xy+ yz+ zx e [—%;1} .

Bai 5. HD : Danh gia t=x° +y® + 2% €[3;4].

Bai 6. HD : Dat t=x* +y® + 2% €[3,9).

Bai 7. HD : Sir dung dang thire két hop AM — GM ta c6 :

3= (x+ y+z)3—3(x+ y)(y+2)(z+x)
=27-3(x+Yy)(y+2z)(z+x)<27-24xyz

Dua vé khao sat ham sé voi t = xyz .

Bai 8. St dung bét ding thirc C-S ta c6

C+ydtz

(x+y+z)(x2 +y2+22)=(x3+xy2)+(y3+y22)+(z3+zx2)+ X2y +y2z +2%x
22x2y+2y22+222x+x2y+ y22+22x:3(x2y+ y22+22x)

2
(x+y+z-1) L1

Do do x2y+yzz+zzx3x+y+z:>P2 .
X+Yy+z X+Yy+1z

batt=x+y+z.Taco

x2+y2+22<(x+y+z)2s3(x2+y2+22):>te(\@;3].

2
Xét ham sb f(t)=(t _tl) +tvoi te(\/§;3] taco

2_
i '(t)=1—§=t 210 <o,Vte(J§;3]
t t

Do d6 f(t) 1a ham nghich bién trén (\/§;3J .Suyra P> f(t)> f(3) =% .

Diang thuc xay ra khi va chi khi x=y=z=1.
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Vay gié tri nho nhat cua P bang %dat tai x=y=z=1.
Bai 9. Tacd:
3(x2+y2+22)=(x+ y+z)(x2 +y? +zz)

=(x3+xy2)+(y3+yzz)+(z3+zx2)+x2y+y22+22x

> 2x2y +2y%7 + 22%x + X2y + y2z + 2%x =3(x2y+ y2z + zzx)

= X2y +y2z+22x<x? +y? + 22

Suyra:

XY+YZ+2ZX 2 2 o (x+y+z)2—x2—y2—z2
W—X +y +7Z" +

X“+y +z 2(x2+y2+22)

P>x? +y +72%+

222
=X2+y2+22+gx#
2(x2+y2+22)

Pt t=x? +y2+2%,(t>3)khid6 P> f(t) = t+%>f(3) 4.

Ding thuc xay ra khi va chi khi x=y=z=1.

Bai 10. HD : bt t=x+y+z,(t>3).

Bai 11. Str dung dang thiic két hop bat dang thirc AM — GM ta c6
(x+y)(y+2)(z+x)=(X+y+2)(Xy+yz+2X)—xyz

X+y+2z)(xy+yz+2x)-1

( )
(x+y+2)3xyz(x+y+2z)-1
( )

>
=(x+y+2)3(x+y+z)-1
bat t=x+y+2z,(t>3)khi d6 P>t/3t + 72 -1.
Vi+1
. 72 .
Xét ham sé f (t) =t/3t + ~1véi t>3taco
® Vt+1
3,/3t(t+1)* - 72 o
fi(t)= >0,Vt>3do do f(t) la ham dong bien trén [3; +oo) .

2,(t+1)°
Vivay P> f(t)> f(3) =44. Dang thuc xay ra khi va chi khi x=y=z=1.
Vay gia tri nho nhét cua P bing 44 dattai x=y=z=1.
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Bai 12. Ta co

6(ab+bc+ca)=3[(a+b+c)2 —a?-p? —02J=3(a+b+c)2 ~3(a+b+c)-4.
Va theo bét dang thirc AM — GM dang luy thira ta c6 :
ad+b*+c? 2%(a+b+c)3.

(a+b+c)’ _ 3(at+b+c)
9 3(a+b+c)+4

Suyra P> —3(a+b+c)’ +3(a+b+c)+4.

Theo gia thiét ta co : 3(a+b+c)+4=3(a2 +b? +c2)2(a+b+c)2

< (a+b+c+l)(a+b+c-4)<0=a+b+c<4.

Suyra —M=—1+;2—1+ 4 :_§'
3(a+b+c)+4 3(a+b+c)+4 34+4 4
3
Do do6 PZ—(a+b+C) —3(a+b+c)2+3(a+b+c)+?.

bat t=a+b+c,(0<t<4)khidé:

3
P>l 32 +3t+9=3(t—4)(t2 —23t—65)—%2—%,V0<t£4.
9 4 9 36 36

bing thirc xay ra khi va chi khi a=b=c=—.

Vay gia tri nho nhét cua P bang —% dattai a=b=c =§ .

Bai 13. Theo gia thiéttacd —/3<x,y,z<+/3.
Dodé x+2>0,y+2>0,z+2>0.
Vi vy P dat gia tri nho nhét khi va chi khi ca x,y,z déu am.
Khéng mét tinh tong quat gia str x = max{x, y,z} khi 6 -1<x<0va

P:(x+2)(yz+2(y+z)+4)=%(x+2)[(y+z+2)2 +x° +1J2%(x+2)(x2 +1)

Xétham s f(x) =%(x+2)(x2 +1)véri xe[-10]taco
x=-1
f'(x):gx2+2x+%;f'(x)=0© 1.

A . 1) 25
Lap bang bién thié fx)=f|-=|==2.
ap bang bién thién suy ra Xeerlr?o] (x) ( 3) 7
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Dang thirc xay ra khi va chi khi
1

X=-=
3

y+z+2=0 <(x y;z):(—1;—1;—§j;(—l;—§;—l).
X2 + y2 +22=3

Vay gia tri nho nhét cia P bang % dat tai hai bién bang —% va mét bién bang —% .

Bai 14. Ta co
2 2 2
Ay rxe vy oz X
Xyz Z Xy
2 2 2
Xy vz X ylz z/x N xly

23y (zlx)? (x/y)z (y/z)?
—i £+£>l+l+l
b ¢ a® a b ¢

=ab+bc+cax,/3abc(a+b+c)=,/3(a+b+c)

S ) =NA 4 tmatbrcadas S b=y c=2
3t y z X
i—1—3;>0,w23:>szf(t)zf(3)=@
243t 3t 9
Bai tap twong tw
Cho x,y,z la cac s thuc dwong. Tim gia tri nho nhat caa biéu thic
5 5 5
X z 9xyz
P=—s+ ZZJF 3.2 2 g 2"
yizc  Z2°x° X7y 2(XTYy+Yz+29X)

+f(t) =

Bai 15. Khong mit tinh tong quat gia sir x =max{x, y,z},khi d6 x e El}
2 2 3 2
Taco P=x*+y*+2°=x*+(y+2) —2yz<x* +(y+2) :x2+(5—xj .
3 Y 1

Xét ham sb f(x)=x2+(5—xj trén doan [E;l}ta co
3 , 1 5 3) 9
F'(X)=4x-3f'(X)=0=x=—.Taco f|=|=fTQ)=—;f| = |==.
09 Q : 3)-10-2:1(3)-3

Do d6 P s%déng thirc xay ra khi va chi khi x =%, y =0,z =1va c4c hoén vi.
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Bai 16. Taco: P=(x+ y+z)2—2(xy+ yz +2x) =100 - 2xyz .

y+z=10-x
Tudidukientace: 10 2107 =1 x(10-x
' |yz(x=1)=x(y+2z)=x(10-x) yz:(—_l)'
X_
2x%(10-
Suyra P= f(x)=1OO—M.
- p 2 2 X(lO—X)
Mat khéc : (y+2)” >4yz < (10-x) 24.—1
X_
<:>(x—1)(10—x)24x<:>x2—7x+10£0<:>2£x£5.
2 p—
Xét ham sb f(x):lOO—MIién tuc trén [2;5]ta co
2x(2x% —13x+ 20 _ _s
f1(x) = ( g );f'(x):0<—>xe[2’5] *=3.
(x-1) X =4
Bang bién thién :
! 2 E 4 5
2
(1) + 0 - 0 +
f 7 i
/ 2 2
36 36

Tir bang bién thién suy ra gia tri 16n nhat caa P bang ?dat tai x=5y=z :% :
Gi4 tri nho nhat cia P bang 36 dat tai x=2,y=z=4(chd y chi c6 mdt truong

hop xdy ra dau bang & bt dang thic (y + z)2 >4yz trong mdi truong hop max

va min).

2
Bai 17. Tacé P=x*+y* +z* =(x2+y2+22) —2(x2y2+yzz2 +22x2)

2
=[(x+ y+ z)2 —-2(xy+yz+ zx)} —2(xy+yz+ zx)2 +2Xyz(Xy + yz + 2X)

)z . | X+y+z2=4 5
Theo gia thiét ta co ) ,daitt=xy+yz+zx=P =2(t —32t+144)
Xyz =
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Ta c6 (y+z)2 24yz:>(4—x)2 >

x | o

, giai bat phuong trinh nay ta suy ra
3-J5<x<2.

Ta c6 t=x(y+z)+yz=x(4—x)+g, xét ham sb f(x):x(4—x)+E trén
X X

doan [3— \/g, 2] ta duoc te {5, 5€ _1}
Tuong ty xét ham s& f (t) = 2('[2 - 32t +144) trén doan {5, 5\6_1}‘(3 c6 diéu

phai chitng minh.
Bai 18. Nhgn xét. D& y hai vé cua bét ding thirc néu bo di sb 2014 ta c6 dang thic
va néu thay t = 2014 ta dwoc ngay mot ham sé ma f (t) < f (0).
t+a+t+b+t+ctrén [0;400).
t+b t+c t+a
Bat dang thirc duoc ching minh néu chimg minh dugc f(t) 1a ham nghich bién
trén [0;+0).

Xéthamsb f(t) =

, b-a c-b a-¢c b-c+c—-a c-b a-c
fi(t)= 5+ 5+ 5 = s+ 5+ >
(t+b)” (t+c)” (t+a) (t+b) (t+c)” (t+a)

=(a-c t 1 +b—c[ t 1 ]
( )[(t+a)2 (t+b)2}( )(t+b)2 (t+c)?

_(a-c)(b-a)(2t+a+b) (b-c)’(2t+b+c)
(t+a)’(t+b)’ (t+b) (t+c)’
Dé f'(t)<Otachi can gia sir a=max{a,b,c} va bai toan duoc ching minh.

Ding thirc xay ra khi va chi khi f'(t)=0,vt>0<a=b=c.

Bai 19. Xét ham sé f(x):(x+y+z)(l+1+1J—(1+ y+z)[1+l+lJ trén
X y z y z

[1;4] ta co:

x2—yz)(y+z
X+i+2=(y+2)[i—%]=( 2)( )<
X yZ X xyz

Do d6 f(x) la ham nghich bién trén [L;4]suy ra f(x) < f (1) =0 hay

f'(x)=£+£+l
X y z
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(x+y+z)[%+l+ljs(l+y+z)(l+i+£].

y z y z
Bat dang thire dugc chimg minh. Dang thie xay ra khi va chi khi x=1.

Nhan xét. Dé tim gia tri 16n nhat cua P:(x+y+z)(£+l+%véi clng diéu
X y z

kién ta xét tiép ham s g(y)=(1+y+ z){1+l+lj (xem thém chu dé ky thuat
y 2

khao sat ham nhiéu bién).

Bai 20. Tac6 ab+bc+ca>3¥(abc)? .
(1+a)(1+b)(1+c)=1+ab+bc+ca+a+b+c+abc> (1+ \3/abc)3.

Khido P<—2>+— t=¥abe,0<t<1.
3+3t° t+l
, st t(t+1)(3t° +t-1)
Xéthamso f(t)= s+ ——, 0<t<l= /()= 5
3+3t% t+1 3(t+1)(1+12)
Tir d6 suy ra MaXP=g<:>t=1<:>a=b=C=l.
Bai 21. Ta co:
I34_3=x+y+z+1+x+y+z+1+x+y+z+1
x+1 y+1 z+1
=(x+y+z+1) t .1
x+1 y+1 z+1
Tim gia tri nho nhét cua P.
Str dung bét dédng thiic C-S ta co:
1 . 1 . 1 S 9 .
X+1 y+1 z+1 X+y+z+3
Suyra P+3>(x+ y+z+1).L.
X+y+z+3
o9(t+1
batt=x+y+zte §;3 khi do6 sz(t)z(—)—&
2 t+3

. 9(t+1 L .
Xéthamso f(t) =%—3I|en tuc trén doan B;B} ta co:
+
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f)=— S0 vie {3 3} do d6 fi(t) ddng bién trén F;s} .
(t+3)° 2 2

Suyra P> f(t)> f(gj:S.Béngthﬁcxéyrakhi va chi khi x=y:z:%.

Vay gié tri nho nhét cua P bang 5 dat tai x=y =2 =%.

Tim gia tri 16n nhét cua P.
Taco:

(1—x)[x—%)20c>—x2 +gx—%20©—2x2 +3x-120

o (x+1)(-2x+5)2 60—~ <X,
x+1 3 6
Tuong tu ta co: L<_X+E i<_£+§
y+l1 3 6z+41 3 6
Cong theo vé 3 bat dang thirc trén ta dugc:
1 N 1 N 1 L Xty+z 5
Xx+1 y+1 z+1 3 2
Suy ra Ps(x+y+z+1)(—¥+gj.

1

bit t=x+ y+z,teB;3}ta duoc: Ps(t+1)[—%+gj:E(Zt—7)(3—t)+6£6.

Ding thirc xay ra khi va chi khi x=y=z=1.
Vay gia tri 16n nhit cua P bing 6 dat tai x=y=z=1.
Bai 22. Goi biéu thirc vé trai cua bét dang thic 12 P ta cé

P= abc[(a+ b+c)2 —2(ab+bc+ ca)} =9abc —2abc(ab+bc+ca).

Taco (ab+bc+ca)’ >3abc(a+b+c)=9abc.
Suy ra

I:)S(aber;H:a [9 2ab+bc+ca]_ (ab+bc+ca)

5 (ab+bc+ca)2.

3
batt=ab+bc+casuyra P< f(t)—ZTH

_ 43
Xet ham s6 f(t):%ﬂzvéri te(0:3]taco
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. 20 .,
P =-"F+2 () =0=1=3.

Ta c6 £(t) d6i dau tir Am sang duong khi di qua t=3nén f(t) dat cuc dai tai
t=3.Suyra P< f(t)< f(3)=3.Pang thic xay ra khi va chi khi a=b=c=1.

Bai 23. Ta co: 2yz:(y+z)2—(y2+22)=x2—(1—x2)=2x2—1.
2
Suy ra P:xz[xz—lj _x6oxt iy,
2 4
LA 2 2 2 2 2
Mat khéc: (y+2)” >4yz < x 22(2x —1)<:>Osx 35.
y 2 21 3 2 1
batt=x%,|te|0;=||va P=1f(t) =t -t +=t.
3 4
L X 3 .2 1, .. . 2 .
Xéthamso f(t)=t" -t +Ztllen tuc trén doan O;§ ta co
Fi() =32 — 2+ 2: f{(t) =0 >t =~ hodc t=—.
4 6 2

Taco 1(0)= (3 )-0.1(§]-1(2)-2.
2 6 3) 54

Suyra max_f(t)= i Do d6 P< idéng thac xay ra khi
t{o;g} 54 54
3

o2yt
3’ J6

Ay i g 12 Ay oo 3 1 ... . 2 1

Vay gia tri I6n nhat cha P bang —dattaix=,/—,y=z2=——"+.

54 3 J6

Bai 24. Néu a? +b? +¢? =0« a=b = = 0bit déng thtc tré thanh ding thuc.
+ Néu a2 +b? +c? > 0viét lai bat ding thiee dudi dang :
6(a+b+c)(a®+b%+ cz)— 27abc
3
(a2 +b? +02)
a b

Y= 2=
Ja? +b% + 2 Ja?+b?2+c2 Na?+b?+c?

Bét dang thic tré thanh: 6(x+y +2)—27xyz <10 <> 2(X + Yy +2)—9xyz g%.

<10.

Pat x= =x%+y?+z2=1.
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~ I 2 . 2 2 2 .2 2 X2-+-yz+Z2
Khong mat tinh tong quat gia s x =max{x Yo,z }:>x ZT_3

Taco
(x(2-9yz)+2(y + z))2 s[xz +(y+ z)ZM(Z—Qyz)2 +4} =(2yz +1)(81y222 -36yz +8) :

y2+22 _1-x* 1
2 2 "3

Dit t=yz=|t|<
Khi 6 P< f (t) = (2t +1)(81t* - 36t +8) voi te[—%;ﬂ ta c6:

t=-<
fit)=486t2 +18t—20; f (1) =0«>| 2.

t=—
27

Tacs f(_ijzé;f(_zj:@;f(ijz@;f(zjzé
3 3 9 9 27 243 3 3

Suyra Max_f(t)= f[—gJ=@:> PZS%SPS%.

o1 9) 9
Ding thirc xay ra chang han tai a=-1,b=c=2.
Bai 25. Ta co:
(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=3(a+b+c)—abc.
Khido P = L 4

+ :
abc 3(a+b+c)—abc

Mat khac (ab+bc+ca)223abc(a+b+c):>a+b+cs%.
abc

Suy ra P2i+ 9 4 = 1 + 4abe 5 -
abc 9 _abe abc 9—(abc)
abc
4t

9-t?

bat t=abc,(0<t<1)khido P> f(t):%+

Xéthamso f (t) =%+ 5 at > trén (0;1]ta co:
t

2
14?430 :t2(4t2+36)—(9—t2) <ovte(od]

f(t) = —
t? (9—t2)2 t2(9—t2)2
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nén f(t) 1a ham nghich bién trén (0;1]. Do d6 f(t) > f (1) =g.
Vay gia tri nho nhét cua P bang gdat tai a=b=c=1.

Céch 2: Ta c6 thé danh gia nhanh thong qua bat ding thic AM-GM nhu sau:

1 1 4 1 1 4
= + + >+ +
2abc 2abc (a+b)(b+c)(c+a) 2 2abc (a+b)(b+c)(c+a)
21+2 2 21+2 ’ 2 _3
2 (ac+bc)(ab+ac)(bc+ab) 2 \j(ZabJerchgcaT 2
3

Vy gia tri nho nhét cua P bang gxéy rakhi a=b=c=1.

Bai 26. Khong mat tinh tong quat gia sir e=min{a,b,c,d,e} viét lai biéu thuc P
dudi dang: P=bc(a+d-e)+e(a+c)(b+d).
Str dung bét déng thirc AM-GM ta duoc:

b+c+a+d—e}3 (1—2ej3 .
= va
3 3

bc(a+d —e)s(
e(a+c)(b+d)Se(a+C;b+dJ2 =e(1;ej2.

3 2
Suy ra Ps(l_zej +e(1_—ej :
3 2

Vi a,b,c,d,e>0va a+b+c+d +e=1,e=min{a,b,c,d,e}:>0<e£%.

3 2
Xét ham sb f(e)z(l_;ej +e(1_Te] trén (0;%} ta duoc:

f'(e):3—16(—5e2—4e+1):3—16(1—5e)(e+1)2O,Vee(o;ﬂnén fte) la ham

dong bién trén (O;l} .Dodo f(e)<f (lj _ L
) 5) 25

Vay gia tri 16n nhit cua P bang %dat tai a=b=c=d =e=%.

b c

BT T (b} (avc) (brc)bra) (cra)csb)
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2(ab+bc+ca) 6

~(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)’

Va
2(a+b+c)-a®-b*-c? =2(a+b+c)—(a+b+c)2 +2(ab+bc+ca)

—2(a+b+c)—(a+b+c)’ +6
Mat khéc:
(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc

>(a+b+c)(ab+bc+ca —1 a+b+c)(ab+bc+ca
9

Suyra: (a+b)(b+c)(c+a)=

©|

(a+b+c)(ab+bc+ca)=%(a+b+c).

Suyra P< +2(a+b+c)—(a+b+c)2+6.

4(a+b+c)

Dit t=a+b+c,(t2,/3(ab+bc+ca)=3):>Ps f(t)=4%+2t—t2+6.

Xét ham sé f (t) =%+ 2t—t? +6Vvoi t>3taco:

f'(t)=——5+2(1-t)<0,vt>3. Do d6 f(t) 1a ham nghich bién trén [3;+o).
4t?

Suyra P<f(t) < f(3)_—5 Dang thirc xay ra khi va chi khi a=b=c=1.

Vay gia tri 16n nhit cua P bing %dat tai a=b=c=1.
Bai 28. Sir dung bat ding thirc AM-GM ta c6:

az(a+1)+b2(b+1)+c2(c+1)=a3+b3+c3+a2+b2+c22%(a+b+c)3+%(a+b+c)2.

Pt t=a+b+cte 03[) <f(t)=——S - a Ut
) N 9 3
Xéthamsb f(t) =——— ,/ e Ilen tuc trén doan [0;3\@]ta co:

f'(t)—l 8 t(t+2)
2 \/(t+1 a2+ 279




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Ta ¢6: f'(t)=0<8V—t°—3t2 +279 —t(t+2)\/(t+1)° =t=3(do Vé tréi la
ham sé nghich bién).
Taco f'(t)doi ddu tir dwong sang am khi di qua t=3nén f(t) dat cuc dai tai
t=3.Dod6 P< f(t)< f(3)=3.
Vay gia tri 16n nhit cia P bang 3 dattai a=b=c=1.

Bai 29. Tim gia tri nho nhit cua P

Taco: x4—3x3—9x(x—3)=x(x—3)2(x+3)20,VXe[0;3].
Néu ab+bc+ca>2:>P>3g=£ J3.

Xét véi ab+bc +cas§ta co:

a’ +b*+c* a(a-3)+b(b-3)+c(c-3)

>3+09.
3 a+bd+cd

a>+bd+c

a®+b®+c®-3(a+b+c) a2 +b? +c? —(a+b+c)

=3+09.
a’+bd+ct ad+bd+ct

at3)+b(3:+c§_3 18 ab+bc+ca _3_18 ab+bc+ca

a®+b*+c a® +b®+c —3abc '3.[9-3(ab+bc+ca)]

ab+bc+ca
‘ab+bc+ca-3

=3+09.

=3-18.

Vasz\/3+2 ab+bc +ca
ab+bc+ca-3

Datt_ab+bc+ca( {O 2thldo P>f(t)= / +—+3t_3t+ /5+—.
s A { 6 .
Xéthamso f(t)=3t+ 3+ﬁ ta co:

Fit) = - 13- at-6

5+tf’3 (t—3)£m+lj

+3(ab+bc+ca)

f)=0t="
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Bang bién thién:
t

. 3 0
2 5
o) N 0 -
() 11
>
27
V3 5

Dua vao bang bién thién suy ra P> f (0)=+/3 .
Vay gia tri nhd nhat cua P bing +/3 dat tai a=3,b =c =0hodc cac hoan vi.
Bai 30. Khong mit tinh téng quat gia str ¢ = min{a,b,c} khi d¢
b? —bc+c® =b® +c(c-b)<b®c®—ca+a’=a’ +c(c—a)<a’.
Suy ra:

1 1 1 a+b+c a+b
P> _—— 44 == +
Ja?—ab+b? @ b \/(a+b)2 _3ap

a+b +(a+b)2_ 1 (a+b)?

(a+b?-3ap & Jj_3 @ ab
(a+b)

Dgtt:a—bz,(oasl)khidé P> f(t)=
(a+b) 4

V1-3t

, 1 1 1
Xéthamsod f(t) = +=trén | 0;= |taco
=g+ (0]

3
3t2 2.(1-3t)° *—2*
1 ( ) < <O‘v’te( 1]

f (t)——
2y(1-3t)° 2t2,/(1-3t)° «/1 3t3

Suy ra f(t) nghich bién trén [O;ﬂ dodo P>f(t)>f (Zj =6.

Viy gia tri nho nhét cia P bang 6 dat tai a=b= % ¢ =0 hoic céc hoan vi.

Bai 31. Khéng mét tinh tdng quat gia sir b 1a sb nim gitta a va c.
Khi do:



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

(b—a)(b-c) <0< b? +ac<ab+bc = bc+c’a<abc +bc?
:>a2b+bzc+czasa2b+abc+bcz=b(a2+ac+cz)'

abc abc ac
Suy ra 5 5 5 > =— 5
a’b+b’c+c?a b(a2+ac+c2) a’+ac+c

‘ 2(a2 +b? +c? ac
Ta can danh gia va
\7,41+b+c

a® +ac+c?

Taco:

2 2.2
2(a +b%+c ) ab+bc+ca
= [p-gBFCTA

(a+b+c)

Str dung bat ding thac AM-GM ta co:

4(<';1b+bc+ca)(a2+ac+cz)£(ab+bc+ca+a2+ac+c2)2
272 2 2
=[b(a+c)+(a+c) J =(a+b+c)"(a+c)

ab+bec+ca _ (a+c)
(a+b+c) _4(a2+ac+c2)

Suy ra

Do d6

2
a+c
PZ{Z—Z( )2+ 23ac 2=1_zac . 23ac _
a“+ac+c 4(a +ac+c ) a“+ac+c 4(a +ac+c)
Patt= [l-—— \/zgtsl khi do:
a‘+ac+c 3

P> f(t)=t+§(1—t2)=—§t2 Y
4 4 4

Xéthamso f(t) = —%tz +1 +%Iién tuc trén doan {\/g;l} ta co

f'it)= —gt +1<0,Vte {\E;l} . Do d6 f(t) nghich bién trén {\E;l} .

Suyra P> f(t)> f (1) =1. Dang thuc xay ra khi va chi khi a=b,c=0.
Vy gia tri nho nhét cua P bang 1 dat tai a=b,c =0 hoic céc hoén vi.

Bai 34. Pay 1a mot biéu thic hoan vi can tim cach danh gia chuyén vé biéu thic
dbi xtng cach thuc hién 1a xét phan twong tng véi P cu thé 1a
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Q=x2y+ y22+22x.

Theo gia thiét ta co
2 2 2 2
X+y+2) -xt-y* -1
xy+yz+zx:( y )2 y :—%

x3+y3+z3=(x+y+z)3—3(x+y)(y+z)(z+x)=3xyz

CyP 38+ 53 =(xy+ yz+zx)3 —3[xyz(x+ y+2)(xy+ yz+zx)—x2yzzz}=3x2yzz2 >

Khi dé
P+Q=xy(x+y)+yz(y+2z)+zx(x+2)=-3xyz
PQO=xCy3+y3 23+ 33 + xyz(x3 +y3+ 23)+3x2y222 =9x%y?72 >
Theo dinh ly Vi-ét P,Q la 2 nghi¢ém ctia phwong trinh
X2 + 3tx + 9t2 —%:0 Vai t=xyz.

3ty 296 o2 _3t— %—m2

Suyra P= 227 hoac P =

Khao sat P nhu trén ta tim duoc Max va Min.
Bai tap twong tw
Cho x,y,z 1 c4c sb thyc thoa man x+y+z=5va x> +y?+z%=9. Tim gié tri

I6n nhat va nho nhét cua biéu thic P = X2y + y2z + 2°X..

(a+c)’—2ac=1 6_b2 )2
Bai 35. Theo gia thiét ta c6 6_p? —2ac= ] -1
T 2b

2 2
Do d6 P2=b2(c—a)2=b2(c2+a2—2ca)=b2 1- (6;; j ~1|t<16.

2
Bai 36. Ta c6 P=a+(a+1)(b+c)+bc£a+(a+1)(b+c)+(—bzcj ,

Ta chi can rat dugc b+c theo a.

s , | x+2=+va+2b+1
Theo gia thiét ta ¢
2-x=+a+2c+1

= xe[-1;1]taco
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a+b+c=x%+3
b—-c=4x '

a+b+c=x%+3
b—c=4x {

\/az +2(b+c+1)a+(2b+1)(2c+1) =4 X
Taco
4(a+b+c)*-3(b—c)’ =12(ab+bc+ca)—(2a—b—c)* >12(ab+bc+ca).
Do do \/

P=a+b+c+ab+bc+ca£a+b+c+%(a+b+c)2—%( —c)2

X2 —

4 X2 3
= x? +3+1(x2 +3)2 —4%? =X——X2+6=M+6S6,VXE[—1;1]
3 3 3

DAu bang xay ra khi va chikhi a=b=c=1.
Bai 37. Theo gia thiét ta co:

(x+y+z)(x2+y2+22—xy—yz—zx)=2

< (x+ y+z)(g(x2+y2+22)—%(x+y+z)2J:2.

2
X+Yy+12
<:>x2+y2+22=( y )+ 4 >34
3 3(x+y+12)
2 2., 2 2,2, 52
Khido p=s 12V *Z , Xaytz 1,y 1
X“+y +2°4+1 X" +y"+z2°+1 X“+y +z2°+1 1+34

" 3 N 1

Vi x=\/§,y=z=0 thi le—m.

Bai tap twong tw
Cho x,y,z la céc sé thuc khdng am thoa mén diéu kién x3 + y3 + 23 = 2+ 3xyz .
Tim gié tri nho nhat cia biéu thic P = x? +2y? +32°.

Bai 38. Tim gia tri nho nhat
Khong mat tinh tong quat gia sir a=min{a,b,c} >a<l=>b+c=3-ax2.
Khi do

(b-1)°+(c-1)° =(b+c-2)| (b-1)° - (b-1)(c~1) +(c -1’ |

2 2 3
> (b+c-2) (b—1+20—1) _(b—lJ:lc—l) z(b+c4—2)
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Suy ra

P>(a-1°+2(b+c-2) ~(a-1° +3(1-a) =%(a—1)3 Z—E,Vae[o;l].

Vy gia tri nho nhét cua P bang —%dat tai a=0,b=c= % hoic cac hoan vi.
+ Tim gia tri l6n nht.
Str dung ding thirc x3+y3+z3:(x+ y+z)3—3(x+y)(y+z)(z+x).
Tace: P=(a+b+c—3)°-3(a+b-2)(b+c-2)(c+a-2).
=-3(a+b-2)(b+c-2)(c+a-2)
= P2=9(b+c-2)’ (a+b-2)*(c+a-2)
Tacé b+c—-2>0,(a+b-2)+(a+c-2)=a-1<0.
+ Néuca a+b-2<0,a+¢c-2<0=P<0.
+ Néu ton tai mot thira s6 dwong 1 thira s6 &m ta gia st a+b-2<0,a+c-2>0
khi @6
P=3(b+c-2) -a)(a+c-2)

(2-
3(2-b-a ( +c—-2+a+c— 2)
3 3

—(c-1°<3.(3-1)" -6

Ding thuc xay ra khi va chi khi a=b=0,c=3.
Vay gié tri Ion nhét cia P bang 6.
Bai 39. Gia su c=min{a,b,c} = 0<c<a,bkhi do

Pz[(aer)2 +a’ +bﬂ[%+i+i].

(a-b)* a® b’
Ta co:
2 2 2
[(a+b)2+a2+b2} L 2+i2+i2 =2.ﬂ+2(3+2) +2(3+Bj
(a-b)° a° b (a-b) b a b a
E+1+E a b a b
=2.b a+2(—+—j 2(—+ j
a_,. b b a b a
b a
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Xéthamsb f(t) = Z(t2 +t+%) trén (2;+o)ta co

f(n=2[m+1— 3 2}f(0:0<:(m+1xt—2f—3:0.
23 -T2 4 4t +1= 0«22 t=5+j§?
Tai t= 5+;/£ thi £(t) doi dau tir am sang dwong nén f(t) dat cyc tiéu tai
5+\/§hay fO2 f(5+\/§J:59+11\/£.

4 4 4
Vay gia tri nho nhét cua P bang Mdat tai %+§: 5+F ,c=0.

CHU DE 4: KY THUAT SU DUNG TINH THUAN NHAT

A. NQI DUNG PHUONG PHAP

Xét mot biéu thirc P (X;; X,;...; X, ) duoc goi 1a biéu thirc thuan nhét bac k khi

P (X1, ) = 1P (X X,5.0 %, ).

Nhu da dé cap trong chu dé Bat dang thirc AM — GM véi bat dang thirc thuan nhat
ta c6 thé chuan hoa diéu kién cua cac bién dé chirng minh cho don gian. Véi dang
toan nay ching ta tiép can dua vé bai toan it bién sé hon bét ding thirc ban diu va
két hop sir dung tinh don diéu caa ham sb.

> PHUONG PHAP

Phuong phap chung 14 giam bai toan n bién vé (n-1) bién hoic nhoé hon bang
cac phép dit 4n phu.

Bang cach dit
X; =X
X; =1,X,
Xy =t 4%

Ta dua vé bai toan véi (n-1) bién t,t,,...,t .
DAu hién nhan dién:

- Gia thiét bai toan c6 dang thuan nhat.

- Biéu thtic ctia P thuan nhét.
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1) Ky thuat diat x =ty hodc y =tx cho trwdng hop bét ding thic va bai toan
cuec tri hai bién sé.
Vi du 1. Cho x,y la c&c s6 thuc duong théa man diéu kién x > 2y .
Tim gid tri nho nhét cua biéu thuc P = x4y’ .
Xy
Loi gidi
biat x =ty to x 22y = t > 2 va ta duoC:

'+1 t°+1 5 5 2°-5t+2 5

P " t 2 2 2t 2
:w+§zo,w22
2t 2

o . . 5 .
Vay gia tri nho nhat caa P bang 5 dattai x =2y.

Nhdn xét. Ta c6 thé xir Iy bing cach khac nhu sau:

V6i du doan dau bang xay ra tai x = 2y ta viét lai P duéi dang:

3x> x*+4y° 3 *+4y* 3 4 5
X XAyt 3 x xPadyt 3 dxy

4xy 4xy 4 y 4xy 4 4xy 2 '
Trong trudng hop khdng di doan dwoc diu bang ta st dung ki thuat déng cip
nhu trén ta d& dang tim dugc gid tri I6n nhat, nho nhat caa biéu thirc cia P voi
viéc coi P laham cua t.

Vi du 2. (TSPH Khéi B 2006) Cho hai sb thuc X, Yy thay d6i va thoa man diéu

P=

kien x* +y? =1.
2(x* +6xy)
Tim gid tri I6n nhat va gia tri nho nhat cia bicu thic P = ———=-.
1+2xy+2y
Lo gidi
Nhan xét. Biéu thirc P chua ddng bac nhung dé y néu thay x*+ y® =1 vao biéu
thirc cua P thi ta dua P vé dang ddng béc.
2(x2+6xy) 2(x2+6xy)
X2+ y2+2xy+2y? X2+3yP42xy

Viét lai biéu thire P dudi dang: P =

TH1: Néu y=0taco P=2.
2(t* +6t)

TH2: Néu vy #0tadit x =t.ytaco: P=f(t)=——~.
- Y ' 4 ®) t°+2t+3
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, 2(t2 +6t)
Xéthamso f(t) = t—trén R taco

242t+3
4(2t* -3t-9) = 3
f)=——— L () =0 2.
(t2 +2t+3) t=3
Bang bién thién:
t
—00 3 3 +00

()

- 0 + 0 -
)2 \ / 3 \
-6 2
Duya vao bang bién thién suy ra P =f(3) =3 dat tai
=8y o) it 5.

P = P[—gj = —6dat tai
min 2

X=—§y©(x;y)=(— SE j[ > .2 ]
2 NERVEVACERRVE]
Vi du 3. Giasir X, y 1a cac so thyc duong thoa man diéu kién x+y < 2.
Tim gié tri I6n nhét cua biéu thic P = 7(x+ 2y) — 44/x* + 2xy +8y~.
Loi gidi
Vi X,y lacéc sb thuc duong nén

P (x4 y)[7(x+2y)—4\/x2 +2xy +8y? }

X+Yy

:(x+y)(7+7y_4’/X +2xy +8y ] 1)

X+Yy

_ \/ﬁ _ 5
Pat t=> t>0 khido (Y- NX FYHBY” 7 4t + 21 +8

y X+y t+1

(2
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7—4t?+2t+8

Xéthamso f (t) = Vvé6i t>0.
t+1
2
Taco fit)=— VL T8ty VP48 -det=2.
(t+1)%t2 +2t+8
Suy ra bang bién thién t |o 2 oo
f(t) t 0 -

ol 7

Tir bang bién thién tasuy ra f (t) < —3véi moi t > 0.

DAu ding thirc xay ra khi va chi khi t = 2. (3)
T (1), (2) va (3) tasuy ra P < (x+ y)(7—3) <8, dau dang thiic xay ra khi va
X+y=2
chi khi 3: & X _4,.2
t=2—=2 3’ y= 3’
y
N L ) . 4 2
Vay gia tri I6n nhat caa P 1a 8, dat khi x = 5 y= 5

Vi du 4. (TSPH Khéi D 2013) Cho x,y 1a hai s6 thuc dwong thoa man diéu kién
xy <y—1. Tim gia tri 16n nhét cua biéu thirc

X+y X =2y
P= - .
JX© —xy +3y° 6(X+Y)
Loi gidi

. A A A AL A . . , S S S X
Nhan xét. Nhan thay P dong bac nén ta tim cach danh gia mién gia tri cua t =—va

dua vé khao sat ham s vai t.

2
Xuét phat tir gia thiét ta c6: 0<§gy;1:l_i2:_(l_lj N
Yy y yy y 2
Pitt=X > 0<t<ivapo_ttL

t
y 4 Nt —t+3 6(t+1).
t+1 t—2

c(al _
m - 6(t+1) trén [0, 4}31 duoc:

Xét ham sb f(t) =
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PR o S

5 (tz_t+3)3 2(t+1)2.

Vi 0<t£%tacé t7—t+3:tit—1)+3<3;7—3t>6;t+1>1.

TR L6 111,

:2\/(t2—t+3)3 2(t+1)2 2.3\/5 2 \/5 2

Vay f(t) 1a ham dong bién trén [o;ﬂ :

Js 7
=— 4 —

Do d6 f(t)<f l :
4 3 30

. . 5 7 1
Vay giad tri I6n nhat cia P bang —+ —dattai x =—,y =2.
ay gla tn g 3 30" > y

2) Ky thuat giam bién véi bit ding thiec va bai toan cuec tri ba bién
Ta thuong dat a=xb;b=y.c.
Vi du 1. (Bét ding thirc Schur) Cho a,b,c 1a cac sé thuc khong am ta ludn c6
a’+b’ +c’ +3abc> ab(a+b)+bc(b+c)+ca(c+a).

Charng minh.
Khéng mat tinh téng quat gia st a > b > ¢ khi d6 ton tai hai s6 thuc khong am

X,y a0 cho a = (x+1)c,b = (y +1)cva bat déng thirc twong dwong véi:
(x+1)3+(y+1)3+1+3(x+1)(y+1)Z(x+l)(y+l)(x+y+2)+(x+1)(x+2)+(y+1)(y+2)
= (x—y)2 (X+y+l) 2 0 (Iudn dung).

Vi du 2. Cho x,y,z la c4c sb thuc duong thoa man diéu kign Z(X + y) =Xy.

2 2

. . I +

Tim gia tri nho nhat caa biéu thac P:X 2y + z .

z X+y

Léi gidi
bat x =a.z,y=b.ztaco a+b=ab.
Khi do
P=a’+b’+——=(a+b) —2ab+——=(a+b) ~2(a+b)+—-.
a+b

a+b a+b
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Mt khéc (a+b)2 24ab:>(a+b)2 >4(a+b)ea+b24.
Dt t:a+b,(t24)khidé P:f(t):t2—2t+%.

' —2t" -1

. 1 .
Xét ham sb f(t) =t —2t+¥vér| t>4taco f'(t)= > >0,Vt>4nén
AR X 33
f(t) 1a ham dong bién trén [4;+oo)suy raP=1f(t)>f(4)= e
N T .33 .
Vay gia tri nho nhat caa P bang Tdattalx:y:ZZ.
Céch 2: Tir giai thiét suy ra X—g Xty
Z Z
2
Khi d6 P=[ﬂj —2(X+y]+ z_
z z X+y
+ +y) 2
Patt=2 Y =Y | 2TV L >y,
z 7’ 2z 4
Khi d6 P:f(t):t2—2t+l.
t
Y > 1. e ' —2t* -1 )
Xét ham so f(t) =t —2t+¥vm t>4taco f(t)=—2>0,Vt24nen
33

f(t) 1a ham dong bién trén [4;+oo)suy ra P=f(t)>f(4)= -

Vay gia tri nho nhét cua P bang ?dat tai x =y =2z.

Vi du 3. Cho a,b,c Ia c4c s6 thuc dwong. Chirng minh
a,b c a+b b+c .
b ¢ a b+c a+b
Loi gidi
a+b x+1 b+c y+1
b+c y+l'a+b x+1’

bit a=xb;c=yb (x,y>0)khi dé

Bat dang thuc tro thanh: x+l+lzx—+1+y—+1+l
y x y+1 x+1



Vi
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S XY X+ X+ Y+ yE > Xy +2xy% + 2xy .
Bt dang thire cudi ding vi 13 tbng cua ba bat déng

, XY ax+yi+y?

3,,2
XY X5« y; 5 > 2xy%; X% + Y2 > 2xy.

2
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c.

du 4. Cho x,y,z 1a céc s6 thyc thue doan [1;2].

Tim gia tri gia tri I6n nhat cua biéu thirc

2, 52 3 2 .2\
p:(LMXZ) {M] e

x? +7° yz —47°
Loi gidi

Dat x=a.z;y=b.z;a,beE;Z]

2 3 2 )
Khi ds p[#j (w} -

a’+1 b-4
Xét ham s
a’+4a+1 b?+2b-5 1
f(a) :W,g(b) zvtrendoan I:E,Z:|

va h(x) = —/3x—X* trén doan [1; 2]ta co

f '(a)=—4(a—_12); f '(a):0©azleF;2]
(a2+1) 2

Suy ra maxf(a):f(l):3;minf(a)=f(2):f(%j:§.
b*>-8b-3 1
'(b)=——<0,vbe|=;2
1) 15 . 3 _ 3
:>ma><9(b)=g(§j=ﬂ,mmg(b)—g(2)— 5

3-2X
24/3x—x?

= max h(x) = h(1) = h(2) ~2; min h(x) = h(gj _ _g

h(x) =— ;h'(X)=O<:>x=g
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Do vay P =(f(a))’+(g(b))*+h(x).

3
Vivay P, =(max f (a))’ +(max g(b))3+maxh(x)=33+(§J ~/2.
S
azll x:zl X=2
DAu bang xay ra khi va chi khi b:E<:> :§z<:> y=1
2=2

x=1 x=1
X=2 X=2

Vi du 5. Cho 3 s6 thue duong a,b,c thda mén diéu kién va—c ++b—-c = , /a—b .
C

a b ¢ c?
Tim gia tri nho nhat cua biéu thirc P = + + .
b+c c+a a+b a“+b
Lo gidi

it a=x.c,b=y.c,(x,y > 1)khi do theo gia thiét ta co:

Vx=1+\y-1=\xy & (Jx-1)(y-1) -1>=0

<:>xy=x+y22\/x_y:>xy24

Ta viét lai biéu thic P dui dang: P=—— Y4 2 4 1
y+1 x+1 x+y X +y

Str dung bét déng thic C-S ta c6:

x? y? 1 1
P= + + + >
XY+X Xy+y X+y (X+y) —2xy
2
(x+y)” 1. 1

C2XYHX+Y Xy XPyP-2xy
xX°y? 1 1

= e
3xy xy Xx’y*-2xy
y .1

3 xy Xxy*-2xy

Dit t=Xy,(t24):>P2f(t)=%+%+t2 i2t .
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. t 1
Xéthamso f(t)=—+—-+— trén [4;+oo)ta co:
3 0t t°-2t

tz(t2—4t+1)+6(t—1)

£(t) = :
6t> (t—2)

>0,Vt=>4.

Vi vay f(t) dong bién véi t >4 = P > f(t) =f(4) = % :
A i g s 41 :
Vay gia tri nho nhat cua P bang ﬂdat tal x=y=2.

Vi du 6. Cho a,b,c 1a cac s6 thuc théa mén diéu kién a>b>c>0.

(3ab +bc)’ 121b*
4 + 2 2 2 )
b a‘+b°+c”+8ac

Tim gié tri nho nhat cua biéu thuc P =
Lo gidi
a c
bit x=—,y=—,(x>12>y > 0)khi do:
itx =y = y>0)

121
x> +y> +8xy+1
121
x> +y’ +8xy+1
121
x> +y’ +8xy+1

Dit t:X2+8xy+y2+1:>P2f(t):t+£+5.
t

P:(3X+y)2+

=9x> +6xy+y’ +

>x*+8xy+y’ +6+

121
Taco: f'()=1-——f'()=0<=t=11I.

t
Ta c6 £(t) ddi dau tir Am sang duwong khi di qua t =11nén f(t) dat cyc tiéu tai
t=11hay P >f(t)>f(11)=27. Ding thic xay ra khi va chi khi a=b=c.
Vay gié tri nho nhat cua P bang 27 dattai a=b=c.

Vi du 7. Cho x,y,z |a c4c sb thuc dwong thoa man diéu kién
7(X* +y*+ 28 ) =11(xy + yz + 2X).
X y z

Ching minh rang ES + + <2.
28 y+z Z+X X+Yy
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Loi gidi
X z
bat P = + y + khi @6
Y+Z Z+X X+Y

P+3= X +1+ y +1+ : +1

y+1 Z+X X+Y

X+Y+Z X+Y+Z X+Y+2 ( 1 1 1 j
= + + =(x+y+12) + +
y+2 Z+X X+ X+Y Y+Z Z+4X

_(x+y+ 2)[(x+y)(x+2)+(y+2)(y+X)+(z+X)(z+Y)]
(x+y)(y+z)(z+x)
) (x+y+ z)[(x+ y+z)2+xy+ yz+zx}
- (x+y)(y+z)(z+x)
Theo gia thiét ta co: 7(x + y+z)2 =25(xy+Yyz+12x).Suyra

(x+y+z)[(x+y+z)2+275(x+y+z)2}_32 (x+y+z)3

P+3= =—
" (x+y)(y+2)(z+x) 25 (x+y)(y+z)(z+x)
Dods 22,2 =(X+y)(y+z)(3z+x).
25 P+3 (x+y+2)
a+b+c=1
bat a= X b= y ,C= z 7 .
X+Yy+1z X+Yy+2 X+Yy+2 ab+bc+ca=2—5

2 = (a+b)(b+e)(c+a) = (1-a)(1-b)(1-c)

5P+3
=1-(a+b+c)+ab+bc+ca—abc
:1—1+l—abc:l—abc
25

Vay dé tim gid tri I6n nhat va nho nhat cua P ta tim gia tri 16n nhat va nho nhat
cua Q =abc.
Taco

7 7 7 s 2, [
Q—a(2—5—ab—acj—a[2—5—a(b+c)}—a{2—5—a(1—a)}—a a’+_-a

Ta co:
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b+c=1-a
ac<

2 2 7 1
bczﬁ_a_ljw+c)24M¢:@—a)24(¥—a+5§}3153

25

gl w

Xéthamsb f(a)=a’-a’ +—"atren doan iE ta co:
25 155

a-l
f(a)=3a’—2a+-:f'@a)=0e| °
25 7
a=—
15
Tacs £ = |=f[L :ﬂ;f EJ:f l]zi
15 15) 3375 \5 5) 125
3 49 51
Suy ra =—:Qu,=—-=>P. =2,P,, =—.
y Qmax 125 Qmm 3375 max 28

3) Mgt danh gia hay sir dung
Véi didu kién céc sé thuc a,b,c khdng &m ta cac bat ding thie thuong dat diém
roi tai mot bién bang 0 nén ta thuong gia sir ¢ = min{a,b,c} va tim cach danh
gia dua bét dang thirc vé hai bién.
Ta c6 cac ude lugng hay su dung:

2 2 2 2
a’+c¢’ < a+E b2 +c’ < b+E ;a’+b* < a+E + b+E ;
2 2 2 2
2 2
a2+b2+C2S[a+EJ +(b+£j
2 2
ab+bc+ca> a+E b+3
2 2

2
c
a’—ac+c? :212+c(c—21)£a2 s(a+5] ;

2
b’ —bc+c* =b’ +c(c—b)£b2 g[b+§j ;

2 2
a®—ab+b <|at—| —|at+t=| b+ |+ b+s
2 2 2 2
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Vi du 1. Cho a,b,c la céc s6 thuc khdng am thoa man didu kién a+b+c=3.
Tim gia tri I6n nhat cua biéu thic P = (a2 —ab+b2)(b2 ~be+ c2)(c2 —ca+a2) :
Lo gidi
Giast c= min{a, b,c} ta co:
b* —bc+c? =b? +c(c—b)£b2;
a’—ac+c’=a’ +c(c—a)£ a’
Suy ra
P Sazbz(a2 —ab+b2)

a b
p azbz(az—ab+b2) azbz(az—ab+b2) g—“‘*
=5 S 6 < 6 = 4 3
3
(a+b+c) (a+b) [a+2+bj
b a
Datt:3+3,(t22):>Psf(t):36. t_13.
b a (t+2)
Xét ham s6 £(0) = 3%.———voi t22 tace:
(t+2)
P=3 "2 f)=0ct=2
(t+2) 2
r A= A <\ A . g 5 A~ . .
Ta c6 f7(t) doi dau tir dwong sang am khi di qua t = E nén f(t) dat cuc dali tai

5 5
t=—hay P<f(t)<f| = |=12.
5 fay (t) (2]

Vay gia tri 16n nhit cua P bang 12 dat tai a=2,b =1,c =0 hoic cac hoan vi.
Cach 2: Thuc hién danh gia nhu trén va sit dung AM-GM ta co:
3

43 3 4 gab%—gabﬂlz—ab%—b2
Péazbz(az—ab+b2)=—.—ab.—ab(32—ab+b2)S— 2
92 2 9

3

(a+b)6 . 4(21+b+c)6
27 9.27

i. =12
9
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Dang thirc xay ra khi va chi khi
=2,b=1,c=0
a+b+c=3,c=0,§ab=a2—ab+b2<:> a ¢
2 a=1b=2,c=0
Cach 3: Giast c= min{a,b,c} khi d6 ta co:
2
az—ac+cz=az+c(c—a)Sa2S[a+£J ;
2

2
bz—bc+cz=b2+c(c b) b’ S(b+£j;

coorde] gl
20)

bat x = a+§,y b+—( = X+y=a+b+c=3 khido:

P<x’y’ (X2 —xy+y2)=x2 (3—X) (X2 —X(3—X)+(3—X)2)
=3x°-27x" +90x* —135x” +81x* <12
Vi du 2. Cho a,b,c 1a cac sb thuc khdng &m khdng cé hai sé nao ddng thoi bang 0
théamén a+b+c=2.
1 N 1 N 1
Ya2+0* Yo +cd Ya2+&
Loi giai

Tim gia tri nho nhat cua biéu thac P =

Khong mat tinh tong quét gia st ¢ = min {a, b,c} khi d6 ta co:

2 2
2 +b < ato| 4| bra]
2 2
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bat x=a+§,y=b+§,(x,y>O):>x+y=a+b+c=2.

2
Theo bit dang thic AM-GM ta co: xy < (X ; yj =1va

by L L o1 2 1 1 1 +[21j1
X \/§ Y +yt xy x4y \4/2xy Y +y’ 2
S T S I S NP
SZX}’(XZ-I—yZ) 2 i/[ny+x2+y 2 2
2

Déu bang xay ra khivachikhi x=y=1=a=b=1,c=0.

Vay gia tri nho nhat cua P bang 2 + —=dat tai a =b =1,c =0 hoac cac hoan vi.

5

B. BAI TAP CHON LQC
Bai 1. (TSPH Khéi A, Al 2013) Cho cac sb thuc duong a,b,c thoa man didu kién
(a+c)(b+c)=4cz.

3 3 [.2 2
Tim gia tri nho nhét cua biéu thic P = 32a T+ 32b - a"+b ,
(b+3c) (a+3c) ¢
Loi gidi
it a =cx,b = cy,(x,y > 0)tir diéu kién bai toan ta co:
(x+1)(y+1)=4<:>xy+x+y=3.

3 3
Tace: P=—2% 3% X +y’.

3 3
(y + 3) (X + 3)
Truéc tién ta chitng minh bt déng thic quen thudc sau day:

. 1 ;
Véi moi a,b duong ta luén co a’ +b’ > Z(a + b)3 .

That vay bat dang thirc twong duong véi: 4(a + b)(a —ab+ b2) (a+ b)

<:>4(212—21b+b2)2212+2ab+b2 <::>3>(a—b)2 >0.
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Bat dang thirc ludn dung va bai toan phu dugc chimg minh.

Ap dung ta co:
3 3 3 2,2 3
32x _ 32y _>8 LS _g[ X +y° +3x+3y
(y+3) (X+3) y+3 x+3 Xy +3x+3y+9

r 3
g (x+y)2 +3(x+y)2xy}
xy+3(x+y)+9

Thay xy =3—x -y vao biéu thtc trén ta duoc:

32x° 32y’ _(X+y)2—2(3—x—y)+3(x+y) 3 3
7T 328 =(X+y—1).
(y+3) (x+3) | 3-x—y+3(x+y)+9
Do do
PZ(X+y—1 g x> +y’ =(x+y—1)3— (x+y) —2xy

bat t=x+ytaco P

2
3—x—y=xyﬁ(xzyj :>3—t$§<:>(t—2)(t+6)20<:>t22.

Xeét ham s6 £(1) = (t—1)" —/t* +2t -6 véi t2ta duoc:
PO =31 1)2 t+1 _3\/t2+2t—6(t—1)2—t—1
V2 +2t-6 N2 +2t-6
3W2(t-1) —t=1 4(t-1) —t=1 4 _9¢+3
> > -

V2 +2t—6 \/t2+2t—6 _\/t2+2t—6

Vay f(t) 1a ham ddng bién trén [2;+oo) do d6

>0,Vt>2

f()>f2)=1-v2 > P>1-2.
Vy gia tri nho nhét cua P bang l—\/gdat taia=b=c.
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Bai 2. Cho a,b,c 1 cac sé thuc duong d6i mot phan biét thoa man b < 8a < 4cva
ab+bc =2c*. Tim gia tri 16n nhit va nho nhat cuaa biéu thic

a b c
= + + :
a—b b-c c-a
Loi gidi
< 1 1 .
baita=x.c,b=y.c,| 0<—y<x<—|vaxy+y=2&y= .
8 2 x+1
Khi do
2
x—-y y—-1 1-x 2 2 1 I-x
x+1 x+1
x> +x 3 X2+X—3(X+2) x> —2x—6
= —+ = =
x>+x-2 1-x X +x-2 X" +x-2
Taco lnySl:M;e _1+\/§;l
8 2 2 2

Xét ham sé f(x) = =

2 _2x—6 . ) {—H\/E 1} ,
—— lién tuc trén ;— [taco

x2+x-2 2 2
2 i} ]
P A0 o o 1442 1
(X2+X—2) L 2 2_
suy ra f(x) 14 ham ddng bién trén | - ;\5 ;%
Suy ra f[_lz\/aJSf(x)Sf(%j hay ﬂgpg%_

o o 27 . 8 o . :
Vay gia tri I6n nhat caa P bang ? dat tai b= 2a,c:§a va gia tri nho nhat

cua P bang Wdaﬂai a= _1+2\/Ec,b:4(\/5—1)c.
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Bai 3. Cho a,b,c 1a c4c sb thuc duong thoa man didu kién a’ +b’ =¢”.

2 2 2
L . I +b" -
Tim gié tri nho nhat caa biéu thuc P = ar>-c
(c—a)(c—b)
Loi gidi

Nhan xét. Diéu kién dé bai cho ddng bac 3 va biéu thuc P bac 0 nén ta dat
a=xc,b= yc,(x,y > O).

2
Khido x*+y* =1va P= Cayiol (o) m2y-l

(1—X)(1—y) Xy—(x+y)+1

(x+y)3 -1
3(x+y) '

Xuit phat tir 1=x’ +y3 :(x+y)3 —3xy(x+y):xy:

-

Pit t=x+ytaco t>1va (x+y)224xy:>t224. 3 L t<i<ia.
t

t+2

Ta ¢ P=—"—d% thiy diy la ham nghich bién voi 1<t<4suy ra

Ya+2

P> .
Ya-1

Q/Z +2
Ja-1
Bai 4. Cho a,b,c 1a c4c sb thuc dwong thoa min didu kién a>b>c.

(a2 +cz)\/ab+bc+ca

ac(a+b+c)

Vy gia tri nho nhét cua P bang dattai a=b,c= ad2.

Tim gid tri nho nhét cua biéu thae M =
Loi gidi
Nhdn xét. Bicu kién cho a>b>c=(b-a)(b—c)<Ova M bac 0 nén djt
a:x.b,c:y.b,(x21,0<y£1)va
(l—x)(l—y)SO@Xy—x—y+1S0:>X+y21+Xy.

(x2 +y2>«/x+y+xy

Khi do: M =
xy(x+y+1)
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Day 1a biéu thirc ddi ximg véi tong x + y va tich xy nén suy nghi ngay dén viéc
dat S=x+y,P =xy tir diéukiéntacongay 0<P<S—1.

(s*-2p)/s+pP

Taco: M = e
P(s+1) N
Coi vé phai la ham s6 véi P va tham s S ta duoc:
2S* + S*P +2P?
fipy=— 2> FSPHIP s ps0

2(S+1)P*/S+P

do 6 f(P) la ham nghich bién trén (0;S—1].

(s*-25+2)v2s-1
S? -1 '

(s*-25+2)v2s-1
S? -

S 4287138 41254 (S-2)(S’+487-58+2)

Jas-1(s?-1) ) Jas-1(s?-1) ’
g'(S)=0«>1585=2
Ta c6 g’(S) d6i dau tir sm sang dwong khi di qua S =2 nén g(S) dat cuc tiéu tai

Do d6 f(P)Zf(S—1)=

Xét ham sé g(S) =

trén (1;+oo)ta duoc:

g'S)=

S=2trén (1;+oo) hay g(S)>g(2)= %
3
e L gL . 2 i

Vay gia tri nho nhat cia M bang — dattai a=b=c.

7

Binh luan. Ngoai 10i giai trén ta c6 thé xét ham s truc tiép bang cach coi b 1a 4n
va a,c la tham so ta co két qua twong ty hoac chirng minh

b* +2ac . dac (a+c)2 Vb*+2ac 2

~2 . Khid6 M > >
a+b+c 3la+c
( ) 3(a+e)

ac(a+b+c) _\/5'

Nhung rd rang véi dau hiéu dang cap tir diéu kién cho dén biéu thirc M viéc sir
dung k¥ thuat giam vé& hai bién x,y to ra hiéu qua. Day 1a mot bai toan hay doi
hoi phai tu duy logic khi gap tong va tich ddi xting ciia S =x +y,P =xy.

Bai 5. Cho a,b,c la céc s6 thyc dwrong thay ddi thoa man diu kien (a+b+ 0)3 =32abc.
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4 4 4
. s, Lo a , Lo o .2 , a +b" +c
Tim gia tri I6n nhat va nho nhat cua bicu thacP = ——— .

(a+b+c)
Loi gidi
b c 1

Theo gia thiét ta co:

a+b+c a+b+c at+b+c :3_2'

. a b c . 1
biat x = Yy = ,Z= X, 9,2>0va xyz=—,x+y+z=1.
at+b+c a+b+c a+b+c 32

Khid6 P=x"+y"* +z*vata co:
2
P:(x2 +y° +22) —2(x2y2+y222+22x2)

2

=[(x+y+z)2 —2(xy+yz+zx)} —2[()(y+yz+zx)2 —2xyz(x+y+z)}

:[1—2()(y+yz+zxﬂ2 —2[()(y+yz+zx)2 —%}

:2(xy+yz+zx)2 —4(xy+yz+zx)+%

bat t=xy+yz+zxtaco P:2t2—4t+%.

Ta co: t=X<y+z)+yz=x(1—x)+L:_x2 +X+L

32x 32x
Mt khac:

1
(y+Z)2Z4yZ:>(1—X)2ZLQ(ZX—I)(4X2—6X+1)ZO<:> 4 2

32x x23+\/§
3—v§_l}u{3+vg
’ 4

4 2

, 1
Xéthamsé f(x) =—x*+x + trén
32x

; +ooJ ta duoc:

1 xe{ ; 3400
f'x)=-2x+1—-——;f'(x)=0¢« >
(x) 2 (%)
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Tacé:

{3—4@}2{1?/3}:5J3§2—1’f(%]:f&] s f(3+4fj 5J3§2+y

5\/71 5 545 1}

. Xét ham s6 g(t) = 2t> —4t+—tre —
8 16 32

5 55— 1}

Taco: g'(t)=4t—4<0,Vte ;
g= {16 32

Suy ra g(%jzg(t)Zg{S\/i IJ hay ta c M

Suy ra —<t<
Y1 16

256 ‘ﬁ'

Vay gia tri I6n nhat caa P bang E dat tai a=2,b =c =1hodc cac hoan vij va

gid tri nho nhét cta P bang %dat tai a=3-V5,b=c= 1+2\/g '

Bai 6. Cho ab,c ld cac s thuc thoa mian diéu kien a>b>c>0va
2b+2¢c—a>0.

Tim gia tri nho nhat cua biéu thic P =2 \/ b +\/ ¢ _\/2b+20—a.
c+a a+b a

Léi gidi

TH1: Néu C:O:P:Z\/E— 2b-a
a a

Détt:\/E[L< 1thldOP f(t)=2t—v2t* —1.
22

Xét ham sb f(t) =2t —~/2t> —1 lién tuc trén {— taco

@”}

R :2(\/2t2—1—t): 2(t2_1) SO,Vte[L;l}.
2t -1 N \/2t2—1(\/2t2—1+t) 2

Do d6 f(t) 1a ham nghich bién trén { ! suyra P=f(t)>f(1)=1.

ﬂ’
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Trudng hop ndy gié tri nho nhat cua P bang 1 dattai a=b,c=0.
TH2: Néu ¢ >0=a>b>c>0dat c:x.a,b:y.a,(0<x,y£1).

Khido: P=2| |+ ¥ |-fax+2y-1.
y+1 x+1

Ta ching minh L%—J y >\xX+y.
y+1 x+1

That vay bét ding thtrc tuong dwong véi:
\/X2 +X +\/y2 +y Z\/(X+y)(x+1)(y+l)

c>x2+x+y2+y+2\/xy(x+1)(y+1) 2(x+y)(x+l)(y+1).

2

<:>2\/xy(x+l)(y+1) 2xy(x+y+2)<:>4(xy+x+y+1)2xy(x+y+2)
Bit dang thirc luon ding do xy(x+y+2)2 < 4xy(x+y +2)Vé

Xy+x+y+1—xy(x+y+2):(X+y+1)(l—xy)20.

Vay PZZ\/X+y—\/2x+2y—1
Pit t = x+y,(0<t£\/5)suyra P>f(t)=2t—+2t* 1.

2t

V2tP =1

Do d6 P > f(1) = 1. Nhung truong hop nay diu bang khong xay ra.

Taco: f'(t)y=2—

(=0 t=1.

Két hop hai truong hop suy ra gia tri nho nhit caa P bang 1 dattai a=b,c=0.
Bai 7. (TSPH Khéi A 2009) Chtng minh rang véi moi s6 thuc duong x,y,z thoa
man diéu kién x (x +y+ z) =3yztaludn co

(ery)3 —i—(x-i—z)3 +3(X+y)(y+z)(z+x)SS(y+z)3.
Loi gidi
Pt y=ax,z=bx, (a,b>0)tacé a+b+1=3ab.
Tacn ching minh (a+1)" +(b+1) +3(a+1)(b+1)(a+b)<5(a+b) .
<

3

& (a+b+2) —3(a+1)(b+1)(a+b+2)+3(a+1)(b+1)(a+b)<5(a+b)

3
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3

= (a+b+2) 6(a+1)(b+1)£5(a+b)3
& (a+b+2) ~6(abta+b+1)<5(a+b)
Thay a+b+1=3ab vao bit ding thuc ta can ching minh
(3ab+1) ~6(ab+3ab)<5(3ab~1) < (3ab—1)(ab-1)(6ab~1)20
(lu6n dang)
Do 3ab=a+b+122\/E+1:>(\/E—1)(3\/E+1)20©ab21.
Bit ding thirc dugc chimg minh. Dang thirc xay ra khi vachikhi x =y =z.
Bai tap twong tw
1) Cho a,b la hai s6 thyc va ¢ khdng &m théa man diéu kién a* + b’ +ab =3c”.
Chirng minh ring a’ + b’ +4abc < 6¢”.
Cho a,b,c 1a céc s6 thuc duong thoa man diéu kién a’ +2a(b+c)=5bc.
Chung minh ring (a+b)3 +(a+c)3 +(a+b)(a+c)(b+c)< 3(b+c)3.

Bai 8. Cho a,b,c 12 cac sb thuc duong thoa man a+b+c=6va a’+b’+c*=14.

Tim gié tri I6n nhat va nho nhét cua biéu thirc P = 4a+b :
c
Lo gidi
. , c(x+y+1)=6
bit a=Xx.c,b=vy.c,( X,y > 0)theo gia thict ta co: )
' ¥ (x,y>0)theos ¢’ (X +y*+1)=14
_6-c¢
(x+y)c=6-c X*¥y==,
& & .
[(x+y)c]2—2xyc2:14—c2 (G—C)Z—(M—Cz) c?—6c+11
Xy = 2 = 2
2c c
Trudc hét ta phai c6:
(x+y)224xy<:>(—6 Cj >4.8 6§:+1l©6 ?2)\/§3cs6+§\@.
c c

Suy ra X,y la hai nghiém duong cta phuong trinh:

_6-c—+-3c’+12c-8

J— 2_
_6 ct+c 60+11:0© 2c

¢ ¢’ _6—c+\/—302+12c—8'

t
2 2c

[

t2
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Taco: P=4x+y.
Tim gid tri lén nhat cia P.
Dé tim gia tri 16n nhat cia P ta xét véi x=t,, y =t vi t, >t .
Khi @6
_a 6-C++-3c°+12c-8 N 6-c--3’ +12c-8 _30-5¢+3y-3c’ +12c-8
2C 2c 2c

30-50+3y-3c2 +12c-8 6-213 6+2@]
2 3 '

P

Xétham s f(c)= ; 3

3(5\/—3c2 +12c-8 +3c—4)

lién tuc trén doan [

f'(c)=- ;f(c)=0&5yV-3c*+12c-8+3c—-4=0
c’-3¢’ +12c -8
4-3c>0 6
= <>C=—.
25(-3¢* +12c-8) =(4-3c)’ 7

Ta c6 f°(c) doi dau tir dwong sang am khi di qua C = 7nén f(c) dat cuc dal tai

6 6) 31
c=—hay P<f(c)<f| = |=—.
7 y © (7} 2

Dang thirc xay ra khi va chi khi azg,bzz,c:g.

19 17

Vay gia tri 16n nhit cua P bing ﬁdattai a= ,b:—,c:E
2 7 7 7

Tim gi4 tri nhé nhit cia P.
Dé tim gia tri nho nhét ciia P ta xét véi x=t,,y =t,.
Khi do

g 8¢ —302+120—8+6—c+ -3c®+12c-8 30-5¢—3y-3¢’ +12c-8
. 2c 20 2 .
~5c-3y-3¢ +12c-8
Xét ham sb g(c):30 5¢-3 2:‘3 +12c-8

{6—2@_6+2x/§]

P

lién tuc trén doan

3 3
3(5\/—3c2 +12c-8 —3c+4)

g(c)=— 'g'(c) =0 5vY-3c*+12c -8 -3c+4=0.
c’\-3c* +12c-8
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3c-4>0
=3.
= 25(-3c* +12c-8) =(3c—4)’ =¢

Ta c6 g’(c) dbi dau tir am sang duong khi di qua € =3nén g(c) dat cuc tiéu tai
c=3hay P>g(c)>g(3)=2.
Ding thirc xay ra khi va chi khi a=1,b=2¢=3.
Viy gia tri nho nhét ciia P bang 2 dattai a=1,b=2,c=3.
Bai 9. Cho a,b,c 1a c4c s6 thuc duong thoa man diéu kién

(3a+2b+c)(1+g+§j:30.
a b c

b+2c—7+/72a% +c?

a

Tim gid tri 16n nhét cua biéu thuc P =
Loi gidi

bat X=£,y=i. Suy ra:30:(4x+3y+3) 1+1+1
2a 3a X Yy

= X[l+l+1J+3(X+ y+1)(l+l+1j2 X(y+1) +28

Xy Xy 2y
:x<ﬂ:sp 2%+ 6y — 2L/y? +8<—+6y 21.Jy? +8 <55
y+1
Ding thuc xay ra khi va chi khi 6a:3b:20.
Céch 2: Trudc tién ta bién d6i diéu kién bai toan

(3a+2b+c)(i+—+—):5
6a 3b 2c

<:>(6a+3b+20)(i+i+ij+b(i+i+ij:10
6a 3b 2c 6a 3b 2c

=b i+i+i <l=b i+i SE<:>bS dac
6a 2c 3 3a+c

4ac +2c—7+/72a% +¢?

3a+c 4c 2 ’
=P< = +——7.]72+
a 3a+c a a

Xét ham s6 f(t)_3—+2t 7Nt +72 <-55,(t=c/a)taco
+
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4 4 Tt
t+3 (t+3)° V472
bS: P, =-552a=3b=6c.
Dudi day toi trinh bay m@t bai toan tuong tu nhg:ng di theo mot huong khac
Bai 10. Cho a,b,c 1a céc s6 thuc dwong thoa man diéu kién

(a+5b+3c)(l+i+ij—§.
a 4b 3c 4

frt)=2+

Tim gia tri nho nhat caa biéu thic
o 2(a+3c)(a+3c—4b)-7c* +4cva’ +7c?

2ac
Lo1i gidi

Theo gia thiét ta c6

g=(a+4b+3c)(1+i+i)+b[l+i+ij29+b(1+i+ij
4 a 4b 3c a 4b 3c 4b

= 3ac>2b(a+3c)

Chay AM - GM ta c6 (a+4b+30)(l+i+ij29.

a 4b 3c
Khi do
o_ 2(a+3c)2 —8b(a+3c)—7c’ +4cva’ +7c’
2ac
. 2(a+3c)2 —12ac—7c* +4cva’ +7¢? _ 2a% +11c? + 4c/a® + 7¢?
2ac 2ac

22X 11+ AKX+ T (2

2X o
2% +11+ X2+ 7
2X
(25 ~12)V/x* +7 - 28
25X +7
15

Ta c6 £(x) d6i dau tir am sang dwong khi di qua x=3 nén f (x) > f (3) = >

Xéthamsd f(x) = V6i x duong ta co

f'(x)= ;F'(X)=0< x=3.

DAu bang xay ra khi va chi khi a=4b=3c.
Vay gia tri nho nhét cua P bang % .
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Bai tip twong tw
Cho a,b,c 1a céc sb thuc duong thoa min diéu kién
1 1 1 21
(a+3b+c)| =+—+=|=—=.
a 2b c 2
Tim gié tri nho nhét cua biéu thirc
_a’+(a+c)(a+c—2b)++/2a’ +2¢?
- ac NE

P

bs: P, =5a=2b=c.

C. BAI TAP REN LUYEN
Bai 1. Cho x,y 1a hai sb thuc dwong. Tim gia tri I6n nhét cua biéu thirc
2

4xy

-
(x+\/x2 +4y? )
Bai 2. Cho x,y la hai s6 khong am . Tim gia tri 16n nhat cua biéu thic

P Xy ++/x* +9x%y’

x* +8y’

Bai 3. Cho x,y la hai s6 thuc duong thoa man xy <y —1.

3 2
. ; 2 2x
Tim gia tri nho nhat cua biéu thac P = y—3+ -

X y
Bai 4. Cho a,b,c 1a c4c sb thuc duong thay doi thoa man

1 1 . . . .
(a+ 2b)(g+—j =4,c<3a. Timgia tri Ién nhat va gia tri nhoé nhat caa biéu thirc
C

a’ +2b’
ac
Bai 5. Cho x,y la cac s6 thyc duong. Tim gia tri nho nhat cua biéu thirc

P=

3 3
4
P =\/ 3 X T+ Y T
X" +8y y3+(x+y)"
Bai 6. Cho a,b,c la c4c sb thuc duong thay doi thoa man

(a+b+c)(l+%+lj:16.

a C
a’+2b°

Tim gid tri 16n nht va nho nhat cua biéu thuc P = :
a
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Bai 7. (TSPH Khéi A 2011) Cho cac sé thuc x,y,ze[L4],x>y,z2>7.

~ s ) Ap o . 2 , X Y4
Tim gia tri nho nhat caa biéu thuc P = + y +

2X+3y Y+zZ Z+X

Bai 8. Cho a,b,c 1a c4c sb thuc dwong. Tim gia trj nhé nht cua biéu thic
bc 4abc

(b+a)(c+a) (a+b)(b+c)(c+a)

Bai 9. Cho céc s6 thue duong thoa man diéu kién (a+c)(b+c)=4c?.

a b ab
+ + .
b+3c a+3c bc+ca
Bai 10. Cho a,b,c 1a cac sb thuc duong théa man a>2b.

Chiing minh:14(a2 +b? +c2)2 5(a+b+c).

Tim gié tri I6n nhét cua biéu thic P =

Bai 11. Cho a,b 14 hai sb thuc va ¢ khdng am thoa man a? +b? + ab =3c?.
Chttng minh rang a® +b® + 4abc < 6¢3.

Bai 12. Cho a,b,c 1a cac s6 thyc duong thay doi thoa man (a+b —c)2 —ab.

Jab  c? c YV

ath a2 +b? +[a+b—cj '

Bai 13. Cho cac sb thuc khong &m a,b,c théa man a+b+c>0.

a®+b% +16¢°
(a+b+c)3 '

Tim gié tri nho nhét cua biéu thic P =

Tim gid tri 16n nhét va nho nhat cua biéu thac P =
Bai 14. Cho cac sb thuc a,b,c.

Chutng minh ring 8a* +8b* + 27¢* 2§(a+ b+c)*.
Bai 15. Cho a,b,c Ia cAc s6 thyc thoa méan (a+b+c)’ :2(6\2 +h? +c2)vé1 a+b+c=0.

a+bd+c?

Tim gid tri 16n nhét va nho nhat cua biéu thac P = .
(a+b+c)(ab+bc+ca)

Bai 16. Cho x,y,z la cac s6 thuc khong 4m d6i mot phan bigt. Chirg minh rang
x+y2 y+z2+ z+x22 9 .
(x=y)" (y-2)" (z-%)° X+y+z

Bai 17. Cho a,b,c la c4c s6 thuc khong Am d6i mot phan biét thoaman a+b+c=1.
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1 N 1 N 1
(a=b)* (b-c)* (c-a)’
Bai 18. Cho a,b,c 1a cc sb thuc khéng am khong c6 hai sé nao dong thai bang 0.
Tim gia tri nho nhét cua biéu thuc
2 1 1 1
P=(a+b+c + + :
( ) [a2+b2 b2 +c? 02+a2j
Bai 19. Cho a,b,c 1a cac s6 thuc khong &m va khong c6 2 sé nao dong thoi bang 0.
Tim gid tri nho nhat cua biéu thuc
1 1 1
P=(ab+bc+ca + + :
( )(a2+b2 b? +c? 02+a2j
Bai 20. Cho a,b,c 1a cac s6 thuc khong &m khéng c6 2 sé nao dong thoi bang 0 thoa
man a+b+c=1.

Tim gié tri nho nhét cua biéu thic P =

1 N 1 N 1
a’+b®> b?+c® c?+a’
Bai 21. Cho cac sb thyc a>0,b,c>0. Tim gia tri nho nhét cua biéu thic

Tim gid tri nho nhét cua biéu thac P =

1 1 1
P=(ab+bc+ca)| =+ + .
( )(az a’® +b? a2+b2+czj

Bai 22. Cho a,b,c 1a cac s6 thuc khéng &m va ¢ < a,c <b . Chang minh ring

a jz ( b V¥ a?+b2+c?
+ > .
b-c c—-a ab+bc+ca

Bai 23. Cho X,y,z la céc s6 thuc thude doan [1;2].

2.,2 2,2 2,2
Tim gia trj 16n nhat va nho nhat cua biéu thie p=>Y *Y 2 *2 X
Xyz(X+y+2)

Bai 24. Cho a,b,c 1a cc sb thuc duong.
4a® +3p® + 2¢® —3b%c

Tim gié tri nho nhét cua biéu thic P = >
(a+b+c)

Bai 25. Cho a,b.c 1a d dai mot tam giéc khéng nhon. Chirng minh ring

s 2 (1 1 1)
a+b“+c°|| =+—+—1|>10.
( )(az b2 CZ

Bai 26. Cho x,y,z la c4c s6 thuc duwong thoa man x° + y* +62° =4z(x+y).

3 3 2,2
~ -7 . 7 .2 X< +
Tim gia tri nho nhat cua bieu thac P = X + y + y

y(x+z)2 x(y+z)2 z
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Bai 27. Cho a,b,c Ia c4c sb thuc thoa man (a+b +c)2 =4(ab+hc+ca)va a+b+c#0.
a’b+b%c+c?a

Tim gia tri 16n nhit va nho nhét cua biéu thic P = .
(a+b+c)

Bai 28. Cho a,b>0,c > 0 va thoa man diéu ki¢n a®+b® =c(c-1).
a? +b%+c?

Tim gia tri I6n nhat va nho nhét cua biéu thic P = -
(a+b+c)

Bai 29. Cho x,y la cac sb thuc duong thay ddi thoa mén x+2,/xy >8y .

) i 3y X2 2
Tim gia tri nho nhat cua bicu thic P =4 —+=—|-9| —+=—|.
y. X y© X

Bai 30. Cho a,b,c la cac s6 thuc duong théa man 0<4a<c<9a.
12a  12b  25c

Tim gia tri nho nhat coa biéu thuc P = + + :
a+b b+c c+a

Bai 31. Cho a,b,c 1a cac s6 thuc duong thoa man %b >a—c> gb .

12(a-b) .\ 12(b-c) . 25(c—a)
c a b

Tim gié tri I6n nhét cua biéu thic P =
Bai 32. Cho a,b,c 2 cac s6 thuc khong am thay déi thoa man 2a° —(b+c)’ < 4abc.
Chitng minh %a“ +3(b4 + c4) > 2ah? —3b%c? + 2¢%a%.

Bai 33. Cho a,b,c 14 cac sé thuc duong thay déi thoa man ab +bc +ca=3b?2.
Tim gia tri I6n nhat va nho nhét cua biéu thirc

a c abc—(a+c)(a2+cz)

“bic a+b (a+c)b?
Bai 34. Cho a,b,c 1a cac s6 thuc duong thay dbi thoa man
1 1 10
a+c)|—+— |=—,c24b.
( )(az sz b

. s ST S +Cc—
Tim gia tri l6n nhat va nho nhat cua biéu thicc P = a+c-b .

Bai 35. Cho a,b,c 1a cac s6 thuc khéng am. Chuing minh rang
(a2 +b? +c2)3 >27(a-b)*(b—c)’(c-a)’.

Bai 36. Cho a,b,c la cac s6 thuc khong &m théa man ab+bc +ca > 0.
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1 1 11 32
+

Ching minh rang + + > .
a®+b® b?+c® cF+a’ a®+b’+c®  (a+b+c)

Bai 37. Cho a,b,c la c4c s6 thuc khong 4m d6i mot khac nhau théa mén a+b+c=0.

b—c)4 (c—a)4 16

Bai 38. Tim hang s k tét nht sao cho bit ding thirc sau ding v6i moi sé thuc
khdng am a,b,c

(a+b+c)’>k(a® +b? +c?)(a=b)(b—c)(c-a).

Chiang minh ring (ab+bc+ca){( 1)4+( t 1 ]>33
a-b

Bai 39. Cho a,b,c 1a cac sb thue d6i mot phéan biét. Ching minh rang

(a—bjz (b—cjz (C—ajz
+ + >5.
b-c c—a a-b

Bai 40. Cho a,b,c 1a cc s6 thuc duong. Chang minh ring

1 N 1 N 1 S 9
a’?+ab+b?> b?>+bc+c® c®+ca+a’ _(a+b+c)2

Bai 41. (Iran 1996) Cho a,b,c la cc sé thuc khéng &m. Ching minh ring
1 1 1 9
=+ 5+ > :
(a+bY’ (b+c)® (c+a)’ 4(ab+bc+ca)
‘s sz , £~ 1 1 1
Bai 42. Cho a,b,c la cac s6 thuc duong thoa mén St o=
a~ b® 2
a b c
+ + :
b+c ct+a 32 4p2 42
Bai 43. Cho a,b,c 1a cac sb thyc duong. Chirng minh rang
27(a+b+c)(a2 +b? +cz)+45abc232(a+b+c)(ab+bc+ca).

Tim gia nho nhét cua biéu thic P =

Bai 44. Cho a,b,c 1a cac s6 thuc duong. Tim gié tri 16n nhét cua biéu thuc
ab bc ca 4abc

+ + - :
(a+b)* (b+c)® (c+a)® (a+b)(b+c)(c+a)
Bai 45. Cho x,y,z la cac s6 thuc khong dong thoi bang 0 thoa mén

2(x2 +y? +22):3(xy+yz+zx).

(y-22)°

Tim gié tri nho nhat va Ion nhét cia biéu thic P = :
Xy + YZ + X
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Bai 46. Cho a,b,c 1a cac sé thuc théa man a? +b? +c? +4ab+4bc+4ca=0va
a+b+c=0. Timgia tri [6n nhit va gié tri nho nhat cua biéu thic

_ad+b®+cd-abc

P 3
(a+b+c)

Bai 47. Cho ab,.c l1a cic sé thuc thoa mén a®+b? +c” =4(ab+bc+ca)va
ab+bc+ca=0. Tim gia tri 16n nhat va gia tri nho nhat caa biéu thic
(a—b)(b—c)(c—a)(a2 +b% +¢? —ab—bc—ca)

P= 5
(a+b+c)

Bai 48. Cho x,y,z 1a c4c sé thuc duong théa man 5(x2 +y2y 22)= B(xy+yz+12x).
Tim gia tri 16n nhét va gi4 tri nhé nhit cua biéu thic
P=(x+ y+z)(l+£+lj.
X y z
Bai 49. Cho x,y,z la cac s6 thuc khong dong thoi bang 0 va thoa mén
8(x2 +y2y zz)zll(xy +YZ+2X).

3,3, 3
< e, Z i, ) L . .2 , X"+ +7
Tim gia tri I6n nhat, gia tri nho nhat caa biéu thac P = y

(x+y+z)(x2+y2+22)'

Bai 50. Cho a,b,c 14 cc sé thuc théa man a? +b% +¢c? >0.
Tim gia tri 16n nhét va gi4 tri nhé nhit cua biéu thirc
2(a+b+c)(a2 +b? +c2)—9abc

(a2 +b? +cz)3

P=

C. HUONG DAN GIAl - PAP SO

Bai 1. bat x=t.y,(t>0)tac6 P= f(t):Lgtacé

(e ea)

4( t2+4—3t)

S f()=0e 4 -Bterto—t

fi(t)=
\/t2+4(t+\/t2+4) V2
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Ta c6 £(t) d6i ddu tir 4m sang dwong khi di qua t = 1 trén khoang (0;+c0)nén

V2
tai t= = f(t) dat cuc tiéu hay P = f (t)>f (ij 1

7z 7z

Vy gia tri nhé nhat cia P bang %dat tai y=+/2x.

3

Bai 2. Néu x=0=P=0.Xét x>0 tadat y=tx(t>0).

t++/t* +ot?

Khidé P = f(t)=

t? +8
4 2
xétham s () ==Y tren [0400) ta o6

t“+8

7t2 +72+( )
f(t) = f'(t)=0

Jt4 +ot2 ( )
<:>7t2+72+( ) 0<:>t—6\/_
3J_

Lap bang bién thiénsuy ra P = f (t) < f (6v/2) =—=
Vay gia tri 16n nhét cua P bing #dat tai X =6+/2y.

X 1 1Y 1
Bai 3. Theo gia thiét ta co: —S—z——(———j <>ot=J>4,
y 'y 4 X
Khido P= () =t + = Xétham s§ f(t) =t* + = voi t>4taco
t t

5
fy=a-2-t -1
t

>0,Vt>4 do dé f(t) 1a ham dong bién trén

[4;+0)suyra P=f(t)> f(4) = 213

Vay gia tri nho nhét cua P bang %dat tai X =%, y=2.

Bai 4. D4t a=xb,c=yb,(3x >y >0)khi dé tir diéu kién ta co:

(x+2)(1+%]=4:>x=w.

y+1
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2(y—1
Mt khic: 3x> y < 3,20 1)2y<:>y2—5y+6£0<:>2£y£3.
Y+

2
2(y-1) )
2.9 y+1 ’ 3y?—2y+2
Khido P=2 "2 = f(y)="2—
Xy 2(y-1) yi -y
y
y+1
2_
Xétham s (y) =2 —2Y"2 ign tyc trén doan [2;3] ta c6:

:—3y4+4y3+3=—3y3(y—2)—2y3+3
(3/3—31)2 (y‘°’—y)2

Do d6 f(y) 1a ham nghich bién trén [2;3].

f'(y)

<0,vye[23].

Suyra P,,, = 1‘(2):1_61 dat tai a=%b,c=2b
Pmin = f(3)=1d€1tt'§1i a=b,c=3b.

Bai 6. bat c=x.a,b=y.a,(x,y>0) theo gia thiét ta co: (1+x+ y)[l+1+lj =16.
Xy

2
Khidé P = f(y)=—r2Y"
y

Dé khao sat ham f(y) ta can tim mién gia trj caa y trudc tién.
Viét lai dang thie trén dudi dang: (1+1j X2 + {y +1—13jx +y+1=0(1).
y y

Phuong trinh (1) phai c6 nghiém x,y duong do dé diéu kién 1a:

y>0
2
A:(y+l_13j —4[1+1j(y+1)20<:> 7_3‘63ys7+3\£.
y y 2 2
y+£—13>0
y

Viéc con lai ta chi khao sat ham sé f(y) trén {

! _2\/5 : ! +§\/§}ta co:

Poax = f [7?@} = 21_23*5 Prin = (%): 22
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Bai 7. Nhan xét. Biéu thirc P dang cap bac 0 va ¢ x>y,x >z nén ta dat an phy
giam bién bang cach biéu dién y theo x va z theo x.

bat y=ax,z=b.xdo x,y,ze[L;4],x> y,XZZ:a,be[%;l}.

1 a b
+ + :
2+3a a+b b+1
Ta chua c6 mébi lién hé giita a va b nén ctir manh dan xét ham s6 véi a hoac b
xem sao va hy vong dugc mot ham luén dong bien hoac luén ngich bien.

Khidé P=

Xéthamsb f(a) = 1 .2 .0 jien tuc trén l;1 ta co:
2+3a a+b b+l 4
2 2
2+3a) b-3(a+b

(2+3a)° (a+b)®>  (2+3a)’(a+b)
Ta co:
(2+3a)°b-3(a+b)’ =9a%b +6ab+4b —3a> —3b>
>9a’b +6a’h +4b—3a” - 3p*

=3a%(5b-1)+b(4-2b)>0,va,b {%;1}

Do d6 f(a) 1a ham dong bién trén B;l} suy ra

Pof(a)sf[i]o2 Lt , b
4)711 1+4b 1+b

Xét ham sb g(b)=i+ 1 +Lliéntuctréndoan l;1 ta co:
11 1+4b 1+b 4

\ 1 4 . 2 2 be[%;l} 1
b) = - 19'(b) =0 <> (1+4b)° =4(b+1)* 415 ==,
g'(b) e ey g'(b) =0 (L+4b)" =4(b+1) >

Ta c6 g’(b) ddi diu tir am sang duwong khi di qua b =% nén g(b) dat cuc tiéu tai

1 1) 34 34
b==hay gb)>g| = |=>2 . Dodé P>>".
2y 9() g(zj 33 0033

Vay gié tri nho nhat cua P bang %dat tai a:%,b =%hay x=4y,x=2z vado

xy,ze[Ld]=>x=4,y=12=2.
Bai 8. Bat b=xa,c = y.a,(x,y>0)khi do:
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_ Xy 3 4xy _ Xy 1- 4
(x+1)(y+1) (x+y)(x+1)(y+1) (x+1)(y+1) x+y)
Véi Xx+y>4=P>0 taxétvsi x+y<4.
Khi dé P = Xy (1— 4 )khi d6 néu coi vé phai lam mat ham cia xy
Xy+x+y+1 X+Yy

2
ta c6 mot ham nghich bién mat khac xy < (%) suy ra:

b [X;yjz [1_ 4 jz( (x+y)(x+y-4)

2 2 :
(x;yj fxtyil X+Y) (x+y) +4(x+y)+4
Détt=x+y,(0<ts4):>P2f(t):M.
(t+2)
Xéthamsb f(t) = ft _42) trén (0;4]ta co:
(t+2)
2t—4)(t+2)-2(t? -4t _
f'(t)=( )(t+2) 3( )= -8t =0et-1.
(t+2) (t+2)
Ta ¢ f(t) d6i dau tir 4m sang duong khi di qua t=1nén f(t) dat cyc tiéu tai

t=1dod6 P> f(t)zf(l):—%.

Vay gia tri nho nhét cua P bang —% dat tai x=y =%<:> a=2b=2c.
Bai 9. D4t a=x.c,b=y.,(x,y>0) theo diéu ki¢n bai toan ta co:
(x+1)(y+1)=4.

X y Xy _X2+y2+3(x+y)Jr Xy

Khido: P= + + =
y+3 x+3 x+y xy+3(x+Yy)+9 x+y

(x+ y)2+3(x+ y)—2nyr Xy
Xy +3(x+y)+9 X+Yy

Do (x+1)(y+1)=4=xy=3-(x+y).
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bat t=x+y,(0<t<3)=xy=3-tva

2 2
3—t=XYS(XJ2ryj =%@t2+4t—1220<&>t22.

t> +3t—2(3-t) 3-
Khigo pol 323" 3-t_t 3 3
3—-t+3t+9 t 2t 2

: Bang bién thién:
Xéthamsé f(t)=t+o-2 voi  pgblent
2 t 2 t 2 J6 3
te[2;3)taco ) - 5 n

f'(t):%—%;f‘(t):OQt:\/g. f® 1\ 0

t

Duya vao bang bién thién suy ra _g/
2

max (1) =f(2) =1.
te[2;+3)

Vay gia tri 16n nhit cua P bang 1 dattai a=b=c.
Bai 10. Pat a=x.c,b=y.c,(0 <2y < x)ta can ching minh
14(x2 +y? +1)25(x+ y+1)2 < 9y® ~10(x+1)y +9x* ~10x+9>0.
Coi Vvé trai 12 ham cua y va x la tham s6
f(y)=9y” —10(x+1)y+9x* —~10x +9 ta co
f'(y)=18y -10(x+1)<9x—-10(x+1)=—x—-10<0nén f(y) la ham nghich

2
biénsuy ra f(y)> f(%):(%x—3} >0.

Bt dang thire dugc ching minh.
Ding thuc xay ra khi va chi khi a=2b,5a =6c .

2 2
Bai 11. Néu c=0:>a2+ab+b2=0c>(a+gj +%=O©a=b=0 bat dang

thirc tré thanh dang thirc.

Néu ¢ >0dat a=x.c,b=y.ckhi dé theo diéu kién ta co:

x2 + y2 + xy = 3 va bét ding thuc can chang minh tro thanh:
xC+ Y% +axy <6< (x+Yy)° —3xy(x+y)+4xy <6,

Pit

2
t=x+y:>3=x2+y2+xy=(x+y)2—xy=t2—xy:>t2—3=xy£tz<:>—2£t£2.
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Thay xy =t% —3 vao bét ding thc trén ta can ching minh:

t°-3(t° -3t +4(t° -3)<6,vte[-2,2].
&2 - 47 -9t +18>0,Vt e[-2,2] & (t-2)(2t* ~9) 20, vt e[2;2] (luén ding).
Bat dang thirc dugc chimg minh. Dang thie xay ra khi va chi khi a=b=c.

. - , X
Bai 12.Déta:x.c,b:y.ctﬁ:diéukléntaco:(x+y—1) =xyvaP= ﬂ+ 21 +i.
X+y X +y Xy

2
Ta co: (x+y—1)2=xys(xzyj :>(x+y)2—4[(x+y)2—2(x+ y)+1}20.

< 3(x+ y)2—8(x+y)+4£0<:>§£ X+y<2.

batt=x+ y,(

w|N

<t< 2) thay xy =(t —1)2 vao biéu thirc ciia P ta duoc:

+ = + +
2_2(t- )2 (t_1)2 t t2y4t-2 (t_1)2

\/ 1 1 (t-1)? 1 1

1 1 1
+ 2 + 2
2(t 17 P +4t-2 2(t-1)

F TR
tt-1 244t 2+2(t ~1)% \tfe-1 3

Vy gia tri nho nhat cia P bang 2 dattai a=b=c=1.
Nhan xét. Ta c6 thé xu 1y theo cach khac sau déy:
2 2 2 2 2
P =@+ c .t Jab LA
a+b a?+p? ab a+b 2ab a%+p? 2ab
cJab 4¢c? 2 ( 2c jz

+ > +
ab(a+b) a?+b*+2ab a+b la+b

ab

NN P
(a+b)* 4

a+b

= <

2
Xuit phét tir gia thiét ta co: (1— ¢ j =
a+b

N |-
IA
N | w

bat t= . Xétham sé g(t) =2t + 4t> trén E%} ta c6 két qua tuong ty nhu

a+b
loi giai trén. Qua bai toan nay ta cd nhan xét 1a doi khi st dung ky thuat giam
bién d6i voi dang ddng bac doi hoi ching ta phai bién dbi va van dung tinh té
céc bat dang thirc.
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3 3 3
Bai 13, Tacs: P& | +[ D +16) — .
a+b+c a+b+c a+b+c
a b c
Yy = 2=
a+b+c a+b+c a+b+c
Khido P=x3+y%+1623.
Dé tim gia tri 16n nhit ta thuc hién nhu sau:

P=x3+y3+2° +152° < (x+ y+z)3 +152° =1+152° <16.

bit x = (X, y,2>0)va x+y+z=1.

Vay gia tri 16n nhit caa P bing 16 dat tai a=b=0.
Dé tim gia tri nho nhat cua P ta thuc hién nhu sau:

P=x>+y>+162° =(x + y)[(x+ y)2 —3xy}+16z3

>(x+ y){(x+ y)2 —%(x+ y)2}L16z3 :%(1— z)3 +162°

Xéthamso f(z) = %(1— Z)3 +162°lién tuc trén doan [0;1]ta dugrc:

f'(2) =—%(1— z)2 +482%; f'(2) —0d0 ,, 1

1 1) 16 1) 16
Tacod f(O)==,f| = |=—,f(1)=16.Suyra P> f(z)>f| = |=—.
© 4 (9) 81 @ y (2) [9) 81

Vay gia tri nho nhét cua P bang gdat tai

x=y,z=1<:>a=b, ¢ =1,a=b=4c.
a+b+c 9
Bai 14. Néu a+b+c =0, bét dang thic hién nhién dang.

Néu a+b+c =0, khi d6 viét lai b4t dang thire dudi dang:

4 4 4
gl —2 +g[ 2 +27) —S > 27
a+b+c a+b+c a+b+c 64

a y = b .-
a+b+c’’ a+b+c’  a+b+c

bat x= suyra x+y+z=1.

Khi d6 vé tréi cia bit dang thirc bang P =8x* +8y* +27z%.
Str dung bét déng thic C-S ta c6:

8(x4 + y4)24(x2 + y2)2 =[2(x2 + yzﬂ2 >(x+y) = (1-2)".

Suyra P>27z2% +(1-2)".
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Xéthamsé f(z)=272* +(1-2)" ta duoc:

f'(z)=—4(1- z)3 +27.42% 1 (2) =0 (1- 2)3 =21 o1 =%.

Ta c6 £(z) d6i ddu tir am sang duong khi di qua z = % néntai z = %thi f(z) dat
cuc tiéu hay P> f(z)> f(l _2r
4) 64

Vay bit ding thic dugc chimg minh. Dang thirc xay ra khi va chi khi a=b = %C :

Nhan xét. Trong truong hop a,b.c duong va cac hé sé cua a*,b* c* d6i mot khac
nhau ta sir dung ky thuat can bang hé sé cho bat dang thicc AM-GM hoic ding AM
— GM dang luy thua.

Bai 15. Ta co: (a+b+c)2=2(a2+b2+c2)@a2+b2+c2=2(ab+bc+ca).

& (a+b+c)’ =4(ab+bc+ca).

4(a®+bd+¢3 3 3 3
Khi dé P = ( ):4( a j +4[ b j +4( ¢ j ,
(a+b+c)3 a+b+c a+b+c a+b+c

a b c
atbic’ a+brc . a+rbrc
ab+bc+ca 1
(a+b+c)2 4
y+z=1-X y+z=1-x
1<
4

bat x= tacd x+y+z=1va

Xy +YZ+2X =

Suy ra

yz+x(y+2)= yz=x2—x+%'

Mt khac (y+z)2 24yz:>(1—x)2 24(x2 —x+%)<:>0§xs

w|nN

Khido:
P:4(x3 +y3 +z3)=4[x3+(y+z)3—3yz(y+z)J

4{x3 +(1- x)3 —3(x2 - x+%}(1— x)} =12x3 —12x% +3x +1

Xétham sé f (x) =12x> —12x? + 3x +11ién tuc trén {0;%} ta dugc:
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1
XE|:0;7:| X:E
f'(x):36x2 -24x+3; f '(x)=0<—3> 1
X:_
2
Taco f(0)= f(ijzl,f(gjz f(%:ﬁ. Suyral< f(x)=P<il.
2 3 6) 9 9

Viy gia tri nho nhét cia P bang 1 dat tai a=0,b =c . Gié tri I6n nhat cua P

bing Edattai b=c=2hoic b=c=2a.
9 2 2

Bai 16. Khong mt tinh tong quat gid sir z=min{x,y,z} = x>y >z2>0.

can chang minh: (X+y+z){ x+y2Jr y+zz+ Z+X ]29
(x=y)" (y-2)° (z-x)

Dit P 14 biéu thirc vé tréi cua bat dang thic.

Taco
X+ x | (x+y)* x 7+2+¥ X
P>(x+y) y2+l2+—2 = 2+—+1+2=y—+—+1+2.
(x=y)" ¥y° X°| (x-y)" ¥ X X _ o, Y ¥y X
bat t=1+l,(t>2)do X >ykhido P> f(t)=:+—§+t+2.
y X -

Xéthamso f (t) =:+—§+t +2trén khoang (2;+o0) ta c6

f '(t):—%ﬂ; F) =0 (t-2)2 =422 5t=4,
-2
Ta c6 £(t) d6i ddu tir 4m sang dwong khi di qua t = 4 nén f(t) dat cuc tiéu tai
t=4hay f(t)>f(4)=9dod6 P>9.
Bt dang thire dugc ching minh.

Péng thitc xay ra khi va chi khi =+ = 4,7 = 0 hoic c4c hoan vi.
y X
Bai 17. Khong mit tinh téng quat gia st ¢ =min{a,b,c} =ab>c>0.

Khi do:



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

=(a+b+c) 1 + ! + ! }
P=( )[(a_b)2 (b—c)’ (c—a)

E+2+9 2 .2 '
>(a+b)’ 1 2+i2+i2 :u+a_2+b_2+2(3+9j+2
(a-b)* a® b*| @_,. b b® a b a
b
. a b A 1in
batt= E + —,(t > 2) do a,b duong phan biét.
a
s t+2 2
Khido P> f(t):—2+(t+1) +1.
t+2 -
Xét ham sb f(t)=ﬁ+(t+1) +1voi t>2
. 4
Taco: f'(t)=- 5 +2(t+1);
(t-2)
f(t) =022 5t=1++/3.
Bang bién thién:
t 2 l+\/§ +00
(1) - +
v \
11+ 643
Dua vao bang bién thién suy ra P,.. = min f(t) =f(1++/3) =11+ 6+/3 dat tai
t>
a b - L
B+—=1+\/§,c:0hoaccac hoan vi.
a

Bai 18. Gia sir c =min{a,b,c} khi d6 a,b>c>0ta co:

2 2
a2+b2§(a+3j +(b+£j :
2 2
o\
b2+czs[b+—j :
2

2
c
a% +¢? s(a+zj :



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

2
(a+b+c)2 =(a+£+b+£j 24[a+£j(b+£).
2 2 2 2

Suy ra: P24(a+gj(b+£j ( ! + ! + !

2 c) c) c) ¢y
a+j (b+j (a+) +[b+)
2 2 2 2

bat x=a+£,y:b+£khidc’> P>4xy i+i+ L =4 5+X + 4 :
2 2 XZ y2 x2+y2 y X +X
X

X
y

Pt t=>+Y>2xét ham sb f(t)=4t+% Voi t>2 ta cé f'(t)=4—i2>o,wzz
y X t

nén f(t) 1a ham dong bién voi t>2. Do d6 P> f (t)> f(2) =10. Péng thuc xay
ra khi va chi khi x=y,c=0=a=b,c=0.
Vay gié tri nho nhét cua P bang 10 dat tai a=b,c =0 hoic céc hoan vi.

Bai 19. Gia su ¢ =min{a,b,c} ta co:

2
c
a’+ci<lar—|;
2
2

2
ab+bc+ca=ab+£(a+b)+c—+5(a+b—£jzab+£(a+b)+c—=(a+£)(b+£)
2 4 2 2 2 4 2 2
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pat t =2 + ¥ > 2 xét ham s6 f(t)=t+%véri t>2taco f'(t):l—iz>o,Vt>2
y X t
nén f(t) 1a ham dong bién véi t>2. Do d6 P> f(t) > f(2) :g. ng thirc xay

ra khi va chi khi x=y,c=0=a=b,c=0.
Vay gia tri nho nhét cia P bang gdat tai a="h,c =0 hoic c4c hoan vi
Céch 2: Coi P la ham sé cua ¢ ta chirng minh P dat gié trj nhoé nhat khi c=0

That vay ta can chiig minh:
1 1 1 1 1 1
ab+bc+ca + + >ab| ——+—+—
( )(a2+b2 b? +c? c2+a2j (a2+b2 a’ sz
1 1 1 1 1 1 1
c(a+b + + >ab| —+—- - .
( )(a2+b2 b? +¢? cz+a2) (az b? b?+c? a2+c2)
2 o2
+

c(a+b)( N B )>ab ¢
a?+b? b%+c® c?+a?) az(a2+c2) bz(b2+c2)

Bat dang thuc cubi dung do:

c(a+b)

— >0

aZ+b?

c(a+b)  abc’ :ac[a2+b(a—c)J>o
a® +c? az(a2+cz) az(a2+cz) -

2 bc[b2 + a(b—c)}
b® (b? +c2)

c(a+b) abc >0

b% +¢? _bz(a2+c2)

Vay ta tim gi tri nho nhét cua Q = ab( —j .
210l 2 b

Tuong tu trén ta co: Q = L2, E E
a b b a 2
b a
Vy gia tri nho nhét cua P bang gdat tai a="h,c =0 hoic c4c hoan vi
Bai 20. Nhan xét. Bai toan nay thuc chét 1a mot truong hop riéng cua hai bat déng
thac trén:
Ta c0:
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2(1 1 1
=(X+ —+—+ >10
(x+y) (Xz y2 X2+y2J

Véi x=a+%,y:b+%,(x,y>0,x+y=1)va c=min{a,b,c}.
Vy gia tri nho nhét cia P bang 10 dat tai a=b —% ¢ =0 hoic cé4c hoan vi.

Bai 21. Gia st c=min{a,b,c} khi d6 a® +b* <a® +(b+c)
a?+b%+c?<a’+(b+c).

Suy ra:

1 1 1
ab+bc+ca)l — +
P )LZ (b+c) a2+(b+c)2]

=[bc+a(b+c)]{i+ L L 2}2a(b+c)_i+ LI L ]

a® (b+c) a’+(b+c) a* (b+c) al+(bec)

Dit x=a, y =b+c dua vé tim gié tri nho nhat caa biéu thuc quen thudc

Q=xy i-ﬁ-i-l‘ !
X2 Y2 x24y?

Tacé:




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Ding thirc xay ra khi va chi khi x=y,c=0=a=b,c=0.
Vy gia tri nho nhét cua P bang gdat tai a=b,c=0hoic a=c,b=0.
Bai 22. Bét dang thiic can chimg minh twong duong véi:
2 2 2,2, .2
(aj+(b)_a+b+c >0
b-c c—-a ab+bc+ca
Coi Vé trai 1a ham sé cua c ta co:
232 o2 (b+c)(a2 +b? +c2)—2c(ab+bc+ca)
f'c)= + +
(b—c)® (a-c)’ (ab+bc+ca)’
2c(a2 +b? +c2)—2c(ab+bc+ca) C[(a—b)2 +(b—c) +(c—a)2J

> 5 = 5 =20
(ab+bc+ca) (ab+bc+ca)

Vay Vé trai 1a ham dong bién voi ¢ vy ta chi can chiing minh véi ¢=0.
2 2 2,42
< o4 X , . a b a“+b
Khi d6 ta can chirng minh: —t—2
b a ab

oat+bt> ab(a2 +b2)<:> (a-b)’ (a2 +ab+b2)20(lu6n dtng).

Bat dang thire dugc chimg minh. Dang thie xay ra khi va chi khi a=b,c=0.

2 2 2 2 2 2 2. ,.2 . 2
Céch 2: Taco (ij ( b j LJa b*oa b_at+b” at+b +ct
b-c b2 a2 b a ab  ab+bc+ca

c—a

Bat dang thire dugc ching minh.
Bai 23. Giasir x>y >z Pat x=a.z,y=b.z,(1<b<a<2), khido

a’b® +a’ +b?

P=f(a)= .
(@) ab(a+b+1)
(a+b+ab)[b2 (a—1)+a—b]
Taco f'(a)= 5 >0,Va>b>1nén f(a) Ia ham
a’b(a+b+1)

dong bién trén [1;2]suy ra f(b)< f(a)< f(2).

b*+2b2 b2+2 (b-1)’

Mt khac f (b) =— - - +1>1va
b*(2b+1) 2b+1 2b+1
2 _ _
£(2) = 5b® +4 _ (130-10)(b 2)+§s§.
2b(b+3) 10b(b+3) 5 5
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(ep]

Dodo 1<P<—.

ol

Vy gia tri nho nhét cua P bang 1 dat tai x =y = z va gia tri Ion nhit caa P bang
g dat tai x=y =2,z =1hoac céc hoan vi.

Nhan xét. Ta c6 thé tim nhanh Min cia P nhu sau:

2X2 > Xy.yz + yz.2X+ 2XXy = Xyz(X+ Y+ 2) suyra P >1.

x2y2 +y%72 47
Néu thay diéu kién x,y,z e[1;2] bang doan [2;4]ta c6 két qua tuong ty.
Bai 24. Sir dung bit ding thuc AM-GM ta duoc: b® +b® +¢3 > 3b%c.
Suy ra:

4a3+b3+c3+(2b3+c3—3b20) 483 + b3 403
P= >

(a+b+c)’ ~ (a+b+c)’
3 1 3
>4a +Z(b+c) :16a3+(b+c)3:4( a TJFE( b+c )3
~ (a+b+c)’ 4(a+b+c) a+b+c) 4la+b+c
bit x = a Y= b+c ,(y>x>0)khidé x+y=1va
a+b+c a+b+c

P24x3+%y3 =f(y)=4(1- y)3+%y3.

Xéthamso f(y)=4(1- y)3 +%y3vdi ye(0;1)taco

fi(y) = -12(1- y)’ +%y2; f '(y)zo&)yzg_

Ta co £(y) ddi dau tir 4m sang duong khi di qua y =%nén f(y) dat cuc tiéu tai

4 4 4
—Zhay P> f(y)>f|=|=—.
y c y (y) [5} e

Vy gia tri nho nhét cua P bang %dat tai b=c=2a.
Bai 25. Khdng mét tinh tong quét gia str a 1a do dai canh 16n nhét khi do goc A 16n nhét:
Tam gi4c khdng nhon nén cosA<0=b%+c?-a? <0< b?+c?<a?.

Dit b® =xa’,c® = y.a%,(x,y>0)vataco: x+y<l1.
Khi d6 dat P la biéu thuc vé trai cua bat dang thirc.
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P=(1+x+ y)(l+l+£]=(x+ y+1)(wJ
Xy

Xy
(x+y)2 +X+Y
> (x+y+1).—4 2 _(x+y+1)(x+y+4)
(x+vY) X+y
4
:(x+y+1)(x+ y+4)_10+10:(x+ y—1)(x+ y—4)+1020
X+Y X+y

Bat dang thire dugc ching minh.
Ding thirc xay ra khi va chi khi tam giac d6 vudng.
Bai 26. Dit y=a.z,x=b.z,(a,b>0)khi d6 taco a® +b* +6=4(a+h) va
3 3

p=-—2 + b ++a? +b?.

b(a+1)2 a(b +1)2

Mt khac a +b? 2%(a+b)2:%(a+b)2+6£4(a+b).
< (a+b-2)(a+bh-6)<0<=2<t=a+b<6va

4(a+b)=a’+b®+6>2ab+6=ab<2(a+b)-3.
S dung bat ding thic AM-GM ta c6: v/a? +b? 2%(a+b)z 2 va

a® ,a+l b(a+l) 3a

b(a+1)2 8 8 4
b3 b+1 a(b+1)_3b
5+ + >—
a(b+1)” 8 8 4
Suy ra PZ\E+a+b_a_b_%Z\/EJFa42-b_2(a+4b)—3_%=£+ 2.

Vay gia tri nhé nhat cia P bang %+\/§dat tai x=y=21.

Nhan xét. Ta c6 thé danh gia nhu sau

1

b(a+1)? =%.2b(a+1)(a+1)£5( 1

3
2a+2b+2} SE(a+b)3vé1

3

a(b+1)? s%(a+b)3.
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3

3 3, .3
Do dé P>2| —2 s+ b 3 +V2=22 +b3+\/§22.l+\/—=1+\/§.
(a+b)’ (a+b) (a+b) 4 2

Bai 27. HD: Tur gia thiét ta c6:

a b N b c ¢ a 1
a+b+c a+b+c a+b+ca+b+c a+b+c a+b+c 4
bit x= a b ¢ taco

Yy = 2=
a+b+c a+b+c a+b+c

X+ y+z:1,xy+yz+zx=%khidé P=x%y+vy%z+2x.

2
a+b+c) -2(ab+bc+ca
B 28, Ta c6: p = (2 P+E) —2 T ):1—2.w31.
(a+b+c) (a+b+c)

Vay gia tri I6n nhit cua P bang 1 dattai a=b=0,c=1.

Tir didu kién ta co: a3+b3=c(c—1)sc(1+; 1) =%.

Mat khac

a+b)’

a3+b3=(a+b)[(a+b)2—3abJ2(a+b){(a+b)2—%(aer)z}:( .

Suyra (a+b)’<c® < a+b<c.

bat a=xc,b=yc(x,y>0)tacd x+y<lva

_x2+y2+1_(x+y)2—2xy+1>(x+y)2+1 2xy

P 2 2 = 2 2
(x+y+1) (x+y+1) (x+y+1)" (x+y+1)
1 2
>M_ﬁ>l_£(ﬂjz>l_1:§
T (xryr1p 2 2202 )72 8 8

Vay gia tri nho nhét cua P bang gdat tai a=b=1c=2.
Bai 35. Gia st ¢ =min{a,b,c} khi do (a—c)2 < az,(b—c)2 <b?.
Vay ta di ching minh: (a2 +b% +¢? )3 >27(a-b)?a%?.
péy (a2 +b? +¢? )3 > (a2 +b? )3. Vay bét ding thic dugc chiing minh néu bat

dang thtre sau dung: (a2 +b? )3 >27(a- b)2 a’h?.
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Néu b = 0bat ding thuc tro thanh ding thuc.
Néu b>0dit a=xb,(x>0)dua vé ching minh bat ding thic.

(x* +1)3 >27(x-1)"x* < (x* -3« +1)2(x2 +6x-+1)> 0 (ludn ding).

Ding thirc xay ra khi x = 3i2\/§,c=0<:> a= Sizﬁb,c=0.
Bai toan dwoc chimg minh. Pang thic xay ra khi a= 3i2\/§ b,c=0hoic cac

hoéan vi.
Nhan xét. Viét lai bat dang thie dudi dang.

f(c):(a2 +b? +02)3—27(a—b)2(b—c)2(a—c)2 >0.
Coi Vé tréai bat dang thirc 12 ham s6 cia c.
Taco f'(c) :6c(a2 +b? +c2)3 +54(a—b)’[b-c+a-c]>0(do
c=min{a,b,c}>0).

Vay Q)2 £(0)=(a? +b%) - 27a%% (a-b)?,

, .y 3
Bai toan dwa vé chirg minh bét ding thirc (a2 + b2) —27a%?(a—b)’ > 0.
Day chinh 1a két qua cua cach trén. Trong trudng hop a,b,c la c4c sb thuc bat ky
ta c6 bt ddng thuc sau:
3
(a2 +b? +cz) >2(a-b)*(b—c)’(c—a)’.

Dé chung minh bét dang thirc trén ta tim cach d4nh gia (a— 0)2 (b- C)2 <a’h?.
Khéng mat tinh tng quat gia st ¢ 1a s6 nam gitra a va b.
TH1: Néu c>0ta cé ngay diéu phai ching minh.
TH2: Néu c<0 va a,b<0,ta dit x=—a,y=-b,z=—c dua bit ding thic vé
truong hop 1 va co ngay diéu phai chirng minh.
TH3: Néu c<0,ab<0,ta co thé gia sir ¢ e [a;b], khi d6 xét
f(c)=(c—a)(c—b)+ab=c?—(a+b)c+2abtrén doan [a;b]ta co:
f(c) <max{f(a), f (b)} =abtic (c—a)(c—b)<—ab. Mat khac
(c—a)(c-b)=c(c-a-b)+ab>ab.

Viy |(c—a)(c-b)|<[ab|= (c-a)’ (c~b)* <a’h?.
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Vay dua v& ching minh bat ding thuc: (a2 +b? +c2)3 >2(a-b)?a%?.
Dit a = xbva dua vé chang minh bat dang thuc:
3
(3 +1) 2 2(x-1)" ¥ & (x+1)° (x* ~2x° + 4x* —2x+1) 2 0.
o (x+1)° {(x2 - x)2 +3x% - 2x +1} >0 (luén ding).

Bai toan dugc chimg minh. Bang thac xay ra khi a =—b,c = 0hoac cac hoan vi.
Bai 36. Khong mét tinh tong quét gia str ¢ =min{a,b,c},khi d6 ta co:

2 2
a2+bzs[a+£) +(b+£j ;

2 2

o\
b2+c2£(b+—j ;

2

o\
a2+c2£(a+—j :

2

2 2
a® +b? +c? s(a+£j +(b+£j .
2 2
Dit x=a+%,y=b+%,(x,y>0)bét dang thire dwoc ching minh néu ta ching

. 1 1 12 32
minh du’qc.—2+—2+ 5 2 5
X2y XT+yT (x+y)

Str dung bét déng thic AM-GM ta c6:
i+i+i— i+i+ 4 + 8 >i+ 8
v Xy 2 V2 Ry ) Xy Xy Xty
8 8 4 32
= t——7 28 2 2 2
2Xy  X“+y 2xy +X°+y°  (x+y)

Bai toan duoc ching minh. Bang thirc xay ra khi va chi khi a=b,c =0 hoic cac
hoéan vi.

Bai 39. Khdng mét tinh tong quat gia sir a>b > ¢, dat
a=x+y+chb=y+c,(xy>0).

Goi P Ia biéu thirc vé tréi cua bat dang thirc can ching.

2 2 2
Taco P:y—2+ X 2+(x+2y) .
X“(x+y)" Y
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2
Pat y=txtacé P=t>+ ! 2+(t+21) :
(t+1) t
2
Ta can ching minh: t2 + 1 (D) >

+
(t +1)2 t2

2
ottt -3t -6t 22 + 4t +1>0 = (t3 +12 —2t—1) > 0 (ludn ding).

b-c
= , Z

Cach 2: Pat x = =72 i do:
c—a a-b

Xy+y+1=0
Y+—+1=0=1yz+2+1=0=Xxy+Yyz+2Xx+X+y+2+3=0.
z

X+ X+1=0

z+£+1:0
X

Ta cin chung minh X% + y2 + 22 >5 < (x+y+2)° —2(xy + yz+2x) =520

< (x+ y+z)2—2(—3—x—y—z)—520<:>(x+y+z+1)2 > 0 (ludn dung).
Nhan xét. Tt cach 2 ta cd mot diang thirc dep mit sau day:

a-b) (b-c) (c-a)’ a-b b-c c-a )
+ + =5+ + + +1] .
b-c c-a a-b b-c c-a a-b
Bai 41. Nhan xét. Pay 1a mot bai toan kho va di co nhiéu 10i giai danh cho bét

dang thuc nay.
Duéi day trinh bay mét loi giai khac dya vao dau hiéu dong bac cua bat dang
thac trén.
Gia sir c=max{a,b,c}=c>0.

bat a=c.x,b =c.y,(x, y e[O;l]) khi d6 ta can chiing minh
1 1 1 9
=+ =+ =2 .
(x+y)" (x+1)° (y+1) 4(xy+x+Y)
Quy ddng hai vé va rit gon dua vé bat ding thuc:

4[X+ y+x°+y° +Xy(X4+y4)}+2xy(1+ X+ y3)+6x2y2
2Xzﬂlz+X4+y4+6(><3+y3+x3y3)+2xy[x+ y+xt+y? +xy(x+y)}+x2y2(x2 +y2)

Taco: 4(x+ x5)— X2 —x* —6x3 = x(x—l)2 (4x2 +7x+4)20,Vx €[0;1] do do
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4(x+y+x5+y5)2x2+y2+x4+y4+6(x3+y3).

Vay ta chi can chang minh
4(x4+y4)+2(1+x3+y3)+6xy22(x+y+x2+y2+xy(x+y))+6x2y2+xy(x2+y2).
Ta co:

4(44)_4444 2.,2 2,2\ _py2,,2 2,2
X" +y _3(x +y )+x +y*>3.2xy +xy(x +y )_6x y +xy(x +y )
Vay ta ching minh 1+ %% + y +3xy > x+ y+ X2 + y? + xy(x + ).

Taco thé gia st x>y = 0< y < x<1va bat dang thic tuong duong voi:
y[(x—l)z+(1—x)(x—y)+(1—y)2J+(1—x)2[1—x+2(x—y)]ZO(luéndﬁng).
Vay bit dang thirc duoc chirng minh.

Bai 42. bt a=xc,b=y.c,(x,y>0), khi d¢ theo gia thiét ta co:

2.2
iz+i2:£:x2+yzzx y_,
X< y° 2 2
X2y
x2+y222xy:>—22xy<:>xyz4
Str dung bat ding thac AM-GM ta co: ) 2
X7y 2, 2.1 2
=Xy 2§(x+y) S X+YSXY

Khidé: P=—— 4+ ¥ 4 1

y+1 x+1 /x2+y2+1'

X,y Cxrytaxey Xy +2(x+y) J Xy eoxy  xPyPe2xy
Y+l X+l xy+x+y+l  2xy+2(x+y)+2 2xy+2xy+2  dxy+2

(ham nghich bién véi x+y).

2,2
X7y +2xy+ 1

4xy +2 2,2
/7

Do do P>

t? + 2t 1

+ .

4t + 2 \/tz
—+1

2

2
xéthamsé f() =Lt L \sit>ataco

4t + 2 \/tz
—+1
2

bat xy =t,(t>4)=> P> f(t)=
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3
2 t2 1t +1)/(t% +2 —\/Et 2t+12
(t)=t +t+1 Jat :( ) ( ) ( ) >0,Vt>4.

(2t+1) \/(tz +2)3 (2t+1)2\/(t2 +2)3

Do d6 f(t) 1a ham dong bién véi t>4=P > f(t)> f(4)=%.

Vy gia tri nho nhét cua P bang % dattai a=b=2c.

Bai 43. Chia hai vé bat dang thic cho (a+b+ c)3 dua vé ching minh bat dang
thuc: 27(x2 +y% + 22)+45xyz >32(xy + yz + 2X)
< P= 27(x2 +y2+ 22)+ xy(45z-32)-32z(x+y)>0.

a b

Trong do x = Y= V2=
a+b+c a+b+c a+b+c

X+y+z=1.

Khéng mét tinh tong quat gia st z=min{x,y,z} =z s%: 457 -32<0.

Khi d6 st dung bét dang thire AM-GM ta duoc:

27 2 (x+y)2
P> 2772 +?(x+ y) +T(452 -32)-32z(x+Y)

2
= 2772 +2_27(1_ 2)? +@(452 ~32)-322(1- z):%(3z ~1(52+22) 20
Bai toan dugc ching minh. Bang thac xay ra khi va chi khi a=b=c.
Bai 44. bat a=x.c,b=y.c,(x,y>0)ta co:

p__ X X y 4xy

(x+y)° +(x+1)2 : (y+1)° (x+y)(x+1)(y+1)

Nhan xét. Do biéu thirc cia P d6i xung véi a,b,c nén du doan déng thic xay ra khi
a=b=cox=y=1.

Vay ta chitng minh P S%.

Xy X y 4xy <£
4

(x+y) ’ (x+1)° +(y+1)2 (x+y)(x+1)(y+1)

- xy(x+1)2(y+1)2 + x(y+1)2(x+ y)2 +Y(x +1)2(x+ y)2 —4xy(x+Yy)(x+1)(y+1)
(x+y)? (x+1) (y+1)°

1
<=
4



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

<:>(x2y+xy+x+y2)(xy2+Xy+y+xz)£1<:>(x—l)z(y—l)z(x—y)z20
(x+y)’ (x+1)*(y +1)? 4 (x+y) (x+17 (y+1)
(lu6én dang).
Vay gia tri 16n nhit cua P bang %dat tai a=b=c.
Céch 2: Ta bién déi dwa P vé dang:
:§ ab 1 bc 1 ca 1 4abc
4 (a+b)®> 4 (b+c)’ 4 (c+a)’ 4 (a+b)(b+c)(c+a)
3 1| (a-b)* (b-c)’ (c-a) 16abc
=——= 5+ 5>+ 5+
4 4l (a+b)’ (b+c)® (c+a)’ (a+b)(b+c)(c+a)
D;_itx=a_b,yzb_c,z=C_a:>x+1:ﬁ,y+1:2—b,z+1:£.
a+b b+c c+a a+b b+c c+a

Do do:
3 1o 2 2
P_Z—Z[x +y 4z +2(x+1)(y+1)(z+1)}

:%—Z[xz+y2+22+2(1+x+y+z+xy+yz+zx+xyz)}
_3 1 2 2 2 _1 2
_Z_Z( +y 42 +2xy+2yz+22x+2)_z—(x+y+z) <

Nhan xét. Loi giai trén ta sir dung déng thac quen thudc:
a-b b-c c-a a-bb-cc-a

+ + + . . =0
a+b b+c c+a a+bb+cc+a
Bai 45. HD: Theo gia thiét ta co:

1
4

X+Y+Z+Xyz=

2(x+ y+z)2:7(xy+ yz+zx)<:>w:E

(x+y+z)2 7
y , a+b+c=1
Dit a= b=—Y - = 2 (D).
X+Yy+12 X+Yy+12 X+y+z ab+bc+ca=7
2
7(y-2z) 7

Khi d6 P = (b—2c)*

2(x+y+ z)2 2
Bai 46. Theo gia thiét ta C('):(a+b+c)2 :—2(ab+bc+ca):>w=—l.
(a+b+c) 2
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X+y+z=1
Pat x=— 2 b ,__ ¢

yy: L] = :>
a+b+c a+b+c a+b+c

xy+yz+zx=—%'

Tacs: (y+2)* 24yz = (1-x)’ 24{—%—)((1})}@1—\/170 gst;/TO .
Khi d6 :
P=x®+y3+28 —xyz=x®+(y+2)’ -3yz(y+2)-xyz

=x®+(1-x)° —3[—%— x(1- x)}(l— X)— x{—%— x(1- x)}

43 —4x% - 2% +5

2
3 402 B
Xét ham sb f(x)=4X 4X2 2X+5Iiéntl_mctréndoz_an [1 ;/170;1+;/1_0]tacé
L 2=310
6
fi(x)=6x*>—4x-1 f'(X)=0< .
X_2+\/E
6
5 5 5
a-b b-c c—-a
Bai 47. HD: Taco: p = 2=0) *( )+5( )
5(a+b+c)
bt x = a-b Y= b-c 7=_c"2 =X+y+2=0.
a+b+c a+b+c a+b+c

Theo gia thiét ta co:
(a-b)* +(b—c)f’ +(c-a)’ =(a+b+c)’ = x2+y?+22 =1,
Viy bai toan dua vé tim gia tri I6n nhét va nhé nhét cua biéu thirc

X+y+z=0
Q=x5+y5+z5véi{ y

x2+y2+22=1

Bai 48. Theo gia thiét ta co: 5(x+y + 2)2 =16(Xy + Yz + 2X)

X y y z z X 5
= . + . + . =—,
X+Y+Z X+y+Z X+y+Z X+y+Z X+y+Z Xx+y+z 16
5
ab+bc+ca=—
bit a= X ‘b= y C= z_ o e 16 (2).
X+Yy+12 X+y+2 X+Yy+12

a+b+c=1
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3
Khi d6 P:(x+y+z)(xy+yz+zx):5(x+y+z) __5
Xyz 16xyz 16abc

Bai toan dua vé tim gia tri 16n nhét, gia tri nho nhat caa biéu thic P véi diéu
kien (1).
b+c=1-a

Gia thiét ta co: '
ia thi¢t ta co bc:i_a(bJrC)zi_a(l—a)=612—61+i
1 6 16

, 5 5 2 5
Tacd: Q=abc=a|—-a(b+c)|=a] —-a(l-a)|=ala“"—-a+—|.
Q [16 ( )} [16 ( )} ( 16)
Mat khéc:

4bc <(b+c)’ <:>4(a2 —a+%)§(1—a)2 < 12a° —8a+130<:>%§as%.

Xétham sb f(a) = a(a2 - a+%) lién tuc trén doan Eﬂ ta co:

f'(a):3a2—2a+%;f'(a):0<:>

2
rocs 1) 1(5)- 2 (1) 1(2)- 5
6 12) 864 2 4, 32
54

Suy ra MaxQ =i:> MinP =10va MinQ =£:> MinP =—.
32 864 5

Vay gié tri nho nhét cua P bang 10 dat tai y =z = 2x.

Gia tri 16n nhat cua P bing 5—;dat tai y=1 :gx.

Bai 49. Theo gia thiét ta co:

8(x+y+z)2:27(xy+yz+zx)<:> Xy 5+ yz 5+ 2 Zzi.
(x+y+2)" (x+y+z)° (x+y+z)” 27
8
b+bc+ca=—
Pitac— X po Y o2 _ Jab+bc+ca 7 ).
X+Yy+12 X+Y+12 X+Y+Z | oot
8 Gy zB 27 3 +y3+ 28 27(a3+b3+c3)

Khidé P=—. =
13 (x+y+z)(xy+yz+2x) 13 (x+y+z)3 13
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bc=£—a(b+c)=%—a(1—a)=a2 _as S

Tur hé diéu kién (1) ta c6: 27 27
b+c=1-a
s 2 2 2 8 1 5
Mat khéc: (b+c)” >4bc < (1-a) 24(a —a+—j<:>—3a£—.
27 9 9
Khi do:
P:i—;[a3+(b+c) 3bc(b+c)} i;[a +(1—a)3—3(1—a)(a2—a+28—7ﬂ

=3(27a3 ~27a’ +8a+1)
13

3 15 .
Xéthamsé f(a) = 3(27a —27a° +8a+1)llen tuc trén doan 5;5 ta co:

a=
f'(a)= 3(81a —54a+8) f(a)=0<

Taco f(l)zf i =£;f E =f Ejzﬂ
9 9 117 9 9 119
47 43
Suyra R, — P =
Y18 Fimax =797 min =777
Bai 50. bat

a b c
X= Y= 2= = x2+y?+7%=1.

Ja?+b?+c?  Na?+b?+c?  aZ+b?+c?
Khido P=2(x+y+2)-9xyz=x(2-9yz)+2(y+12).

2
9
g
a=—
9

2 2.2
Khong mit tinh tong quat gia sir x? = max{xz, yz,zz} = x° 2% =%.
Taco

[x(2—9yz)+2(y+z)] [x +(y+2) ZM 2-9yz) +4J=(2yz+l)(81y222—36yz+8)

2y2% 1- 1
3

= y
Dit t=yz=|t|< = 2

I/\

Khido P< f(t)=(2t+1)(81t2 —36t+8)v<’yi te[—%;ﬂ ta co:
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2
t=—=
£1(t) = 486t2 +18t — 20; f (t) =0 < 59 .
t=—
27
Taco f(—ljzg;f(—zjzg;f(ij;@;f(l}zé_
3) 3 9) 9 27) 243" \3) 3
Suyra Max f(t):f[—gjzg; Min f(t)zf(ijzﬁl
t{_l;;} 9) 9 t{_;g} 27) 243
33 33

Vay gié trj 16n nhét cua P bang %dat tai chang han a=-1b=c=2va gia tri

nhé nhit caa P bang —%.

CHU DE 5: KY THUAT SU DUNG BAT PANG THUC TIEP TUYEN

A. NOI DUNG PHUONG PHAP
Pinh ly 1(Bat dang thic tiép tuyén) Cho ham sé f(x) lién tuc va c6 dao ham cap
2 trén doan [a; b] .
Néu f"(x)=0,Vxe[a;b]talubnco f(x)= f'(x)(x—x))+ (%), % [ab].
Néu f"(x)<0,Vxe[a;b] talubnco f(x)< f(x))(x—%p)+ f (%), V¥ €[a;b].
Dang thic xay ra trong hai bat dang thic trén < x = X, .
Charng minh.
Xéthamsé g(x) = f(x)— f'(x) (X=X, ) — f (%), x € [a;b], ¥x, €[a;b].
Taco g'(x)=f'(x)—f'(x) do f'(x)>0,vxe[ab]nén £(x) la ham ddng
bién trén [a;b]. Do do6 g’(x) d6i dau tir am sang duong khi di qua X, Nnén g(x)
dat cuc tiéu tai x,hay g(x)>g(x,) -
< F(X) - () (x=X%)— F(X) 20 F(x)= f'(x)(x—%)+ f(%) Vxe[ab].
Ching minh tuong tu.
Nhan xét. Hé thic y = (X)) (X —Xg ) + f (Xo) chinh la phuong trinh tiép tuyén cua
dd thi ham so f(x) tai diém x,. Do vay néu f "(x) >0, Vx [a;b]thi tiép tuyén véi
dd thi ham s tai diém bét ky trén doan [a;b]ludn ndm phia duéi d6 thi ham sé.
Néu f "(x) <0, Vx [a;b]thi tiép tuyén véi dd thi ham sé tai diém bat ky trén doan

[a;b] ludn nam phia trén dd thi ham sd.
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DAu hiéu nhan biét
Thong thudng bai toan dugc phét biéu dusi dang
Cho cac s6 thuc X, Xy,..., X, théa man g(x)+g(x,)+...+ g(x,) >k bai toan
yéu cau chiing minh
F(x)+ F(X)+...+ F(X,) =M hoac f(x)f(x)...T(x,)=M.
Tacé th§ &p dung truc tiép cac dinh ly 1 va 2 hogc ldy logarit héa ty nhién hai
ve bat dang thuc.
K¥ ning can van dung
Viét phuong trinh tiép tuyén caa ham sb f(x) tai diém x, (diém dau bang xay ra
thuong la x =%) c6 phuong trinh: y = f '(Xg)(X—Xq) + f(Xg) .
Xét tinh duong am cua f (x) —[ fi(Xg)(X=Xg)+ f (Xo)] :
Thay X boi X, Xs,..., X, Cubi cung cong lai theo vé n bt dang thic trén ta c6
ngay diéu phai chirng minh.
Cha y. Trong mot sb trudng hop khong &p dung truc tiép dugc cach trén ta can xét
truong hop hozc xay dung mot ham phu phu hop véi diéu kién( f "(x) > 0,f'(x) < 0)
va diéu kién dau bang xay ra.
Vi du 1. Cho a,b,c 1a cac sb thuc théa mén diéu kién a+b+c=6.
Chting minh rang a* +b* +¢* > 2(a3 +b3 +c3).
Loi gidi
Nhan xét. Dau bang xay ra khi a=b =c =2 nén ta viét phuong trinh tiép tuyén voi
dd thi ham sé f (x) = x* — 2x° tai diém x=2.
Phuong trinh tiép tuyén 1a y =8x —16.

Ta co: f(X)—8X+16=(X—2)2(X2—2X+4)20,VX€R.
Do do f(a)+ f(b)+ f(c)>8(a+b+c)-3.16=0.
Vi vay a4+b4+c422(a3+b3+c3).

Bai toan dugc chimg minh. Bang thic xay ra khi va chi khi a=b=c=2.
Vi du 2. Cho a,b,c 1a cac s6 thuc khong &m théa mén diéu kién a+b+c=1.

Chéing minh ring —— + b , ¢ .9
a’+1 b?+1 c¢2+1 10
Loi gidi
. X 2x(x2—3)
Xéthamso f(x)=— N voi xe[0;1]tacod f"(x)= 5~ <0,vxe[0;1].
X° +

(x2+1)
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Ap dung bat dang thirc ii.dinh 1y 1 ta duoc:

f(a) Sf'(lj(a—ij+ f [lj
3 3 3
f(b)< f '(lj(b—1j+ f (EJ
3 3 3
f(c) Sf'(lj(c—lj+ f (lj
3 3 3
Cong theo vé 3 bit ding thirc trén ta duoc:
1 1 9
Vi=f@+f(b)+f(c)<f'|=|(a+b+c-1)+3f|=|=—.
@+ 10)+ 1= 15 |(arbre-1)+3t(3] -
Ding thuc xay ra khi va chi khi a=b=c=%.

Nhgn xét. Bat dang thuc van dung trong truong hop a,b,c > —% .

That vay xét tiép tuyén cua f(x) tai diém Xzécé phuong trinh la:

18 3
y="—X+—1.
25" 50
2
Ta co: f(x)—Ex—iz—(Sx_l) (4X+3)SO,VXZ—§.
25 50 50(x” +1 4

18 3 9
Dodo VI =f(@)+f(b)+ f(c)s—(a+b+c)+3.—=—.
0 do (@)+ f(b)+ f(c) 50( ) 5010

Pinh ly 2 (Bat dang thirc cat tuyén) Cho ham s f(x) lién tuc va c6 dao ham cap 2
trén doan [a;b] .

Néu f"(x)=0,Vvxe[a;b]taludn co f(x)z%(x—aﬁ f(a), vxe[a;b].

Néu f"(x)<0,Vxe[a;b] taludn co f(x)s%(x—aﬁ f(a), vxe[a;b].

Ding thirc xay ra trong hai bat dang thic trén <> x =ahoic x=b.

Vigc chitng minh hai bt ding thic trén chi can chuyén vé va khdo sat ham
truc tiép.

Ta c6 mot bat dang thirc khac hay duoc sir dung
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Pinh ly 3.(Bat ding thirc Jensen) Cho ham s& f (x) lién tuc va c6 dao ham cap
hai trén khoang (a;b) va n sé thuc duong e,k =1,n c6 tong bang 1 ta c6
+ Néu f"(x)>0,Vxe(a;b) thitaco
o f () o f (X)) +o o, T (X)) = (X +anX +.+ Xy ) -
Véi moi x, (a;b),k =1,n . Dang thuc xay ra khi va chi khi x =X, =...= X,.
+ Néu f "(x) <0,¥x e (a;b) thitaco
o () + o f (X)) +o 4oy £ (%) < F (g + X+ apXy) -
Véi moi x, (a;b),k =1,n . Bang thuc xay ra khi va chi khi x =X, =...= X,
Chirng minh.
a) Pat y=ax + X, +..+apX,. Vi f'(x)>0nén ap dung bt ding thuc tiép
tuyén ta co
FO) 2 £ () (% —y)+ F(y)k=Ln
= o T ()= () (@ —eny) + e f (y)k=Ln-

Cong lai theo vé n bat ding thuec trén ta duoc
n

Yt (%) 2 D (£ ) (aexe —aky)+a F(y))= () = f (X + X+t apXy).
k=1 k=1

Bat dang thire dugc ching minh.
Nhan xét. Ta c6 thé viét lai bat dang thirc dudi dang

o f (%) + ey f (%) oot ety (%) 2 (@ + @ty + bty ) T (“1"1*“2)(2 +"'+“”X“J

o+, +..ta,
Trong d6 oy, ay,..., &, 12 CAC SO thuc duong bét ky.
b) Chung minh tuong tu.
Tur déy ta c6 ngay két qua cua bat ding thiuc AM — GM suy rong.
(Bét ding thitcc AM — GM suy rong) Cho ay,a,, ..., a, 1 cac s thuc duong c6
t6ng bang 1, khi 6 véi moi s6 thuc khdng &m bat Ky X, %,,..., X, ta co
Xy + ApXg + oot A Xy 2 X EXG 2L XA
Chang minh.
Bt ding thuc trong dwong voi:
In(agXg + Xy +.o Xy ) Z g INXg +ap INXg + .o+ IN X,

Xéthamsé f(x)=Inx,x>0ta co f"(X):—iZ<O,VX>O.
X

Khi dé ap dung bét dang thirc Jensen ta c6 ngay didu phai ching minh.
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Vidu 1. Cho x,y,z,t lacéac sb thuc duong thoa méan diéu kién
XS2,X+Y<6,X+Yy+z2<12,X+y+2+1<24.
Ching minh rang 1111
X y z t

Loi gidi

Xét ham sb f(t):% Véi t duong ta ¢6 f“(t):t%>o,w>o.

Do d6 taco
Xy z t 2 \2) 4 \4) 6 \6) 12 \12
1x 1y 1z 1t 144
>flo=+ =Tt o—t——|=
22 44 66 1212) 36x+9y+4z+t
B 144
27X+5(X+Y)+3(X+y+2z)+(x+y+z+t)

S 144 1
27.2+5.6+3.12+24

Bat ding thuc duoc chung minh. Ding thuc xay ra khi va chi khi
x=2,y=4,2=6,t=12.

Bai tap twong tw

Cho x,y,z la cc s6 thuc dwong thoa man diéu kién x <4,y <9,x+y+z<49.
Ching minh ring ERERNEY
z

Ix oy

Vi du 2. Cho a,b,c |a céc sb thuc dwong thoa man didu kién abc=1.

a b c

Ching minh rang ab b¢.ca >1.
Loi gidi

Bat dang thic da cho twong duong véi %In a+9ln b +£In c>0.
C a

Xéthamsd f(x)=xInx,x>0taco f'(x)=Inx+1 f "(x)=3>o,vX>o.
X

Vivay 2ina+2inb+Sinc=L f(a)+ 2 f(b)+2f(c)
b c a b c a

a_b ¢

1,11 b ¢ a
et T 11
b c a 4.4 1
a b c
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Chu y f(x) déng bidnva 2+ 2, C>1, 1,
b ¢c a a b

That vay theo bit ding thirc AM — GM ta c6

1
—.

G2 >3d 2 0

b c bc2 ¢
2

9+2.32339.C—2:§

c a c a2 a
2

c 232333.""_:2

a b ab b

Cong lai theo vé ba bét dang thirc trén ta c6 dpem.

Tir d6 suy ra

3|na+9|nb+3|ncz£1+1+1j f(1)=0.

b C a b c a

Bat dang thire dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c=1.
Chu'y. Bét dang thirc trén van ding khi abc >1.

B. BAI TOAN CHON LOC
Bai 1. Chang minh ring véi moi sé thuc duong a,b,c ta c6
(b+c—-a)’ . (c+a-b)’ .\ (a+b—c)’ .3
a’ +(b+c)2 b2 +(c+a)2 c? +(a+b)2 5
Loi gidi
Bat dang thuc c6 dang thuan nhét chuan hod a+b+c=1.
Bat dang thic trg thanh
2 2 2
1-2a 1-2b 1-2c 3
(2 ) g
a’+(1-a)” b*+(1-b)" c*+(1-c)” O
1 1 1 < 27

& — +— +— <
2a“—2a+1 2b°-2b+1 2c“—2c+1 5

1 ididm x=tga y=22X*27
2x% —2x+1 3 25

1 <54X+27
2% _2x+1 25

Tiép tuyén cia ham sd y =

Vay ta chitng minh:

2(3x 1) (6x+1)
25(2x2 —2x+1)

That vy bat dang thire tuong duong voi: >0, lubn ding.
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Thay x bai a,b,c roi cong lai theo vé ta c6 dpem.
Bai tip twong tw
1) Cho a,b,c la cac sb thuc dwong. Ching minh
(2a+b+c)’ . (2b+c+a)’  (2c+a+b) <8
2a2 +(b+c)® 2b?+(c+a)’ 2c%+(a+b)’
2) Cho a,b,c la c4c sb thuc dwong c6 tdng bang 3. Chang minh
a’+9 b2 +9 c?+9
2 212 272 2=
2a®+(b+c)” 2b°+(c+a)” 2c“+(a+b)
3) Cho a,b,c I cac sé thuc khdng am thoa man didu kién a+b+c>0.
2 2 2
Ching minh rang 2 =+ b =+ ¢ >
5a%+(b+c)” Sb?+(c+a)” 5¢%+(a+h)
4) Cho a,b,c 1a cac s6 thuc khong &m thoa mén diéu kién a+b+c>0.
Chiang minh ring
1 a’ b? c?
S<— >+ 7t -
2 2a°+(b+c)” 20°+(c+a)” 2c”+(a+h)
5) Cho a,b,c 1a cac sb thyc duong. Chirng minh
a(b+c b(c+a c(a+b 6
abre)  bera) | cfad) o
a®+(b+c)” b°+(c+a)” c®+(a+h)” O
Bai 2. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién
Ja? —ab+b? +/b% —bc+c2 ++/c? —ca+a? =12.
a__ b L ¢
Ja2+9 Jb2+9 c2+9
Loi gidi
Chay: Va2 —ab+b? +vb? —bc+c? ++c2 —ca+a’>a+b+c.
Chang minh.

2 2 2
Ta co: \/az—ab+b2=\/3(a_b) +(a+h) 2\/(a+b) _a+b

4 4 2
Tuong tu: Vb? —bc + c? zb—zc,\/cz —ca+a’> c;a .
Cong lai theo vé 3 bat dang thirc trén ta c6 ngay diéu phai ching minh.
T dosuyra: a+b+c<12.

<

Wl

<2
3

Tim gid tri 16n nhét cua biéu thic P =
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Biéu thirc P c6 dang P = f (a)+ f (b) + f (c) trong d6 f(x)=

Xéthamsb f(x) =

X trén (0;+0) ta co:
VX2 +9

f'(x):%; Fr(x) = ——27% 0, x> 0.

(x2+9) (x2+9)5
Do d6 4p dung bt ii ta dugc:
f(a)<f(4)(a—-4)+ f(4) \

f(b)< f'(4)(b—4)+ f(4)
f(c)< f'(4)(c—-4)+ f(4)

Cong lai theo vé 3 bat ding thic trén ta duoc:

P=f(a)+f(b)+f(c)< f'(4)(a+b+c—12)+3f(4)s3f(4)=%.

Ding thirc xay ra khi va chi khi a=b=c=4.
Vy gia tri 16n nhat cua P bang %dat tai a=b=c=4.
Bai tap twong tw
Cho a,b,c 14 cac sb thuc duong thoa man didu kién a +b? +¢2 =3.
+ ! + ! >1
Ji+8a 1+8b +1+8

Bai 3. Cho a,b,c 1a cac s6 thuc khong &m thoa mén diéu kién a+b+c=3.
Tim gié tri I6n nhat cua biéu thirc

P:(a+ﬁ)b(b+\/ﬁ)c(c+m)a-

Loi gidi
LAy logarit h6a tu nhién P ta duoc:

InP:bIn(aqL\/a2 +1)+c|n(b+\/b2 +1)+a|n(c+\/c2 +1).

Xét ham sb f(x)=|n(x+\/x2 +1),Vx20ta co

Ching minh rang

X
=
TGP £ S S S Y V. S

x+Vx2+1 X241 (x2 +1)3

<0,vx=0.
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Ap dung dinh 1y 1.ii ta dugc:
fa)< f'@)(a-1)+f();
f(b)< f'W(b-1)+ f(D);
f(c)< £'@)(c-1)+ f Q).

Lay tong ba bt dang thirc trén ta dugc
InP =h.f(a)+c.f(b) +a.f(c)

<b(f'@(a-1)+ f@))+c(f'@Q(b-1)+ f@)+a(f'Q(c-1)+f())
=(ab+bc+ca—a-b-c)f'@)+(a+b+c)f(l)

g[%(a+b+c)2 —a—b—cj f '(1)+3f(1)=3f(1)=3|n(1+ﬁ)
Do dé P£(1+x/§)3. J

o . . 3 .
Vay gia tri I6n nhat caa P bang (1+ \/5) dattai a=b=c=1.
Bai 4. Cho tam giac ABC nhon tim gi4 tri I6n nhét cta biéu thirc
P =sin Asin?B.sin®C .
Lo gidi
Taco InP =In(sin A) + 2In(sinB) + 3In(sinC) .

Xéthamsd f(x) =In(sinx),x (o;%} ta co

_12 <0,VXE(0;£)
sin“ x 2
Vi vay

f(A<fF(M)(A-M)+ f(M)=(A-M)cotM +In(sinM)

f(B)< f'(N)(B—N)+ f(N)=(B—N)cotN +In(sinN)

f(C)< f'(P)(C—P)+ f(P)=(C—P)cotP+In(sinP)

Véi M,N,P la ba gbc nhon trong mét tam giac.

Khi d6

tanM.f(A)+tanN.f(B)+tanP.f (C)<(A-M +B-N+C-P)
+tanM.In(sin M) + tan N.In(sin N) + tan P.In(sin P)
=tanM.In(sin M) + tan N.In(sin N) + tan P.In(sin P)

tan M ztanN ztanP:k

2 3

f'(x)=cotx; f"(x)=-

Do vay ta chi can chon cac goc M,N,P sao cho

Mat khac
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tanM +tan N +tan P =tan M.tan N.tan P

:>k+2k+3k=6k3:k=1

=sinM = tanM smN:—'sian

3
Vi+tan?M \f V5’ E

Thay vao bét dang thuc trén ta co ngay

INP = f(A)+2f(B)+3f(C)<In—+2In— 2! <

T B R

DAu bang dat tai sin A=sinM :%;sin B=sinN =%;sinc =sinP =%.
Téng quat

Cho tam gidc ABC nhon tim gid tri I6n nhét caa biéu thuc

P=sin™ Asin" B.sin"C .

Vé6i m,n,p la cac s6 thuc dwong.
Bai tip twong tw

Cho tam giac ABC nhon, tim gia tri nho nhat cua biéu thic

P=tan A+2tanB +3tanC.
Bai 5. Cho a,b,c 1a cac s6 thuc khong &m thoa mén diéu kién a+b+c=3.

Tim gia tri 16n nhit va nho nhét cua biéu thic

P=vaZta+d Vb +brdrc?rc+4.
Léi gidi

Tim gia tri nhé nhit caa P
Xétham sé f(x)=vx? +X+4 v6i x> 0ta co:
Fi(x) = 2x+1 15

X ) e——
2Vx* +x+4 4 (x2+x+4)3

Theo bt ding thtc i.dinh ly 1 ta co:

f(a)> f' @) (a—1)+ f (1)

f(b) > F@)(b—1)+ f (1)

f(c) > F)(c 1)+ f Q)

Cong theo vé ba bat dang thirc trén ta dwoc:
P=1f(a)+f(b)+f(c)> f'(W)(atb+c—3)+3f1)=36.
Vy gid tri nho nhat ciia P bang 3.6 dat tai a=b=c=1.

>0,vx=>0.
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2
1 J15

2
Céach 2: Ta phan tich duoc thra s6 a® +a+4= (a +Ej J{T] thanh tong cua

hai binh phuong nén nghi ngay dén viéc ap dung bit ding thirc Mincopski khi
do a=b=c=1.
Str dung bét déng thirc Mincopski ta c6:

et L T (T ]

2\/(a+b+c+%}2 +[3.@J2 =36

2

Ding thirc xay ra khi va chi khi a=b=c=1.

Céch 3: Taco va® +a+4 =\/(a—1)2 +3(a+1)°

Tim gid tri lén nhat cia P
Nhu t6i da nhan xét nhitng bat dang thirc véi didu kién cac s6 thuc khong am
thong thuong néu khong danh gia qua cac bién dbi xiing(diu bang khong dat tai
tam) thi ddu bang cua bat ding thirc thuong xay ra khi cd mot bién dat tai bién.
Véi bai todn nay dau bang xay ra khi c6 hai bién bang 0 khi d6 bién con lai
bang 3.
Viy dé tim gia tri 1on nhit caa P ldc ndy ta can xay dung ham f(x) c6
f "(x) <0 dé ap dung bét dang thuc ii.dinh ly 2.

Vi ham s6 Tae dau £ (x) = X2 + x+4 ta co f“(x):Lg>0,VXZO
4 (x2 + x+4)
vy dé tao ra mot ham c6 dao ham cip 2 &m ta xir Iy nhu ndo. Diéu nay xuat
phét tir phét hién diu bang xay ra nhu trén va f "(x) < i—z <1 V¥x>0.
Gia sir ddu bang xay ra khi a =3,b =c = 0khi d6 xét ham sb nhu sau:
g(x)=Vx® +x+4 —(x-3)x. Taco: g"'(x)= 15 =-2<0,vx20.
4 (x2 + x+4)

Ap dung bat dang thirc ii.dinh 1y 2 ta duoc:
g(a) s%(a—3)+ g(3) =%(a—3)+4

93-9() . _4
g(b)gT(b 0)+g(0) = 3b+2
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9(3)-9(0) 4
c)<=————7(c-0 0)=—c+2
9(c) < == (c=0)+g(O)=7c+
Cong theo vé 3 bit ding thirc trén ta duoc:
P=g(a)+g(b)+g(c)+a(a-3)+b(b-3)+c(c-3)
sg(a)+g(b)+g(c)£%(a+b+c—3)+8:8

bing thirc xay ra khi va chi khi a=3,b=c=0.
Vay gia tri 16n nhit cua P bang 8 dat tai a=3,b=c =0hoic cac hoén vi.
Céch 2: Ngoai ra cé thé ap dung bét ding thuc

\/X2+x+4+\/y2+y+4s2+\/(x+ y)2+x+ y+4,YX,y>0;x+y>1.
Chang minh.
Bat dang thire da cho tuong duong voi

x2+y2+x+y+8+2\/(x2+x+4)(y2+y+4)s4+4\/(x+y)2+x+y+4+(x+y)2+x+y+4

<:>\/(x2+x+4)(y2+y+4)SXy+2\/(x+ y)2+x+ y+4

c><x2+x+4)(y2+y+4)£x2y2+4xy\/(x+ y)2+x+ y+4+4[(x+y)2+x+ y+4}

<:>xy[4\/(x+y)2+x+ Y+4+ X+ y—7}20(luéndﬁngdo X+y=1).

Ap dung vao bai toan

Trong ba s a,b,c luén ton tai hai s6 ¢6 tong khdng nho hon 1 gia st hai s6 d6 1a
a va b khi d6 ap dung bét déng thtrc phu trén ta duoc

Ps2+\/(a+b)2+a+b+4+\/cz+c+4.

Mit khac a+b+c=3>1nén suy ra

\/(a+b)2+a+b+4+\/c2+c+4s2+\/(a+b+c)2+a+b+c+4=6.

Do d6 P <8. bing thirc xay ra khi va chi khi a=23,b=c = 0hoic cac hoan vi.
Bai 6. Cho a,b,c 1a cac s6 thuc khong &m théa mén diéu kién a+b+c=1.

Chung minh rang 10(a3 +b? +c3)—9(a5 +b° + c5) >1.

Lo gidi
Bai toan nay bat ding thuc xay ra c6 hai truong hop cua dau bang la

a=b=c:%hoéc a=1b=c=0 vacac hoan vi.

Xéthamsé f(x) =10x° - 9x°véi x €[0;1]ta co:
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f'(x) = 30x% — 45x*; f "(x) = 60x —180x° = 60x(1—3x2) .

Suyra f"(x)>0,vxe {0%} f"(x)<0,Vxe [%;1} .

Vay ta can phén chia truong hop ciia céc bién, khong mat tinh tong quat gia sir
azb>c.

TH1: Néu a< L khido ap dung bat dang thic i.dinh 1y 1 ta duoc:

[
an
o e 3]

Cong theo vé 3 bat dang thirc trén ta dugc:

VT =f(a)+ f(b)+ f(c)> f'(%)(a+b+c—1)+3f (%)zl.

Wl

f(a)zf'(

f(b)zf(

g
5

Ding thuc xay ra khi va chi khi a=b=c =%.

khi d6 néu b>—th| a+b+c=—>1vo ly.

. 1
TH2: Néu azT 7 \/_
Vay aszb>c Khi d6 xét ham g(x)=10x> —9x° +20x* (x~1)ta c6
9"(x) =180(1— x2)2 0,vxe[0:1].
Ap dung bat dang thic i.dinh 1y 1 ta duoc:
g@@=g'W(a-1)+g@®)=a
g(b)z%(b—o)wm):b

g(c)z%(c—oﬁg(m:c

Cong theo vé 3 bit ding thirc trén ta duoc:

VT =g(a)+g(b)+g(c)-a*(a-1)-b*(b-1)-c*(c-1)
>g(a)+g()+g(c)>a+b+c=1

Ding thirc xay ra khi va chi khi a=1,b=c=0.

Bai toan dugc chung minh.
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Ping thtc xay ra khi va chi khi a:b:c:%hoéc a=1b=c=0hoac cac hoan vi.

. P N 1 1 1
Bai 7. Cho a,b,c > 2 thoa mén diéu kién 5 +— +— ==,
a*-4 b°-4 c°-4 7

Chiing minh rang 3

a+2 b+2 c+2 7

Loi gidi

Véimoi t>2 taco ! < 9 + L

t+2_10(t2—4) 10°

(t-5)"

1o(t2—4)20'

That vay bét ding thtc tuong dwong véi:
Ap dung bit ding thic trén ta c6
1 1 1 9 ( 1 1 1 j 3 3
+ + <= + + ==,
a+2 b+2 c+2 10\a?-4 p?-4 ¢*-4) 10 7
Bat dang thie dugc ching minh. Dang thire xay ra khi va chi khi a=b=c=5.
Chu y. Bét dang thirc trén c6 thé chiing minh bang BDT Chebyshev.

C. BAI TAP REN LUYEN

Bai 1. Cho x,y,z la cac s6 thuc duong thoa mén diéu kién
X<4,y<9 x+y+2<49.

Chiang minh ring ERERNNY

z

Ix oy
Bai 2. Cho x,y,z la cac s thuc duong thoa méan diéu kién x<1,y<2,x+y+z<6.
Chiing minh rang (x+1)(y +1)(z+1) > 4xyz.

Bai 3. Cho a,b,c la cac sb thuc duong thoa man a? +b? +¢2 =1.

. : a b c 33
Chirng minh rang ot St 52 I.
b°+c® c“+a” a“+b 2
Bai 4. Cho a,b,c 1a cac s6 thuc khong &m théa mén diéu kién a+b+c=1.
Tim gia tri 16n nhit va nho nhét cua biéu thic

P=va?+1la+4+vb2+11b+4++/c2 +11c+4 .

Bai 5. Cho a,b,c 1a c4c sé thuc duong thoa mén diéu kien a2 +b? +c? =1.

Ching minh rang t .t 23\/§+9.
l1-a 1-b 1-c 2
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Bai 6. Cho a,b,c la cc sé thuc dwong c6 tich bang 1 chirg minh
a b c _32
+ + > :
Vl+a 1+b l+c 2

Bai 7. Cho a,b,c 1 céc sd thuc duwong thoa mén diéu kién a+b+c 2%.
C s 125
Chuang minh rang (1+a%)(1+b%)(1+¢?)>==2.
g g (L+a?)(1+b?)(1+c?)> 0

Bai 8. Cho a,b,c 1a c4c sb thuc dwong thoa man didu kién a+b+c < %
Tim gié tri I6n nhét cua biéu thirc
=(a+\/a2 +l)(b+\/b2 +1)(c+m).
Bai 9. Cho x,y,z la c4c sb thuc duong thoa méan diéu kién x+y+z=3.

Chang minh ring 4+3x 4+\/_ 4+f_
4—X 4—y 4—7

Bai 10. Cho a,b,c 1a do dai ba canh mot tam giac chirng minh
1+1+1+ 9 >41+l+1 .
a b c a+b+c a+b b+c c+a

Bai 11. Cho a,b,c 1a cac s6 thuc duong thoa man dicu kién a+b+c=3.

Chung minh rang i+i+ Lsa2in?ec.
a’

b> ¢?
Bai 12. Cho a,b,c 1a c4c s6 thuc duong thoa man diéu kien a* +b* +¢* =3.
Chiang minh ring t g

4-ab 4-bc 4-ca
Bai 13. Cho a,b,c 1a cac s6 thuc duong. Ching minh

(3a+b+c)’ . (3b+c+a) s (3c+a+b)’ _375
3a®+(b+c)’ 3 +(c+a) 3+(atb)’ 11
Bai 14. Cho a,b,c 1a cac s6 thuc duong. Chirng minh

3+I( +h% +¢? )(1+1+1j2a+b+c+\/a2+b2+02.
a b c

Bai 15. Cho a,b,c 1a cac s6 thuc duong. Ching minh

a b C 3(a+b+c)
+ + > .
Job+c Je+a +a+b 2
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D. HUONG DAN GIAl - PAP SO
3

TN

Bai 1. Xéthamsé f(t)=1/+/t,t>0taco f"(t)= >0,Vt>0.
Do d6 taco

1 1,.(x 1 y Z
st U DR
Zf(l L1 ,i}i
2’43 36) J27x+8y+z
= \/m > \/m =
\/26x+7y+(x+y+z)_x/26.4+7.9+49
Bat dang thire dugc ching minh.

Ding thirc xay ra khi va chi khi x=4,y=9,z=36.
Bai 2. Bét dang thirc da cho tuong duong Vi

In(1+lj+ln(l+lj+ln(l+ljz In4.
X y z

Xét ham sé f(t):ln(1+%j,t>0ta co f(t)=

o~

Yy, 1
9" 6

-b|><

=2 gwso.

2
t°+t (-[ +t)
Do d6 sir dung bét dang thirc tiép tuyén ta co

In[1+1]> > f(1)(x-1 +f(1)=—1(x 1)+In2
X

In 1+

1 3
In|1 yj f'(2)(y-2) +f(2)——€(y 2)+In§

> £(3)(z2-3 +f(3)_—%(z 3)+ In%

Cong theo vé ba bat dang thirc trén ta dwoc
1 1 1

In(1+%j+ln(1+ij+ln(1+%j2In4—5(x—l)—g(y—2)—ﬁ(z—3)

y
_ing_(8X+2y+z) 13
12 4

5X+ Y+ (x+ y+z)+13
12
Bit ding thuc dugc chimg minh. Dang thic xay ra khi va chikhi x=1y=2,z=3.

=In4- >In4
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b c _32
e e :
l1-a“ 1-b° 1-c 2
2 2
Ta co: 2a2= a2= a 23\/§a.
b +c” 1-a a(l—az) 2
b >3\/§b2_ c >3\/§c2
c2+a? 2 ‘a?+4+b? 2
Cong theo vé 3 bit ding thirc trén ta duoc:

Bai 3. Viét lai bit ding thirc dudi dang:

Tuong tu ta co:

Za =+ 2b =+ ¢ 2_3((a2+b2+02)=—3\/§.
b2+c? c2+a® a’+b 2
, . i 1
bang thac xay ra khi va chi khi a=b=c=—.
V3
Bai 4. Tim gia trj nhé nhdt cia P
Xét ham sé f(x) =vx? +11x+4 véi x>0.Taco f"(x):Ls>O,VXZO.

4 (x2+11x+4)

Ap dung bat dang thirc i.dinh 1y 1 ta dugc:

i
f(b)ZfU(b ] U
o2 r{3)[e-3)+1(3

Cong theo vé 3 bit ding thirc trén ta duoc:

—f(a)+f(b)+f(c)>f(3j(a+b+c 1)+3f(;j 2410 .

Dau bang xay ra khi va chi khi a=b=c =

Tim gia tri lon nhdt cua P
Xétham s6 g(x) =vx? +11x +4 —2x(x —1)véi x> 0ta co:

g"(x)= 105 —4<0,¥x>0.

4 (x2 +11x+4)3

Ap dung bit dang thirc ii.dinh 1y 2 ta duoc:
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(a)<%(a 1)+g@)=2(a-1)+4

g(b)s%g(o)(b—opg(opzmz

g(c)s%(c—oﬁ g(0)=2c+2

Cong theo vé 3 bit ding thirc trén ta duoc:
P=g(a)+g(b)+g(c)+2a(a-1)+2b(b-1)+2c(c-1)
<g(@)+g()+g(c)<2(a+b+c-1)+8=8
Ding thirc xay ra khi va chi khi a=1,b=c=0.
Vy gia tri 16n nhit cua P bang 8 dat tai a=1,b=c =0hoic cac hoan vi.
1 _9+6V3 9+643 2.3

Bai 5. HD: Ching minh ——>——— 2 o ,xe(0;1).

—X
x_ 32, V2
Vi+x 4 4

2

Bai 7. HD: Chitng minh In(1+ xz)zgxﬂn%—E,VXe[O;g]

Bai 6. HD: Chung minh ,Vx>0.

Bai toan tong quat xem chuong 4.
Bai 8. Lay Logarit ty nhién P ta duoc

InP=In(am/ﬁ)ﬂn(bm/ﬁ)ﬂn(cm/ﬁ).

Xét ham sb f(x):ln(x+\/x2 +1),x>0ta c6

f'(x)= (X)) =——F—=<0,¥x>0.
x2 +1 (x +1) X2 +1
Dodo f(x)<f ( j(x——j+f(§j:£x+ln2—§.
4) 5 5
Tir d6 suy ra

InP:In(am/I) In(b+h) In(cm/ﬁ)

S%(a+b+c)+3ln2—%£3ln2
=P<8

Véi a=b=c= % thi P bang 8. Vay gia tri 16n nhat caa P bang 8.
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Bai 9. Phwong trinh tiép tuyén cua ham sb y=4+\/; tai diém x=11a
—-X
13 17
y="oX+—.
18 18
Ta di chiing minh: 4+\/7 13 —
4—x 18 18

That vay bét ding thtrc tuong dwong véi:
13, 17), _ 2 (102
4+t>(4-t )(18 Ej’t =/xe(0;4/3) & (t-1)* (13t + 26t + 4) > 0.
Ta c6 diéu phai ching minh.
Xay dung hai bat ding thic tuong tu cho y,z roi cong lai theo vé ta co dpem.
Bai 10. Bat ding thirc cd dang thuan nhat chuin hod a+b+c=1.
1 4 1 4

Bai toan dua vé chang minh 1.4 .1 +=— >-9.
a l1-a b 1-b ¢ 1l-c

Chu y do a,b,c la @6 dai ba canh mét tam gi&c nén a,b,c e (0;%) .

Tiép tuyén ciia ham s6 yzl—litai diém x:% la y=3-18x.
X 1-x

Vay ta chitng minh: 1—i23—18x,we(0;£)
X 1-X 2

2
That vay bat dang thice twong duong véi: (3 _Xl()l (i ; 2x)

Do d6 1—i23—18a;1—i>3 18b; E—i>3 18c.
a l-a b 1-b 1-c
Cong lai theo vé ba bét dang thirc trén ta c6 dpcrn.

Ding thirc xay ra khi va chi khi a=b=c.

>0 ludn dang.

CHU DE 6: KY THUAT KHAO SAT HAM NHIEU BIEN
A. NOI DUNG PHUONG PHAP
Bai toan. Tim gi4 tri 16n nhat va nho nhat cua biéu thac P(x,y, z) thoa méan diéu
kién K cho truéc.
Xuét phat tir gia thiét bai toan tim dugc mdi lién hé(diéu kién x so véi y,z) giita
bién x vai hai bién con lai. Coi f(x)=P(x,y,z) 1a ham sb véi bién x va y,z la
tham sb. Khao sat ham sb véi bién x tim ra gié tri nho nhét, 16n nhit cua f(x) ching
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han dat tai x = X, . Khi d6 tiép tuc khao sat ham s6 g(y) = P(xy,Y,z)va tim ra gia
tri 16n nhat, nho nhat cua g(y) tir 6 suy ra két qua bai toén.

Cic diém can luu y

- Bai toan xur 1y dwoc bang phuong phap nay thuong cho méi rang bugc cac bién
ciing thude doan [a;b] cho truéc va dau bing cua bat dang thirc dat tai bién.

- V¢i bai toan c6 hai bién

s6 x,y ta thyuc hién twong tu.

- Néu bét dang thirc c6 dang ddi xung 3 bién ta thuong gia sir x>y > z dé thuan
tién cho viéc danh gia tinh don diéu ciia ham sd.

- Panh gia cudi cing 1a ham mot bién ta c6 thé khao sat ham sb hoic bién doi
tuong duong dé c6 nhanh két qua.

M@t bai toan sir dung phwong phap nay hay gip trong dé thi

Bai toan. Cho ab,c va
ax+by+cz=xyz.
Tim gid tri nho nhat cua
> PHUONG PHAP
Theo gia thiét ta co:

ax+hby+cz=xyz=>z=

xy,z 1a cac sb thuc duong thoa man diéu kién

biéu thic P=x+y+z.

—ax+by,(xy>c):>P= f(y)=x+y+ax+by.
Xy —C Xy —C

Xéthamsd f(y)=x+ y+Mtacé
Xy —¢C

bc + ax?

fi(y)=1-———— f (y) =0 (xy—c)’ =bc +ax?
(xy—c)
¢ ++/bc + ax?
SYy=Yo=— ——

X

Ta c6 f'(y) d6i dau tir am sang duong khi di qua Yo nén f(y) dat cuc tiéu tai Yo -

Vi vay

¢ ++/bc +ax?

P> f(yy)=x+

¢ ++/bc + ax?

=X+—————+
X

ax+b.
¢ ++/bc + ax? . X
X

Jbe + ax?
%+ Vbe +ax?

_x®+b+c+(x+1)vbe +ax?

X
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X% +b+c+(x+1)/bc +ax® @

X

Thuyc hién xét tinh don diéu ciia ham sé g(x) =
c6 két qua bai toan.
Vi du 1. Cho x,y,z 1 c4c sb thuc duong thoa man diéu kién 2x+4y +7z = 2xyz .
Tim gia tri nho nhét caa biéu thic P=x+y+z.
Lo gidi

2x+4y .Khido P=f(y)= x+y+ +4y.
2xy -7 2xy —7

Theo gia thiéttacod z =

Xéthamsd f(y)=x+y+ 2XHAY i y>ltacé
2xy —7 2X
f'(y)=1—M Fi(y) =0 (2xy—T7)? =4x2 +28
(2xy -7
oymy, o 1t2 x2+7>l
0 2X 2X

Ta c6 £(y) d6i dau tir om sang dwong khi di qua Yo nén f(y) dat cuc tiéu tai Yo -
Vi vay

R X2 +7

7T+t 47 KT 11 2Jx%+7
2X 2nx2 47 2X X
Xét ham sé g(x) = x+E uvéri x>0taco
2X X
2x2—11—\/§L
. X +7 . . 2 28
g'(x)= 9'(x) =0 2x* —11=
2x? VX2 +7
11
X2, [—

= 2 & x=3

(2x2 —11)2 (x2 +7)—282 -0

T d6 suy ra g, =g(3)=%:> Pz%. Ping thic xay ra khi va chi khi
5
X=3,y=—,2=2.
y 2
Vay gié tri nho nhat cua P bang 15/2 dat tai x =3, y—E =2.

2
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Cha'y. Str dung bat déng thirc AM — GM ta c6:

11 2 Jx +7 9+7

2x X
11 3x+7 9 3 9 3 15
> X+ =X+—+—2 2/x— —=
2x 2X X 2 X 2 2

Ta c6 két qua tuong tu trén.
Ky thuat cé dinh bién sé ’ ‘
Vidu 1. Cho a,b,c la c&c s6 thuc khéng &m thoa man diéu kién ab+bc+ca >0.
Ching minh rang (1+ 4a j(1+ 4b j{1+ 4 jz 25.
b+c c+a a+b
o ’ Loi gidi
Bat dang thirc duoc viét dudi dang
(4a+b+c)(4b+c+a)(4c+a+b)
(a+b)(c+a)(c+h)
Trong d6 a, B, 1,7 lacac hang sé khi ta cé dinhcva a+b.
RG rang f(ab) 1a ham ludn dong bién hoic ludn nghich bién do do véi

X+

2530 f(ab) = 220+F
Aab+

-2520.

2
a+b L . . . .
abe [0;%} thi f(ab) dat gia tri nhé nhat hoac tai O(khi d6 cé it nhat mét

2
- b L
so bang 0) hoac tai % (khi d6 2 so6 bang nhau).

Vay ta chi can ching minh bat dang thirc trong hai truong hop.
+ TH1: Néu c6 mot s6 bang 0 gia sir 1a a. Ta can chang minh

(1+4—bj(1+£j >25.
c b

Bat dang thuc nay Ia hién nhién theo C-S, that vay

ARG

Ding thuc xay ra khi va chi khi b=c.
+ TH2: Khi 2 s6 bang nhau gia str 1a a va b, khi d6 ta can chung minh.

a+c a+c 2a
2

2
[1 LA j (1 £j>25@ 14 (1 Ej 25>0
a+c a 1. C a

a
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bat x =L 0 ta phai chang minh
a

2
(1+ij (1+2x) =252 0 = x(X° —2x+5)20<:>x[(x—1)2 +4}zo.
Xx+1

Bat dang thirc cudi ludn ding.
Bat ding thuc duoc ching minh. Ding thac xay ra khi va chi khi 1
a=Dh,c=0hoac cac hoan vi.
Cach 2: bat x= 2a Y= 2 2= ¢ =S XY+ YZ+2X+Xyz=4.
b+c c+a a+b
Theo bt ding thirc d dwoc ching minh ta c6
X+Y+2Z>Xy+YyZ+2X.

Vay bai toan dua vé ching minh
(1+2x)(1+2y)(1+22) 225 2xyz+ X+ Y+ 224 & (X+ Y+ 2+ XyZ)+Xyz > 4.
Bat dang thuc cubi dung boi Vi X+ Y +Z+XyzZ > Xy + yZ+2X+Xyz =4 .

Vidu 2. Choa,b,c I cac sé thuc duong co6 tong bang 3. Chirtng minh

a b e 3(a% +b? +¢?)
1+(b+c)® 1+(@+c)® 1+(a+b)®> a?+b?+c?+12abc
Loi gidi

Bat dang thic da cho twong duong véi:

a b c 3(a% +b? +c?)
a-———|+|b- 5|+ c- 5 23—
1+(b+c) 1+(c+a) 1+(a+Db) a“+b°+c”+12abc

a(b+c)? .\ b(c +a)? .\ c(a+h)? . 36abc
1+(b+c)® 1+(c+a)® 1+(a+b)® a?+b%+c?+12abc

Xét ham sé yzil tang do d6 voi (b+c)>>4bc;(c+a)’ > 4ca;(a+b)’ > 4ab
X+

Tacé:

a(b+c)’ _ 4abc | b(c+a)’ _ Aabc | c(a+b)’ . _4abc
1+(b+c)’ 1+4bc’14(c+a)’ 1+4ca’is(a+h)’ 1+dab
Do d6 ta chi can chirng minh

4abc N 4abc N 4abc S 36abc _ 36abc .
1+4bc 1+4ca 1+4ab  a®+b®+c®+12abc Y a®(L+4bc)

cyc

Bat dang thirc cudi ding béi theo C S ta co
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S 1 S a2@ianc)>(a+bc)?=9.
1+4bc

cyc cyc
Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi a=b=c=1.
Vidu 3. Chox,y,z la cc s thuc thude doan [1;2].
2

2 2
N S TS XY+ Yy Z+2°X
Tim gia tri lon nhat va gia tri nho nhat cua bicu thac P _Xyryzrzx

xteyt+
Loi gidi
Tim gia tri 16n nhat
Do diéu kién bai toan x,y,z e[1,2]= x%y <x%y?;y?z < y?z%,2°x < 2%%°.
20 22 2.2
pods pe XY YE AT
Xty +z
» X4 4yt 4 28— x2y2 -y g2y
i W4 vh 7
yh+z
2 2 2
2 2 2 2 2 2
B e 0 I Ul B G I
2(x4+y4+z4) -

Ding thirc xay ra khi va chi khi x=y=z=1.
Vay gié tri Ion nhat cia P bang 1 dat tai x=y=z=1.
Tim gi4 tri nhé nhat
Véi gia thiét bai toan x,y,z thudc doan nén thudng dat cuc tri tai bién. Thir x,y,z
chon trong 2 s6 (1,2) thay vao P ta thay gié tri nho nhat
77
2+16 18

X=y=1z7=2=>P=

Vay ta di chitng minh P > %

Trudc tién chuyén P vé biéu thirc ddi xing cua x,y,z.
Theo gia thiét ta c6: (x—1)(x-2) <0< x® <3x—2;y* <3y-2;2° <3z-2.

2 2 2
Suy ra: x2y+y22+22x2x2[yT+2J+y2£Z ;2J+22[X JZJ

x2y2 + yzz2 +2%x2 +2(x2 + y2 + 22)
- 3

Do vy ta chi can ching minh.
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x2y2+y222+22x2+2(x2+y2+22) 7
2—(x4 + y4 + 24)
3 18

& 7(x4 +y*t+ 24)—6(x2y2 +y22% + zzxz)—lz(x2 +y% + zz)s 0

Dé cho don gian ta dat a=x?,b=y?,c=2% = a,b,c [L;4] va bét ding thirc tro
thanh: 7({;12 +b? +02)—6(ab+bc+ca)—12(a+b+c)s0.

Vé tréi ky hiéu la P(a,b,c) 1a tam thic bac hai cua a voi hé s6 cua a® duwong
nén dat max tai 1 hoac 4.

Do d6 P(a,b,c) <max{P(Lb,c);P(4,b,c)}.

Bang cach tuong tu P(1,b,c);P(4,b,c) 1a tam thic bac hai véi hé s6 b’ ¢
duong nén

P(Lb,c) <max{P(L1.c);P(L4,c)}

smax{max{P(l,l,l);P(1,1,4)};max{P(1,4,1);P(1,4,4)}} 0

Va
P(4,b,c) <max{P(4,1,c);P(4,4,c)}
< max{max{P(4,1,1); P(4,1,4)};max{P(4,4,1);P(4,4,4)}} =0

Tir d6 suy ra diéu phai ching minh.

Véi x=y =1z =2thi P biang 7/18. Vay gia tri nho nhét cua P bang 7/18.
Nhan xét. Thuc chét ta c6 danh gia trén dua vao tinh chat cua ham 15i, d6 1a néu
f "(x) > 0;Vx [ a;b]thi f(x) dat max tai a hoac tai b.

B. BAl TOAN CHON LQC

Bai 1. Cho a,b 1 hai s6 thuc thude doan El} Tim gia tri nho nhét cua biéu thic

1 a b
= + + :
2+3a a+b b+l
Lo1i gidi
e L Z 1 a n 1 L
Xéthamso f(a)= + + trén doan | =;1 |ta co:
2+3a a+b b+l 4
2 2
b(2+3a) -3 b
2, b _bem) ashf

f'la)=— + =
@) (2+3a)° (a+b)®>  (2+3a)’(a+h)

b(2+3a)’ —3(a+b)* =9a’b+6ab+4b—3a? —3b? > 9a%h + 6ab + 4b —3a® — 3>

=3a°(5b-1)+b(4-3b)>0,va,b e{%;l}
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Vay f(a) 12 ham ddng bién trén doan E;l} suy ra
2b—1)°
P:f(a)zf(j g()_ 1 b ( ) L3434
11 1+4b b+l 3(b+1)(4b+1) 33733
Ding thuc xay ra khi va chi khi a_% bzg.

Vy gia tri nho nhét cua P bang —gdat tai a =% b= %

Nhan xét. Bé c6 bién d6i g(b) > §—3thuc chat ta da xét ham mot bién véi b tim ra

g(b) dat cuc tiéu tai b= %

Bai 2. Cho xy 12 hai s6 thuc thudc doan [1;4]. Tim gia tri Ion nhat cua biéu thic

P=|x- y+y—_+1_x
X y
Lo gidi
rac neys YL N0 ) y-0 ()
X y Xy Xy |

Do P la biéu thie d6i xing vai x va y nén khdng mat tinh tdng quat ta gia st

(x—y)(x—l)(y—l)zy—l{%—(ymxw]

Xy y X

X2y=P=

y+1)x+y
X

2
, —1| x4 -
Xéthamso f(x)= y 1{ ( }Iién tuc trén doan [1;4] ta co:
y

“1)(x% =
- LHa ) Oy
y X7y

X
Do d6 f(x) la ham ddng bién trén doan [14].

(y-1)(12-3y) |

Suyra P=1f(x)<f(4)=9g(y)= Iy

Xéthamsé g(y) = (y_l)gﬂ lién tuc trén doan [1,4]ta co:
y
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12 -3y?
4y2

g'(y)= 1g'(y)=0=y=2¢ [1; 4]. Ta c6 g’(y) d6i dau tir dwong sang
am khi di qua y =2nén g(y) dat cuc dai tai y=2.Do do P<g(y)<g(2) :%.

Dang thirc xay ra khi va chi khi x=4,y=2.
Vay gié tri Ion nhat cia P bang %dat tai x=2,y=4hoic x=4,y=2.

Bai 3. Cho hai sb thuc x >1>y > 0. Tim gié tri nho nhét cua biéu thirc

(x4 y2) oy xry

xy(x+y+1) '
“ , Lo giai ’
Dbay la biéu thirc doi xirng vai tong x + y va tich xy nén suy nghi ngay dén viéc
dit S=x+y,P=xy tirdiéu kien (1-x)(1-y)<0< x+y-12xy ta co ngay
O<P<S-1.
(sz—zp)d§?75

P(S+1)
Coi vé phai 1a ham sé véi P va tham sb S ta duoc:

283 +52P 4 2P?

2(S+1)P?Js+P

Tacé: A=

f'(P)=-

<0,VS,P >0do d6 f(P) 1a ham nghich bién trén
(0;5-1].
(sz—zs+2yms—1

Dodé f(P)>f(S—1)=

s2-1
, (s?-28+2)v2s -1
Xét ham so g(S) = <7 1 trén (1;+o0) ta duoc:
g(s):s4+233—ﬂ52+128—4:(5—2X33+432—55+2)
st—1(52—1f st—i(sz—lf

9'(S) =021 55=2.

Ta c6 g’(S) ddi dau tir am sang dwong khi di qua S =2nén g(S) dat cuc tiéu tai
2
S=2hay g(S)=2g(2)=—.
3

Vay gid tri nho nhat cua A bang 2

NE

dattai x=y=1.
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Bai 4. Cho x,y,z la c4c s6 thuc thoa man 1< x<y<z<4.
N T , 1 1 1
Tim gia tri l6n nhat cua biéu thuc P=(x+y+2z)| =+—=+= .
X y z
Loi gidi
b X 1 1 1),. ..
Xéthamso f(x)=(x+y+z) =+=+=|trén [14]taco:
X y 2
X+Y+1z 1 1 (xz—yz)(y+z)
=(y+2)| ——=|= <0

G yz  x2 x2yz

f'(x):£+£+l
X y z

Do d6 f(x) la ham nghich bién trén [L;4]suy ra f(x) < f (1) hay

P=f(x)<f@®)=9g(y)=(1+ y+z)(1+%+%)

Xéthamséd g(y)=(1+y+ z)[1+1+1j trén doan [1,4]ta co:
y z

- 1
g.(y):1+£+l_1+y2+z:z+1_1+zz:(y 2)2(z+ )so.
y ¢ y yz y y°z

Do d6 g(y) 1a ham nghich bién trén doan [1;4] suy ra

P< g(y)sg(1)=(2+z)(2+3=h(z)=5+22+§.

Xét ham s h(z) =5+ 2z +2 tren doan [1;4] ta co:
z

» 2(z2—1) S
h'(z) = 2—2—2=Z—22 0 nén h(z) 1a ham dong bién trén doan [1; 4] .

Do do Psh(z)sh(4):%.
Ding thuc xay ra khi va chikhi x=y=1z=4.
Vay gia tri 16n nhit cua P bang 2—27dat tai x=y=1z=4.

Bai 5. Cho a,b,c la cac s thuc dwong thoa man diéu kién abc+a+c=b.

Tim gid tri 16n nhét cua biéu thic P = 22 - 22 + 23 .
a+1 b°+1 c°+1
Loi gidi
co s K p 1 a+cC
Theo gia thiét ta co b(l—ac):a+c>0:>1—a1c>0:>a<—;b=1 :
c —ac
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2 2 3 2(a2+2ac+202 +1)2 3
Khido P= 5 — 5 +— = +— -2.
a+1 (a+c ¢ +1 (a2+1)(02+1) ¢t +1
l1-ac +1

o 2(a2+2ac+2c2+1)2 ]
Xéthamso f(a)= (a2+1)(02+1) +C2+1—2taco

~4c(a® +2ac—1
f'(a)= ( > );f'(a)=0<:>a=\/c2+1—c.
(a2+1) (02+1)
Ta c6 (a) dbi ddu tir dwong sang 4m khi di qua Je2+l-c.

V‘lva?tyf(a)sf(\/c2+1—c): x . 23 _
JeZ+1 co+1

. 2c 3
Xét ham so g(c) = + véi ¢ duong ta co
Je241 o+l
2(1—8C2) 1 ( )
g'(c)= 5 10'(c)=0=c=——,(c>0).
(02 +1) (30+\/02 +1) 2y2
Ta c6 g’(c) d6i dau tir duong sang 4m khi di qua ¢ = % .

. 1 10
Viva O)<g| — |=—.
ay g(c) 9(2\/5} 3

. . . 1 1 1 1
Ding thirc xay ra khi va chi khi c=——,a=,[=+1—-——=-——,b=+/2.
g e xay 22 s e

Vy gia tri 16n nhat cua P bang 10/3 dat tai

1 1 11
C=—=,a=,|"+l-—==-7b=+2.
242 8~ 222 2

Nhan xét. Ta c6 thé giai bai toan bang lugng giac xem chwong sau.
Bai 6. Cho a,b,c 1a c4c sb thuc khdng am thoa mdn a+b+c=3.
Tim gia tri nhé nhat cua bidu thuc P =a+b? +c3.
Léi gidi
Thay a=3—b—c vao biéu thuc caa P ta duoc:

2
P=b2—b+c3—c+3=(b—%j +c3—c+17412 f(c)=c3—c+1741.
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Xét ham sé f(c)=c3—c+1741véri ce[0;3]taco:

£1(c)=3¢2 ~L f (c) =0 = c == e[0:3].

V3
Ta c6 £(c) d6i dau tir am sang duong khi di qua C:%nén f(c) dat cyc tiéu tai
1
N
Suyra P> f(0)> f[ L |11 2B
J3) 4 9
Ding thuc xay ra khi va chi khi azé—i,bzl,c::i.
2 3 2 3
11 53 5 1 1 1
Vay gid tri nho nhit caa P ban ———dtt ia=————=,b==c=—.
Y9 9 2 B 2 B

Bai 7. Cho a,b,c 1a d¢ dai ba canh mot tam giac. Chirng minh ring

3(6‘ b °j>2( +< 9j+3.
b ¢ a c b a
Loi gidi
Khong mét tinh tong quat gia sir a =max{a,b,c}
- Néu a=c>b thi
a,b,c,a,b, £>3:3(a b, j 3(6* b Ej z(a b 2j+3
bcacab bca c a b c a b
- Néu a=bx>c thi

Xéthamso f(a)= 3[a b Ej—2(3+£+9j—3
b ¢ a c a

b

a® —bc)(3c-2a

Taco f(a)_§_3_g_3+2_22( 2( )
a- € a a‘hc

Do a>b>c=a’>hc
Khd nang 1. Néu 3c > 2a ham sé déng biénsuy ra f(a)> f (b) LIEP
c a
Khd néing 2. Néu 3c < 2a ham sb nghich bién suy ra

f(a)Zf(b+c):(b_C) 3c-20_2(b-2c)" +c(b—c)
be b+c (b+c)
Bat dang thire dugc ching minh.

>0
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Bai 8. (TSPH Khéi A 2011) Cho xy,z la ba s6 thyc thudc doan [14]va
X>2Y,X>2Z.

Tim gié tri nho nhét cua bidu thee P=—2 4 2
2X+3y y+zZ Z+X
Loi gidi
b X X y z A . 2.
Xéthamso f(z) = + + trén doan [1;4]ta co:

2X+3y y+z z+X

2
Xx—y)(z°-xy
yx ey)(Eow)

(y+z)2 (x+ z)2 _(x+z)2(y+z)2 '

+ Néu x= y:P—lJr y_ 2 =§.
5 y+z z+y 5

fi2)=-

+ Néu x> ykhido f'(z) =0z =[xy ta co £'(z) ddi dau tr 4m sang duwong khi
diqua z= \/W nén f(z) dat cuc tiéu tai z = \/@ .

X
Do dé P = f(2)>f(/xy) = 2y o) 2
2x +3y IR TN \FH
y y

bat tz\/z,(1<ts2)ta co
y

2 2 :(2—t)(35t2—27t+48)+34 4
27+3 t+1 33(ten)(2a+3) 33733

P>g()=
Ding thirc xay ra khi va chi khi
z=\/x7y,t=2<:>x=4y,z=2y<:>x=4,y=1,z=2.
Vay gia tri nho nhét cua P bang %dat tai x=4,y=12=2.
Nhan xét. Do P dang dang cip bac 0 nén ta c6 thé dat y=ax, z=b.x,
a,be[%;l} dua bai toan vé& tim gid tri nho nhit coa biéu thic

1 a

= + +
2+3a a+b b+l
dang thic phu).

dd duoc trinh bay & trén(xem thém chu dé st dung bat
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Bai 9. Cho céc sb thuc a,b,c e E;S} .

a b c
+ + .
a+b b+c c+a
Loi gidi

Tim gia tri 16n nhét cua biéu thic S =

bat f(a)= a_, b ;¢ . Xét hai truong hop sau:

a+b b+c c+a
b-c)(a% -bc
e TH1:a>b>c.Taco f'(a)= b __ ¢ =( )( )>0

(a+b)2 (a+c)® (a+b)’(a+c)

3
Suyra f(a)< f(3)= 3+b b+c 3

(

atkhdc g'(c)=— 2+ D

Mat g() (C+b)2 (C+3) (C+3)2(b+c)2
)

=g(c).

<0

1 3 3b 1
S <g|= b
uyrag(c) 9(3) 3+b+3b+1 10 (
3 3  (1-b)(a+b
(30+1)° (b+3)° (3b+1)(b+3)

Taco h'(b)=

Tur bang bién thiénsuy ra f (a;b;c) < f (3 1 ;j %

e TH2: c>b>a.TuTHltacé f(c;b;a

)
Mit khéc f(a;b;c)—f(c;b;a)=(a_b;(b_a)(a_c)SO.
Suy ra f(a;b;c)s%

Vay max$S :g, dat duoc khi va chi khi (a,b,c)e {31%)(%31}(1%3)}

Bai 10. Cho a,b,c €[0;1]. Tim gia trj lon nhat cua biéu thic

s a N b N c
P+cd+6 C+al+6 al+b+6
Loi gidi
bat f(c)= a + b + ¢

b+ct+6 c*+a®+6 at+b%+6



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

2 2
Taco f'(c)= 1 3ac - 3

a3+b3+6_(b3+03+6)2 (a3+c3+6)2

6ac(6+b3—203) 6bc(6+a3—203)
: (b3 +c3 +6)2 ) (a3 +c3 4+ 6)2
Nén f’(c) giam trén [0; 1]. Suy ra
£(c)> £(1)= 1 3a 3b 1 .3

£7(c)= <0

T3 5~ 22——2.—>0
6+a’+b (7+b3) (7+a3) 8 49
Suy ra f(c) tang trén [0; 1].
a b 1
Dodo6 S=f(c)<f(l)= + + =g(a).
(c)< 1) b3+7 a®+7 al+b +6 9@
2 2
Taco g’(a)= 31 B 2ab2_ 3a .
b* +7 (a3+7) (a3+b3+7)

) 6ab(7—2a3) 6a(b3+6—2a3)
(@) (ateprer)
Nén g’(a) giam trén [0; 1]. Suy ra

g'(a)=g'(1)= 1 » 3 )zz(bl lJ(S 3 j+5;—jb>0

<0

b¥+7 64 (7+b3 3,7 88 bi47
< . , 2 b
Suy ra g(a) ting trén [0; 1]. Do d6 S :g(a)sg(l):F+§:h(b).
+

) 1 6b2 (b3 +7)2 —48b2
Tacé h'(b) =3 (b3 7)2 - 8(b3 7)2 >0, Vbe[0;1].
+ +

Suy ra h(b) tang trén [0; 1], nén h(b)<h(1) =§:> S Sg.

Véia=hb=c=1thi maxS:g
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Bai 11. Xét cac sb thuc duong x, y, z thoéa man hé diéu kién

%gzsmin{X, yi (1)
xzz% (2)
yzzé (3)

Hay tim gia tri 16n nhat cua biéu thic P(x, y,z)=£+£+§ :
X y z
Lo gidi

Tir diéu kién (1) va (2) suy ra x> max{z,%} (4)
z

a) Xét ham sé f(x)=£+1 v6i x> 0 va tham sé zz%.Xéthai truong hop

X z
e Néu 732 thi X325+ theo (4) nén f(x)s£+l=2315 (5)
15 15z 7 71 1
e Néu2<7<% thixz—2 5 theo (4) nén f(x)£15—2+1:g(z).
5 15 15z 4 7z
, . 2
Xét ham so g(z) véi —<z<—.Taco
9(2) N
15 1 2
"(Z2)=——-=<071<—.

Do do6 g(z) 1a ham giam va f(z)<g(z)< g(gj:4 (6)
So sanh (5) va (6) taco
1 11 2

Lilaawlilogex-2,-2 ()
X z X Z 3 S

b) Xétham sé h(y)=—+1 véi tham s6 zzg
y ¢

Tir diéu kién (1) va (3) suy ra y > max{z,Si} (8)
z
Lap luan twong tu phan a) ta dugc

e Néuz>"1 thin(y)<25 (9)

G
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e Néu %s — thi h(y)<

Nl@

(10)

é‘

So sanh (9) va (10) tacé
11 9 .1 1 9

—+=<—va —+—:—<:>x=z,y=— (11)
y z 2 X z 2 5
So sénh két qua phan a) va b) ta c6
1 1
P(x,y,z)= (;4——) ( j
Dang thuc xay ra khi va chi khi x—3 y=l ==
3 2 5

Vay gié tri Ion nhét cia P bang 13.
Bai 12. Cho x,y,z la cac sb thuc thudc doan [

thic p:8[1+1+£j_5(1+1+£j.
y z X X z Yy

Lo gidi
Nhan xét. Ta thir dao ham P theo bién x ta duoc:

8[1_ij_5(_l+1j: 8x°2—82%y +5yz —5x%y _ (x* - yz)(82-5y)

I\)|I—‘

,2}. Tim gi4 tri nho nhét caa biéu

X2 z x2yz x2yz

Dé P min suy nghi dén dao ham khong am. Vay trudce tién can co x2 > yz ta chi
can gia st X =max{x,y,z}.
Khong mét tinh tong quat gia st x = max{x, y,z} .

8z—-5y 8y

Viét lai P dusi dang: P = f (x) = 22— x+ L 8Y 5% s fyz<x<2
yz X z y

(x2 —~ yz)(82 -5y)

Tacd f'(x)= >
x“yz

THL: Néu 8z -5y >0=> f '(x) > 0 nén f(x) la ham ddng bién trén [ yz;2] do d6

f(x)> f(\/ﬁ)_B—y—5—Z+16\f 10[

Datt:\p,(teB;zD Khido P=f(x)>f(\/yz)=g(t)= 8t2—3+$—10t
Z



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Xét ham sé g(t) =8t2 —%+1t—6—10t lien tuc trén F;Z}ta co:
t
t—1)(8t—5)(t% +t+1 te 1| |1=1
g'(t) = 16”E_1_6 -2 ts)( );g'(t)=0<—>[2} 5.
8

Taco g(j g) = 99(5) 387 (2)_

Suy ra min g(t) =9 xay ra tai t =1hoac t:Ehay x=y=zhoac z=4y,x=2y
TH2: Néu 8y -5z<0= f'(x)<Osuyra

F(x)>f(2)= 8[2 Yy j 5[1+i+3j=g(y)-
y z 2 2 y 2

Thyc hién twong tu.

Bai 13. Cho a,b,c 1a cac sb thuc thudc doan Bl} Tim gié trj 16n nhét cua biéu

thic p =270, bcca|

| ¢ b |

Loi gidi

Ta co:

o_[azh b-c c- a|_|aba b)+bc(b—c)+ca(c-a)| |(a— )(c-a)
_| c | abc |

abc | '

Do P la biéu thirc d6i xtng vai ba bién a,b,c nén khéng mat tinh téng quat gia
st a>b>c.Khido:

»_(a-b)(b-c)(a—c) _ b—c{a2 —(b+c)a+bc].

abc bc a

2_
Xét ham sb f(a):b_C a”—(b+c)a+he véi L<c<b<a<itaco:
bc a 2
b-c)(a® -bc
f(a) = 2= C( bg}%zo.
a a‘bc

Do d6 f(a) 1a ham dong bién trén [%;1} .

Suy ra P—f(a)<f(1)— - (1 b—c+bc)=g(c)= —b+c(%—1j+b—%.
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Xét ham sb g(c) :ﬁﬂz(%—l}t b —%trén doan E;l} ta co:
c

(1-b)(c® ~b) _(1=b)(c=b) __
bc? ~ bc? T

VISR ol LN P TRPSTITSN N I
g'(c) = " +b 1=(1 b)(b CZJ

Do d6 g(c) 1a ham nghich bién trén E;l} :

1 3 1
Suyra P<g(c)<g|=|=h(b)==—b——.
y g9(c) g(zj (b) 5 o

Xét ham sb h(b) =§— b _L lién tuc trén doan l;1 ta co:
2 2b 2

1 1
h'(b)=-1+——;h'(b) =0 =b=—.
(®) 2h? ®) J2

Ta c6 h(b) d6i dau tir dwong sang am khi di qua b= 1 nén h(b) dat cuc dai tai

J2
1 , 1) 3-22
b= Do do Psh(b)sh(ﬁJ_T.
1

Ding thtc xay ra khi va chi khi a=1,b=—=,c =%vé1 céc hoan vi.

J2
3-22 1
2

dattai a=1,b=—c =Eva cac hoan vi.
N/,
Nhan xét. Biém quan trong trong 1o giai trén 1a phét hién dang thic
a-b b-c c-a _ (a-b)(b—c)(c-a) |
C a b abc
Ngoai ra dé thay P Ia biéu thire dang cap bac 0 va dang d6i xang nén khéng mat
tinh tong quat ta cd thé gid st a>b>c. Tadit a=xc,b=yc,(22x2y>1).

(x-1)(y-1)(x-y)

Bai toan dua vé tim gi4 tri Ion nhat cua biéu thuc P = :

Vay gia tri 16n nhit cua P bang

Xy
DPay chinh la bai toan 2 t6i da trinh bay.
Bai 14. Cho a,b,c 1a cac s6 thyc thudc doan [1;2] va 4a+2b+c=11.
Tim gia tri 16n nhit va nho nhét cua biéu thuc P =1+§+§.
a c
Lo gidi

X , 4 2 3

Theo gia thiettacé 4a=11-2b—-csuyra P=f(bh)=——+—+—.
11-2b-c b ¢
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Xét ham sb f(b)=L+3+§Iién tuc trén [1;2]ta co
11-2b-c b ¢
2 DAY _ _
)-8 2_32:8b 2(11-2b 2c) _2(4b+c 11)(112c)<0’vb106[1;2].
(11-2b-c)° b°  b*(11-2b-c) b%(11-2b—c)

Do d6 f(b) la ham nghich bién trén doan [L,2]suy ra f(2)< f(b) < f(1).
Tim gid tri lén nhat cia P.

Xét ham sb g(C):f(1)=i+2+§ ta co:
9-c c
2 J—
g'(C):%_%:M<O,VCE[L2]-
(9-c)° ¢ c“(9-c)

Vay g(c) 1a ham nghich bién trén doan [1;2]= P = f(b) < f (1) =g(c) <g(1) =1—21.
Ding thuc xay ra khi va chi khi b=c=1a=2.
Vy gia tri 16n nhit cua P bang %dat tai a=2,b=c=1.

Tim gia tri nhé nhit caa P.

Xét ham sb h(c) = f(2):7i+1+§ta c6:
—-C C

, 4 3 c?+42c-147
h(c)= 2" 2T 2,
(7-c)° ¢ c*(7-c)

Do d6 h(c) 1a lam nghich bién trén doan [12].

Suyra P=f(b)> f(2)=h(c)2h(2)=%.

<0,vce[L2].

Ding thirc xay ra khi va chi khi b=c=2,a :%.

Vy gia tri nho nhét cua P bang %dat tai a =%,b =c=2.

Bai tap twong tw
Cho a,b,c Ia céc s6 thuc thude doan [1;3]théa mén a+2b+3c=12.

Tim gia tri nho nhét cuaa biéu thic P 3,21
a c
Bai 15. Cho a,b,c la cac s thuc thude doan [12]. Tim gia tri nho nhét cua biéu
1 1 1

thac P = + + )
4+a—-ab 4+b-bc 4+c-ca
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Loi gidi
Coi P 1a ham s6 cua a va b,c 1a tham s ta co:
P=1f(a)= 1 + ! + L :
4+a-ab 4+b-bc 4+c-ca
fa=—2"t + © sovabce[t2].
(4+a-ab)” (4+c-ca)

Do d6 f(a) 1a ham dong bién trén doan [1; 2] .

1 1 1
Suyra f(a)>f()=g(b)= + +=.
yra t@)= 0 =90) =g b T2
L X 1 1 1, R ) .
Xét ham s6 g(b) = + += lién tyc trén doan [1;2] ta co:
5-b 4+b-bc 4
g'(b) = 1 e >0,vb,ce[L;2]. Do dé g(b) 1a ham ddng bién

(5-bY’ (4+b-bc)’
trén doan [1'2].
1,1, 1

3
Suvra P>gM>a()==+——>=—+ _2
y 9()9()25 A

Vy gia tri nho nhét cua P bang Zdat tai a=b=c=1.
Bai 16. (Viét Nam TST 2001) Cho a,b,c |a céc sb thuc dwong thoa mén

21ab+2bc+8ca<12.
1 2 3
Tim gia tri nho nhét cua biéu thuc P==+= . +—.
a c
Loi gidi
Taco: 21ab+2bc+80::1<12<:>g § £<£
a b c¢ abc
< 1 1 1
Datx=—,y=6 ==,(x,y,z>0)va 2x+8y+212<12xyz. Khi d6 P =x+2y+3z.
a c
Ta co: z(12xy—21)22x+8y>0:>zzﬂva x>
12xy -21 4y
Khids P> x+2y+3-2X18Y _y oy, 2X+t8Y
12xy —21 axy -7

j ta duoc:

2
ﬂ (0 =0 (ry— 7Y =144 32y% o x = 3y = N3V H1E
(4xy—7) 4y

Xét ham sb f(X)=x+ 2y+ 837/ trén khoang (4l,+oo
y

fi(x)=1-
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Ta c6 £(x) doi dau tir &m sang duong khi di qua Xonén f(x) dat cuc tiéu tai Xg -

2
Do do f(x)= f(X0)=2y+4i+M_
y

2y

\32y?% +14 trén (

n (0;+o0)ta co:
2y

, 9 7 , 5
0'(y)=2-—5 -—————10'(y) =0 8y’ -9)J32)* +14 -28=0 > y = .
4y y2\32y? +14 4

Ta c6 g’(y) doi dau tir am sang duong khi di qua %nén tai y =%g(y) dat cuc

Xét ham sé g(y) =2y+i+
4y

15

tiéu. Do do6 g(y)>g( j >

Suyra P> f(x)= f(XO):g(y)Zg(%j:%'
Vay gia tri nhé nhat cta P bang %dat tai y :%,x =37z =%hay

azl,bzi,c=—.
3 5 2

Bai 17. Cho a,b,c la cac sé thuc thuge doan [1;2]. Tim gia tri I6n nhat cia biéu
10a 11b N 2014c

thirc P=——+-—
bc ca ab

Loi gidi
2014c 1(10a 11b)
+—| —+—.

Ta lan luot coi P 1a ham cua c: f(c) = -
ab clL b a

Ta co:
(o= 2204 2014 12 (10a +@] _ 2014c” -10a° -11b° | 2014.1° ~10.2° ~11.2°
b a abc? abc?
Do d6 f(c) 1a ham dong bién trén [1;2].
Dods f(c)< f(2)=g(b)=2028,53 110
ab b 2a
4028 5a 11b

Xétham sé g(b) =——+-—+—— trén doan [1;2]ta co:
ab b 2a

vy 114028 11b2 ~2.4028 _11. 22 -2.4028
g'(b)= > —< . <0.
2a  ab 2ab 2ab

>0,
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Do d6 g(b) 1a ham nghich bién trén doan [1; 2] suy ra

g(b)< g()=h(a) = 2228 159, 1L
a 2a

Xét ham sb h(a) = 4028 +5a+ ;—1trén doan [1;2]ta co:
a a
h'(a) = —% +5- 211 <0,vae(L2]. Do d6 h(a) 1a ham nghich bién trén [1;2]
a’ a’
8077 8077

Vi vay h(a)<h(l) = > =P< > bing thiac xay ra khi va chi khi
a=b=1c=2.

Vay gia tri 16n nhit cua P bang 8077 dattai a=b=1c=2.
C. BAI TAP REN LUYEN
Bai 1. Cho 2 s6 thyc x,y thudc [0;1]. Tim gia tri 16n nhét cua biéu thic
P=2(x3+ ye’)—xzy—y2 -X.

Bai 2. Cho x,y la hai s6 thuc dwong thoa méan x,y <4.

Tim gié tri nho nhét cua bidu thic P =+ 2

2y X Xy
Bai 3. Cho hai sb thuc x,y thoa méan diéu kién x>y >1.
2(x+1)  2x(x+1)

Chting minh ring X + x+4 > + +2y.
X+Yy y+1

Bai 4. Cho céc sb thuc 0<a<b<c<1. Tim gia trj Ién nhit cua biéu thic
Pz(a2 —bz)(b—c)+cz(1—c).

Bai 5. Cho a,b,c 1a c4c s6 thuc duong thoamdn a+b+c=8.

3 8
Tim gid tri nho nhat cua biéu thac P = .
J f f J3c+2a
Bai 6. Cho x,y,z la c4c sb thyc duong thoamdn x>y >z.
Ching minhring 2+ 2+ Y%, Y, 2
Z y X y 7 X

Bai 7. Cho X,y,z 1a ba s thyc thuge doan [1;3]. Tim gia tri I6n nhét cua biéu thic

X z X z
P:—+X+—+1+—+—.

Yy Z X X z Yy
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Bai 8. Cho x,y,z 1a cac s thuc thudc doan %;1} .

Tim gid tri 16n nhét va gia tri nho nhét caa biéu thac

P:(x+y+z)2 l+£+1J
X y z

Bai 9. Cho x,y,z 2 ba s6 thyc thuge doan [L9]va x>y, x>z.

X z
Tim gié tri gia tri nho nhat cta biéu thac P = Y

X+2y y+Z Z4+X

Bai 10. Cho x,y,z la cac s6 thuc thudc doan E;S} .

N L, O T SR , X z
Tim gia tri I6n nhat va gié tri nhoé nhat cua biéu thuc P = . A .
X+y y+zZ z+X

Bai 11. Cho x,y,z la céc s6 thuc thuge doan [1;3]. Tim gié tri nho nhat cua biéu
thuc P:5[1+l+£j_§_i_l_
y z X

Bai 12. Cho a,b,c 1a cac s6 thyc thude doan [12].

Chtrng minh rang a +b® + ¢ < 5abc.

Bai 13. Cho a,b,c 1a cac s6 thyc thude doan [1;2].

Chung minh (a+b +c)(1+1+£j <10.

a b c

Bai 14. Cho x,y,z 1 cac s6 thyc thudc doan [12].

Tim gia tri 16n nht cua biéu thiac P _10x Ly 12z

vz X Xy
Bai 15. Cho x,y,z 1 cac sé thyc thudc doan [1,3].
36x 2y z

Tim gia tri nho nhét cua biéu thucP ==+ =L 4+ =
yz X Xy

Bai 16. Cho a,b,c la céc s6 thuc thudc doan [1;3]théa mén a+2b+3c=12.
i, I P i 3 2 1
Tim gia tri I16n nhat va nhé nhat caa biéu thuc P=—+—+—.
c
Bai 17. Cho xy 12 hai s6 thyc thudc doan [1;2] . Tim gia trj 16n nhat cua biéu thic
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-1 1-x
X—y+—+—.
X y

P=

Bai 18. Cho a,b,c la cac s6 thuc thudc doan { }
b

Tim gié tri I6n nhét cua biéu thirc P—Ia C;ai.
Bai 19. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién 21ab+2bc +8ca<12.
Tim gié tri nho nhét cua biéu thic P =£+% E
a c

Bai 20. Cho x,y,z la cac s6 thuc dwong thoa man diéu kién x+y+z < xyz.
Tim gié tri nho nhét cua biéu thuc P =x+2y+5z.

Bai 20. Cho x,y,z la céc s6 thuc duong thoa man didu kién x+y+z = %xyz .
Tim gia tri nho nhat cua biéu thic P =6(x+y)+z.

Bai 21. Cho x,y,z la céc s6 thyc dwong thoa min diéu kién x? + y% + 22 =6.
Tim gid tri nho nhét caa biéu thac P _ X, 2y, 5z
yz X Xy

Bai 22. Cho a,b,c 1a cc s6 thuc duong thoa mén diéu kién ab >% va

3a+57b+7c=3abc +@

a
Tim gia tri nho nhat caa biéu thic P=a+b+c.
Bai 23. Cho a, b, ¢ 1a d6 dai ba canh cia mot tam giéc. Chang minh ring
a(b—c)’+b(c—a)’ +c(a—b)’ +4abc >a’ +b%+c?.
Bai 24. Cho a, b, ¢ 1a do6 dai ba canh ciia mot tam giac (c6 thé suy bién).
ortr _|(@-D)(b-a)(a—c)
‘(a+b)(b+a)(a+c)|

Bai 25. Xét cac s6 thuc duong x, v, z théa man hé didu kién

. Tim maxT va chiing minh rang maxT <%.

0<z<y<x<3 (1)

2iZ1 (2

Xy y

ottt )
Xy 'y 7°X
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Hay tim GTLN cua biéu thic P(x,y,z) =%xyz +¥x3 +%y3.
D. HUONG DAN GIAI - PAP SO
Bai 1. Xéthamsd f(x) =2x> — x*y — x+2y® - y trén doan [0;1]ta co:

. 2
YTNYER o]

: .
X = y+— “é’+6 c [O,]_]

2
YHNY *D “é“’e nén f(x) dat

X
f'(x)= 6x> -2xy-Lf'(x)=0

Ta c6 °(x) ddi diu tir 4m sang duwong khi di qua x =

y+4y’ +6
——
Do d6 PsMax{f(O);f(l)}=Max{2y3—y2;2y3—y2—y+1}=2y3—y2—y+1v‘|

cuc tiéu tai x =

2y3—y2—y+122y3—y2,Vye[0;1].

Mat khac 2y3—y2—y+1=y(2y2—y—1)+1=y(y—l)(2y+1)+1sl,Vye[O;l].
Suy ra P <1.Bang thic xay ra khi va chi khi x=1,y =0hoic x=y=1.

Vay gié tri I6n nhat cta P bang 1 dat tai x=1,y=0hoic x=y=1.

Bai 2. Xét ham s f(x)=i+l+Evéi x e (0;4]ta co:
2y X Xy

, 1 12 x*-2y?-24 x*-24
f (X):__lz_ 2~ yz < 2
2y x° yx 2yx 2yX

<0.

Do d6 f(x) 1a ham nghich bién trén khoang (0;4]suy ra
(y-4)(y-5) 9.9

4y 44
Ding thirc xay ra khi va chi khi x=y=4.

P:f(x)zf(4)=%+§= Vo<y<4.
y

Vy gia tri nho nhét cua P bang %dat tai x=y=4.

Bai tip twong tw
Cho a,b,x,y 14 cac sb thuc duong thoa man a® +b =1va x,y<4.
X2 + 2y2 +24

Tim gia tri nho nhét cuaa biéu thuc P = -
xy(a +b )
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2(x+1) ~ 2x(x+1)
X+y y+1

, 2(2x+1) 2(y-1) 2X+1 2
f =2X+1— - =(y-1 - >0.
(x)=2x+ y+1 (x+y)2 by )( y+1 (x+y)2J>

Bai 3. Xétham sé f(x)=x? + x+4- —2y V6i x>y >1taco

Vi vay f(x) 1a ham dbng bién suy ra f(x)> f(y) = y? -3y+3—1= >0.
y
Bat dang thie dugc ching minh. Bang thie xay ra khi va chi khi x =y =1.

Bai 6. X6t ham s6 f(x):x(1—1J+(y—z) 1.2 Yo
z y X y z

11 y-z (y—z)(x2_yz)

y  x x2yz

fi(x) =

>0,Vx>2y>z>0.

Vay f(x) 1a ham ddng biénsuy ra f(x)> f(y)=0hay >+ Z+¥>X Y 2
Z Yy X Yy 7 X
Ding thirc xay ra khi va chi khi x=y .

Bai 7. Khong mat tinh tong quét gia st x>y > z. Coi P 1a ham cua x ta dugc:

P:f(x)=[£+% x+ Y T2 Y 2 i x [1;3]taco:
y 2 X 7y

2
y+2z)[x°—yz
£1(x) = 1 1 y+22 ( )g )20.
z X X“yz

Do d6 f(x) la ham dong bién trén doan [13].

Suyra P=f(x)< f(3)= g(z):3(£+lj+u+l+i_
y 2

3 zZy
Xéthamsé g(z) = 3{£+—J+u+ Y 1 Zirén doan [1;3]ta c6:
y 2 3 Zy
y+3)(z2 -3y
9'(z)=—%+1—l2+1=( )( 5 )SO,V1£ZSy£3.
22 3 2y 3yz

Suy ra g(z) 1a ham nghich bién trén doan [1;3] hay

+£:w §<§ Vye[l:g]
y 3y 3 3

Ping thirc xay ra khi va chi khi x =3,y =z=1hoic x=y=3,z=1.

P<g(2)<g)= 3[1+1j y+l,
y 3
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Vay gié tri 16n nhat cua P bang %dattai x=3,y=z=1hoic x=y=3,z=1va

cac hoan vi.
Céch 2: Khong mat tinh tong quét gia st x > y > z khi do:

§+12X X
z
(x=y)(y-2)20& xy+yz>y* + 2x = : y
Z_y 1
1+—>=+—
X Xy

Suy ra Ps2(5+5j+2.
Z X

bat t=§,te[1;3]suy ra (t-1)(t-3)<0 =t +3£4t<:>t+%£4.

Suyra P<2 t+1 +2<2 4—E +2=10—££10—£=§.
t t t 3 3

Nhan xét. Ta c6 thé viét lai bit ding thitc dudi dang: (x+y + z)(£+£+1J 33—35 .
X y z

Bat dang thuc tong quét cua dang toan nay da dé cap dén trong chi dé trudc.
Bai tap twong tw

Cho x,y,z la cac s6 thyc thude doan [12]. Ching minh rang

(x+y+ z)[1+3+3]310.

X y z
Bai 8. Tim gia tri nhé nhit caa P.
3 27

Ta co: x+y+22§;(x+y+z) l+1+1 >9=>P>=-9=—.
2 X y z 2 2

Ding thirc xay ra khi va chi khi x=y =z =%.

Vay gia tri nho nhét cua P bang 2—27dat tai x=y=12 =%.

Tim gia tri l6n nhit caa P.
Khong mat tinh tong quét gia str x > y > z khi do:

Xét ham sb f(x):(x+y+z)2 (l+l+ljtrén doan E;l} ta co:
X y z
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2 xyz+(2x2 —yz)(y +12
f'(x):2(x+y+z)[—+£+1]—<x+y—;z):(x+y+z) ( . )( ) 50
y 1 X X°yz
vi x2>yz
Do d6 f(x) 1a ham dong bién trén E;l} suy ra
1 1 2
P=f(x)sf(l):g(y)=(1+—+—](1+y+z) .
y z
e LA X 1 1 2, A 1_ ‘.
Xét ham so g(y)=(1+—+—](1+ y+2)” trén doan [E,l}ta co:
y z
2 2
yz+(2y“-z)(z+1
g'(y)=—w+2(l+y+z)(1+£+1j:(1+y+z) ( . )( )>0
y y ¢ y°z

Vi 2y?=2yy>y>7z.
Viy g(y) 1a ham ddng bién trén doan {%;1} suy ra

, (2-1)(22° +112-4)

P£g(y)Sg(1)=(2+%j(2+z) = - +27s27,VZeB;1}.

Ding thuc xay ra khi va chi khi x=y=z=1.
Vay gié tri Ion nhét cua P biang 27 dat tai x=y=z=1.
Nhan xét. Sir dung bit ding thirc AM-GM ta tim gid tri 16n nht caa P nhu sau:

3
Psi l+£+1+2(x+y+z) .
27| x y 2

Ta co: 2x+l=w+333,we{3;1}.
X X 2

Tuong tuy ta co: 2y+£s3;22+1£3. Do d6 Ps%(3+3+3)3 =27.
y z

Ding thirc xay ra khi va chi khi x=y=z=1.

Bai 9. Xétham s f(z) =———+—Y— + 2 trén doan [1;9]ta co:
X+2y Yy+Z Z+X

e P AR ey )

(y+z)2 (x+z)2 (x+z)2(y+z)2'
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+ Néu x= y:P:EJr y +L:£_
3 y+z z+4y 3

+ Néu x> ykhido f'(z) =0 z=/xy ta co £'(z) ddi dau tr 4m sang duwong khi
diqua z= \/X_y nén f(z) dat cuc tiéu tai z = \/X_y .

X
2y y 2
J’_

J’_

DodoP—f(z)>f(\/7)—X oy ﬁ+[ v =
—+2 241
ARG

Dit tz\/z,(1<t£3)ta co
y

2
e 2 (37 —16t+10)+§>§
2 T+ 22(t+1)(t+2) 22 22
Ding thirc xay ra khi va chi khi
z=\/W,t=3<:>x=9y,z=3y<:>x=9,y=l,z=3.

P>g()=

Vy gia tri nho nhét cua P bang % dattai x=9,y=12z=3.

Bai 10. Giasir z=min{x, y,z} khi d6 xét ham sé f () =——+—Y—+—2 taco:

X+Y Y+Z Z+X
f'(z)=- y 5 X (X y)(z _X)

(y+2) (x+z) (x+z) (y+z)

3

+ Néu x= y:P=1+ y 2 .2
2 y+z z+y 2

X

y
Xy

f‘(z):Oc{

+ Néu x>y= f'(z)<0nénf(z) laham nghich bién do do

2y o [x
_f(z)>f(\/_)_x+y \/§+\f : +1+t+1 olt—\/;,(1<t£3).

2 2 (3-p(2° -2+
211 t+l 5(t+1)(t° +1)

Mait khac:

Ding thirc xay ra khi va chi khi
z—\/_t_3<:>x 9y, z=3y < x=3,y=

OJII—‘
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Vay gié tri nho nhat cua P bang %dat tai x=3,y =%, z =1hozc céc hoan vi.
Tim gid tri 16n nhét thuc hién tuong tu
Bai 12. Khoéng mat tinh tng quat gia st 1<c<b<a<2 khi d6 bat ding thuc
tuong duong voi: a® —5bca+b3 +¢®<0.
Xéthamsb f(a)=a® —5bca+b® +¢* trén doan [1;2] ta c6
f'(a)=3a® —5bc; f "(a)=6a>0.
Suyra f(a) < max{ f (1); f(2)}=max{1—5bc+b3+c3;8—10bc+b3 +c3}.
Tachicanchirarang f(1)<1, f(2)<0.
+ Xéthamsd g(b) = f (1) =b® —5¢cb + ¢ +1trén doan [1;2] ta c6
g'(b) =3b% —5¢;g"(b) =5b>0 .
Suy ra g(b)<max{g(1) g(2) { -5c+2;c —1OC+9}
Chay ¢®~5c+2=(c-2)(c” ~1+2c)<0,vee[L2]
¢®~10c+9=(c-1)(c* +c-9)<0,vce[12]

Do d6 f(1)<0.Tuongtutaco f(2)<0.
Bai toan dugc ching minh. Dang thirc xay ra khi va chi khi a=2,b=c=1va
cac hoan vi.
Bai tap twong tw
Ching minh a,b,c 1a cac sé thuc thude doan [1;2] ta co
2(a3 +b? +c3)s(a+b+c)(ab+bc+ca).

Bai 13. Bat ding thirc can ching minh twrong duong voi:
a b c b c a
—4—+—+—+—+—<=7.
b ¢c a a b c
Khong mat tinh tong quét gia str a>b>c. Khi d6
(a—b)(b—c)20<:>ab+b02ac+b2<:>3+123+9va£+12£+9.
c b ¢ a a

Dodc’)E+9+E+B+E+E£2+2(E+Ej.
b ¢c a a b c c a

Vay ta ching minh 3+Es§@(3—zj(3—1jsoman ding do 1<c<a<2.

c a 2 c c
Bat dang thuc duoc chimg minh. Pang thic xay ra khi a=b=2,c=1hoic
a=2,b=c=1 vacac hoan vi.
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Tong quat. Cho cac s thuc x,,X,,..., X, €[ P;a],(p,q=0). Ching minh

2
(M+x2+“+M)ﬂ£+£Lh"+iJgn2+h(p_q)_
XX Xn 4pq

trong d6 k, =n?néu n chin va k, =n? -1 néun l¢.

Bai 16. Tir diéu kién ta cé: 3c =12 —a — 2bkhi d6 P=§+g+;.
a b 12-a-2b
Xét ham sb f(a)=§+g+ trén doan [1;3]ta co:
a b 12-a-2b
12(6-b)(a+b-6
a3, 3 _12(6-b)( )

5 SO,Va,be[l;IB].

a® (12-a-20)° a(12—a-2b)’
Do d6 f(a) 1a ham nghich bién trén doan [1;3]suy ra

g(b)=1+g+ﬁ= F(3)=P=f(a)< f1)=h(b) =3+ 24—

b 9— b 11-2b
Bai 19. Pat x=1,y:6,z ="ta cO 2x+4y+7z<2xyzVva ta can tim gia tri nho
a c

nhét cua biéu thuc P =x+ y+z. Thuc hién tuong tu bai toan trén ta co gia tri
nhé nhit caa P bang 15/2 dat tai a=%,b _4..3
) 100 3a+57b—@
Bai 22. Theo gia thiét ta co: c¢(3ab-7)=3a+57b—-—=c :Tﬁ :
a ab —

3a+57b—@

2 —
Khi do p:a+b+—a:a+b+3a +57ab -100
3ab-7 a(3ab-7)

3a’ +%(3ab—7)+33
a(3ab-7)
3a°+33 64
—+_
a(3ab-7) 3a
2 2
PP i(3ab—7).—3é1 T3 g % el 3
3a a a(3ab-7) 3a a 3

Viéc xuat hién 3ab—7 ta suy nghi dén viéc khir cai d6 khoi biéu thic cua P
bang cach tach nhdm hop ly va triéu tiéu bang AM-GM.
Chu'y. Khao sat ham sé f(a) sau cung ta c6 ngay két qua bai toan.

3a®+33 57

=a+b+ —+—
a(3ab-7) 3a

=a+b+

1
= —(3ab-7
a+3a( a )+

Véi a=5,b :%thi P bing 3—: Vy gia tri nho nhét cua P bang 3—:
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CHU DE 7: KY THUAT SU DUNG TINH CHAT CUA
NHI THUC BAC NHAT VA TAM THUC BAC HAI

A. NOI DUNG PHUONG PHAP
Ta mé dau ky thuat nay bang cic dinh 1y sau day
1. Pinh ly 1. Néu f(x) 1a ham bac nhat thoa man diéu kién f(a)>0, f (b) >0 khi

do f(x)>0,vxe[a;b].
2. Dinh ly 2. Néu f(x) 1a ham bac nhét khi d6
min{ f (a); f (b)} < f (x) <max{ f (a); f (b)}, vxe[a;b].
3. Pinhly 3. Néu f(x)=ax*+bx+c,(a=0)khi d6 véi moi xe[e;f].

Ta co f(x) dat Max, Min tai x =« hoac x = £ hoac x :—%.
B. BAI TAP MAU
Bai 1. Cho x,y,z la cac s6 thuc thudc doan [0;2].
Ching minh rdng 2(x+y +2)—(xXy + yz+2x)<4.
’ Loigid
Phan tich tjm loi_gidi: Néu coi y va z la tham s6 thi bat dang thac cé dang nhi
thirc bac nhat cua x nén ta danh gia theo dinh ly 2.
Viét lai bt dang thie da cho dudi dang:
f(x)=(2-y-z)x+2(y+z)-yz—4<0.
Do xe[0;2]nén f(x)<max{f(0);f(2)}.
Taco f(0)=2(y+z)-yz—4=(y-2)(2-2)<0,vy,z€[0;2].
f(2)=2(2-y-z)+2(y+z)-yz—4=-yz<0.
Suy ra f(x)<0. Bét dang thirc dugc ching minh déng thire dat tai ching han
x=0,y=z=2.
Bai 2. Cho a,b,c,d la cac s thyc thuge doan [0;1].
Ching minh ring (1-a)(1-b)(1-c)(1-d)+a+b+c+d-1>0.
Lo gidi
Ta can ching minh P =(1-a)(1-b)(1-c)(1-d)+a+b+c+d-1>0.
R® rang biéu thirc vé trai 12 ham bac nhat d6i véi mdi bién a,b,c,d.
+ Néu coi 12 ham bac nhét cua a thi biéu thie P dat gié tri nho nhét tai a =0 hoic
a=1.
+ Tuwong tu P dat gia tri nho nhét tai b,c,d e {0;1}.
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Néu mot trong 4 s6 bang 1thi P>0.
Néu ca 4 s6 bang 0 thi P=0.
Vay P>0,Va,b,c,d €[0;1] ta c6 diéu phai ching minh.
Bai 3. Cho 2015 s6 thuc X, X, ..., X015 thudc doan [-2015;2015].
Tim gid tri nho nhat ctia biéu thic P = XX, + XoXg + ... + Xo14X2015 + Xo015X1 -
Léi gidi
Tuong ty bai toan trén ta co P dat gié tri nho nhat khi
X, € {~2015;2015} i =1,2015.
Trong 2015 sb da cho ludn ton tai it nhit 2 sb cung du khong mét tinh téng
QUAL gia St X;X, >0=> XX, = 20157,
Khi do
P = 20157 + XoXg + ...+ Xop15% > 20152 — 20157 —...— 2015% = —2013.20157.
Vi X =X, = 2015, %3 =—-2015, x, = 2015,..., Xp914 = 2015, X5q15 =—2015 thi

P =-2013.2015°.
Vay gia tri nho nhét cua P bang —2013.20157 .
Bai 4. Cho a,b,c Ia cac s6 thuc thudc doan [0;1].
a b c
+ +
b+c+l1 c+a+1 a+b+1
Loi gidi
Goi P la biéu thirc vé trai cua bat dang thuc.
Khéng mat tinh tng quét gia st
b b ¢ c
< : < .
c+a+l b+c+l a+b+1 b+c+1

+(1-a)(1-b)(1-c).

Ching minh rang +(1-a)(1-b)(1-c)<1.

a=max{a,b,c} =

a+b+c

b+c+1

Vay dé chirg minh bat dang thic trén ta chi can ching minh
a+b+c

b+c+1

Tacé f(a)<max{f(0); f(1)}.

Suyra P<

f(a)=

+(1-a)(1-b)(1-c)-1<0.

b+c
b+c+1

bc(b+c)—(b2+c2)—bc—1

Taco f(1)=0;f(0)=

+(1-b)(1-c)-1

b+c+1
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b? +c?

<(b+c). (b +c) bc-1

b+c+1

(b*+¢?)(b+c—-2)-2(bc+1)
= <0
2(b+c+1)
Suy ra diéu phai chang minh.
Céch 2: Ta c6 thé chimg minh theo cach khac nhu sau:

a+b+c
b+c+1

< (1-a)(1-b)(1-c)<1

+(1-a)(1-b)(1-c)<1

a+b+c 1-a
" b+c+l b+c+l
< (1-b)(1-c)(b+c+1)<1
ludn ding theo AM-GM.
Bai 5. Cho a,b,c 1a cac s6 thuc khong &m théa méan diéu kién a+b+c=1.
Tim gié tri I6n nhat cta biéu thirc P = ab +bc + ca — 2abc.
Loi gidi
Do P la biéu thire ddi ximng véi a,b,c nén khéng mét tinh tong quét ta cé thé gia

a+b+c=%:1—2o>o.

sir c=min{a,b,c} =c<

Khi d6 viét lai P dudi dang: P =ab(1-2c)+(a+b)c=ab(1-2c)+c(1-c).
Str dung bat ding thac AM-GM ta co:

ocene 232 (157 =157 |

Coi ab 12 4n thi P 12 ham bac nhit cua ab.

Suy ra

2 2

l-c l-c

MaxPzMax{P(O);PKTJ }}zMax{c(l—c);(l—Zc)(T] +c(1—c)}

1-¢)? 15 1, 1 1
Xét ham s f(C):(l—ZC)[—] +e(l-c)=—=c+=c® += voi CE|:0;—:|

2 2. 4 4 3
ta co:

f'(c) =%(—3c2 +c) :%c(1—3c) >0,Vce {0;%} .

Do d6 f(c) 1a ham dong bién trén doan [O;%} .



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

1 7
Suyra Max f(c)=f| = |=—.
yra Max 1(c) @ a

C€|:O;§:|
Ding thuc xay ra khi va chi khi a=b=c =% .

2c.(1-2c)

[2c+1—2cJ2 1 7

XétQZC(l—ZC)Z 2 =§<E.

Vay Max{c(l—c);(l— 2(;)(1—70)2 +C(1_c)} — f (%) =27—7 .

Vi vay gia tri 16n nhat cia P bang %déng thirc xay ra khi va chi khi

a=b=c==.
3

Nhan xét. Vi 1—2c > 0nén ta c6 thé danh gia truc tiép:

Ps(a;bjz(l—ZC)Jrc(l—c)=(1_ch2(1—20)+c(1—c).

Bai 6. Cho x, Y, z la cac sb thuc khong &m c6 téng bang 3.

Chung minh ring X2 + y2 + 22 +xyz > 4.
Loi gidi
Khong mét tinh tong quét ta gia st x=min{x,y,z} = 3x<x+y+2=3= xs%.

Dit biéu thire vé trai bat dang thuc 12 P, khi do ta c6:

2

P—4:x2+(y+z)2—2yz+xyz—4:(x—2)yz+x2+(3—x) -4

= f(t)=(x—2)t+2x2—6x+5

.. (y+z}2 (3—xj2
Voi 0<t=yz< =

2 2
~ N S, , Z , ~ 3—-X 2 . N X
Vay ta tim gia tri nhé nhat cua f(t) trén | 0; — | ta co f(t)la ham so
nghich bién do x—2<0.
3-x\?) 1
Vay P—-4=f(t)> f{(Tj J=Z(x_1)2(x+2)ZO:P24.

Tir d6 ta co diéu phai chimg minh. Dang thirc xay ra khi va chi khi x=y=z=1.
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Bai 7. Cho a,b,c 1a cac sb thuc duong thoa man diéu kién a+b+c=1.
Chitng minh rang 5(a2 +b? +02)§ G(a3 +b3 +c3)+1.
Loi gidi
Khong mat tinh tong gia st a=min{a,b,c} = a g%
Bt dang thire da cho tuong duong voi:
S[a2 +(b+c)’ - 2ch < 6[a3 +(b+c)*—3bc(b+ C)J +1
< S[a2 +(1-a) —2ch < 6[a3 +(1-a)’ —3bc(1—a)}+1

& (9a-4)bc+(2a-1)*>0

o brc)? (1-a)?

2
Vay ta chi can ching minh: f (t) =(9a—4)t +(2a—1)2 >0,Vte [0;(1_76[} } .

2
Do f(t) Ia ham nghich bién nén f (t)> f [(1_7&) ]:%a(3a—1)2 >0.
Ta c6 dpem. Bang thirc xay ra khi va chi khi a=b=c =% .

C. BAI TAP REN LUYEN
Bai 1. Cho a,b,c Ia cac s6 thyc thudc doan [0;1].

Chang minhring a+b+c—ab—bc—ca<0.
Bai 2. Cho la cé4c sb thuc khdng am thoa mian didu kién a+b+c=1.

a) Ching minh ring a° +b® + ¢ + 6abc 2%.
b) 7(ab+bc+ca)<2+9abc.

Bai 3. Cho a,b,c 1a cac sb thuc thudc doan [O;ﬂ va a+b+c=1.

Chung minh ring a° +b® +c® + 4abc < 39—2 :

Bai 4. Cho a,b,c 1a cac s6 thuc thuge doan [1;2]. Ching minh a® +b® +¢® < 5abc.
Bai 5. Cho céc sb thuc khong am x,y,z ¢6 tong bang 1.
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Chirng minh rang 0 < xy + yz + zx — 2xyz < 27—7 .
D. HUONG DAN GIAI - DAP SO
Bai 2. a) Khong mat tinh tong quét gia st a=max{a,b,c} = a 2% :
Bat dang thie trong duong voi:
a®+(b+c)’ —3(b+c)bc +6abc 2%
oa®+(1-a) —3(1—a)bc+6abc—%z 0.
& 4(3a-1)bc+(2a-1)*>0
Bit dang thuc cudi dung. Béng thirc xay ra khi a=b = %,c = 0 hoic cc hoan vi.

c) Khdng mét tinh tong quat gia sir a=min{a,b,c} =7-9a>0.
Bt dang thire da cho tuong duong voi:
(7-9a)bc+7a(b+c)-2<0
< (7-9a)bc+7a(l-a)-2<0

2
Vé trai 1a ham dong bién véi be va b < [b_;cj , do d6 ta chi can ching minh

2
(7—9a)(b—;cj ~7a2+7a-2<0

2
o (7-9) 1228] ~7a? +7a-2<0
2

@)@t
4

Bat dang thuc cubi dung. Dang thirc xay ra khi va chi khi a=b=c= % :

Bai 5. HD: Gia sir x=min{x,y,z} = 3x<x+ y+z=1:>xs%.

Khidotaco: P=xy+yz+zx—2xyz=yz(1-2X)+xy+2zx=>0
Ding thuc xay ra khi va chi khi x=1,y=z=0.
Vy gia tri nho nhét cia P bang 0 dat tai x =1,y = z = 0 hoic c4c hoén vi.

2
Mat khéc ta lai c6 P = yz(1—-2x) + x(y +2z) < x(1- x)+(1_TXj (1-2x)=f(x)
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Tatim gid tri 16n nhat caa f (x) trén doan [Oﬂ
, ' 3 1 , X - X A 1
Taco f'(x)= EX(E - Xj >0, dodo f(x)dong bién tréndoan {0;5} .

1 7
Vay maxP=max f(X)=f| = |[=—.
ay (x) (?J >7

Ding thuc xay ra khi va chi khi x=y=1z :%.

CHU DE 8: BAT DANG THUC PHU PANG CHU ¥
VA AP DUNG GIAI DE THI

Noi dung chi dé nay toi dé cap dén mot s6 bai toan co ban va két hop sir dung
bat dang thirc co ban nhu AM — GM va Cauchy — Schwarz trong chiing minh bét
ddng thac va tim cuc tri. Hy vong cha dé nay s& gidp ich cho ban doc nhin nhan
tiép can bai toan bat dang thirc va cuc tri linh hoat va bao quat hon.
Bai toan 1. VV&i moi s6 thuc a,b thoa mén diéu kién ab>1ta ludn c6

1 N 1 S 2 .
1+a% 1+b®> 1+ab

Ding thuc xay ra khi va chi khi a=bhoic ab=1.

Vi ab <1thi bt ding thic déi chidu,
Charng minh.
Nhan xét. Bang cach chung minh tuong ty trén ta c6 cAc bat dang thirc cling dang
nhu sau

Véi moi s thue duong a,b thay ddi thoa man ab >1ta ludn co

1 N 1 > 2 '
\/1+ a’ \/1+ b2 ~l+ab
Ding thirc xay ra khi va chi khi a=bhoic ab=1.
Véi ab <1bét ding thuc ddi chidu.
Mét s bat ding thic phu khac cling dang
1 5+ 1 5 < 2 (-1<xy<1).
1+x° 1+y° 1+xy

1 1 2 )

. + > (xy=1
Vi+x  (1ry? AL+ (
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. 1 N 1 < 2
J1+ X2 \/1+ y2  JLexy

= Cho hai s6 thuc duong x,y ta luén c6

(-1<xy<1).

+ ! > 2 .
\/x2+xy \/y2+xy \/x2+y2

bing thirc xay ra khi va chi khi x=y .
Charng minh.
Str dung bat ding thac AM-GM ta c6
1 2

1
+ >
U axy Y2y Jﬂﬁ+wﬂﬁ+w)
2

2 2
> = >
\/x2+xy+y2+xy (x+y)2 \/x2+y2
2 2
. 1 1 1 > n X zl,k:l,_n.

+ +..+ > ,
1+x 1+Xx I+ X, 14 9%X5... X,

Tir bt ddng thuc ndy ta co thé dua ra cac bat ding thuc ciing dang ching han

Chuirng minh rang vai moi so thuc X,y thoa man dieu kién xy > gta co

1 1 2
+ >
4+5x%>  4+5y%> 4+5xy
1 1 2
>

+ =
Jarsx?  \Jarsy?  (JA+5xy

V6i moi s6 duong a,b ta co a + b > 2 .
b+ab a+ab 1++/ab
Chang minh.
Str dung bat dang thic C =S ta c6
a b (a+b)? _ (a+b)? _ 1
b+ab a+ab ab+a’h+ab+b’a ab(a+b)+2ab ab  2ab
a+b (a+b)2'
12
a1 1+ab
2\ab 2

Déu bang xay ra khi va chi khi a=b.
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> CAC VI DU
Vi du 1. Cho x,y,z 1a cac s6 thuc duong thoa man diéu kién y2 >xz;2% > Xy .

Tim gié tri nho nhét caa biéu thic P=——+—Y 4+ 20142

X+y y+z Z+X
Léi gidi
Chiiy 2/x>1khi d6 sir dyng bit ding thic ——— +—~ > % (ah>1)
1+a%? 1+b? 1l+ab
Tacéx+y=1+1zz 2.
Xty y+z 9. 4,2 1+\/;
X y X
Z
. X 2 t2
Dods P> +2014—X— ==+ 2014
1+ E —+1 1+t o+l
X X
2(t~1)(503t” +1007t +503)

= +100821008,t=\/221
(t+1)(t2 +l) X

Vay gia tri nho nhét cia P bang 1008 dat tai x=y=1z.
Vi du 2. Cho x,y,z la c4c sb thuc duong thoa man diéu kién x<z.
2x*  2z(2y+2) I
x+y)2 (y+z)2 Z+X

Tim gid tri nho nhét cua biéu thac: P = \/2 + (

‘ Lo gidi
Bién ddi biéu thirc trong cin va st dung bét dang thuc C =S ta co
2x°  22Qy+z) 2% 2y?

2+

xHy? (2P eyl (y+2)

5 1 - 1 S 1er 1
(1+y) (1+Zj 1"1‘; 1+§
X y
Mat khac do: Y. Z=2>1.
Xy X
2 2
Nén &p dung bai toan 1 ta co ! + ! > 2

1+ 142 1+
X y

X | N
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2x2 2z(2y+72) .2

(x+y?  (y+2)? ‘1+J§'

. 2 3
batt= >1 Khidotasuyra P>—+ .
X 1+t t241

Xéthamf(t)=i+itren [L+0oc) taco f(t)= -2 ——t—— o >0 Vte[l +w)

1+t 241 A+t (2 +1)°

DodéMinP=f(1)=g

Tu dotasuyra \/2+

Bai tip twong tw
Cho x,y,z la cac s6 thuc duong thoa man diéu kign x =min{x,y,z}.

Tim gia tri nho nht caa bidu thiac P=—— + Y4 8z
X+Y Y47 Z+X

Vi du 3. Cho cic sé thuc %s X <1y,z >1théa man didu kién xyz =1,

Tim gié tri nho nhét cua biéu thic P = t et
1+x 1+y 1+z
ufigidi
Vi yz=1taco ! ! + 2 = L + 2
1+y 142 1+\/7 “Tix 1+yz 1, 1 14y
yz
yz:>1<t—i<2 Suyra P> f(t)= v +L
o - t2+1 1+t
ot ) 2t(t+1)2—2(t2+1)
Tacod: f'(t)= - = <0,vte[12].
2 2 (1et) , 2 )
(P+1) @7 (+2) (t+1)

f(t)> f(2)=%

Vay gié tri nho nhat cua P béng%dat tai x :%; y=2=2.

Vi du 4. Cho a,b,c 1a cac s6 thuc duong.

Chu:ngmmhrang\/ . \/b \/ <3
a+ +Cc Vc+a

Loi gidi
Nhan xét. Ta da chung minh bt dang thirc trén bang bat dang thuc C —S dudi day
tiép can theo phuong phap ham sb.
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Ta can ching minh: ! + 1 n 1 3

\/1+b \/1+C \/1+ 2
b c
bat x= \f \fz_\f:xyz 1.

Bat dang thuc tro thanh:

TR S
\/1+x \/1+y \/1+z2

Khong mat tinh tong quat gia sir z=max{x,y,z} = z>1=>xy 1o
z

Khi d6 st dung bat diang thirec C-S va bai toan phu ta duoc:

1 1 1 1 4 2z
+ < |2 >+ 5| < = .
J1+ %2 \/1+ y2 1+x% 1+y 1+xy Jz+1
Ching minh hoan tat néu ta chimg minh duoc: 22 ! .3

¢z+1*¢1+zz i
27 1 27 f

That vay + < — (vi bit dang thirc trong duong

Vz+l 1422 Jiel 1tz f
voi (\/_—\/;) >0).

Bai toan dugc chirng minh.
Vidu5. Chocéc sb thuc duong a,b thoa man diéu kién a+b=2ab.

1 1 \/ 2
— —t+—5—+t3=Va +b"+a+b+4.
241 v+l 34

Loi gidi
Tur gia thiét taco: 2ab=a+b>2/ab =+Jab>1=ab>1.
1 1 2
+ > .
a’+1 b?+1 1+ab

Tim gia tri nho nhét caa biéu thic: Q =

Véi ab>1 taco BDT:

Mit khac ta co:

S Y 2 vatb+a=—YaZ+b?+2ab+4

% %
=%3(a+b)2+4

—\/4ab +4=3Yab+1

&‘



Vi
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3 3
Dodo: Q> 2 +3¥ab+1=|¥Yab+1+¥ab+1+Yab+1+ 22 2 22
ab+1 ab+1 ab+1

Ap dung BPT AM - GM ta c:
3
§/ab+1+§/ab+1+§/ab+1+2b—\/§124{‘/2%/5 =432
ab +

Tir gia thiét ta co:

1
ab+1

2ab=a+b>2Jab =>Jab>1=ab>1=ab+1>2= s%

_ 93 _ 93
Ma 2— 232 <0= 2 2&22 2*/5=1—%
ab+1 2

Do d6 Q>43/2 +1-3%2 =1+3%2 . bang thirc xay rakhia=b = 1.

Vay gia tri nhd nhat cua Q 1a bing 1+ 332 datdwockhia=b=1.
du 6. Cho x,y,z |a céc s6 thuc dwong thoa man diéu kién

x\' Yz x
(—) +(l) +—=—+2.
y z X z

L : -2 2y? 222 z
Tim gia tri 16n nhat cua biéu thic P = 2y st~ 3 .
X“+yS y“+z° 2X+1z

Loi gidi
X x\' g Y (yY 2 % 2
Theo gia thiét ta co: —+2:(—j J{XJ +—2>2 [—j (lj +t—o=2—5+—.
z y z X y z X 72 X
Dgittzf,(t>o):>t+222t2+%<:>2t3—t2—2t+1so
zZ
<:>(t—1)(2t2+t—1)30<:>(t—l)(t+1)(2t—1)s0<:>%stsl.
Khido X Y% team Lt T o iy:lzt.
z YA +
O Y P
y z y
2 2
Ta co: 2y >+ 22 5= 12 + 12 < i = 2X= 2
X+y© oy +z X\ AN 142 1.X% 1+t
y 7 y z z

4 3
Suyra P<f(t)=————.
y ® t 2t+1
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Xét ham sb f(t)=£—ilién tuc trén doan l;1 ta co:
t 2t+1 2

2(5t% +2t-1
T T .
(2t+1)° (t+1)°  (t+1)°(2t+1) 2

Do d6 f(t) 1a ham nghich bién trén doan Bl} Suyra P<f(t)<f Gj :%'

Ping thuc xay ra khi va chi khi 5:1,5:%4: 7=2X,y=+/2X.
y z'z

Vay gié tri I6n nhat cia P bang %dat tai z=2X,y=~/2X.
Vi du 7. (TSPH Khéi A 2011) Cho cac sb thuc x,y,z €[ 4]thoa man diéu kién

x>y, x>z . Tim gié tri nho nhét cua biéu thae P=—> 1Y, Z

2X+3y  y+z 74X

Loi gidi
1 1 1

Viét lai P dudi dang: P = VRS —
7R A T TR
X y Z

Do x>y= 2.2 =251 Ap dung bét ding thirc trong bai toan 1, ta duoc
yz'y
1 1 2 1 2
. ” =P2> 3y+
1+= 1+2 14 X 2+22 14 X
y z y X y
2
bit t= 5,(1£t32)suyra P> ! + 2 _ ; + 2 .
y 2+i 1+t 2t24+3 1+t
tZ
. t2 2
Xéthamso f(t)= +——1trén [ +o0) , ta duoc:
2t° +3 1+t
fly=——2 2 _covief12].
(22 +3)" (1+1)
. 34
Suyra min f(t)=1(2)=—.
y oo t)=1(2) 3

Vay gié tri nho nhat cua P bang %dat tai x=4,y=1,2=2.
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Nhan xét. Ngoai ra c6 thé ching minh bang tam thirc bac hai, khao sat ham nhiéu

bién(chuong 1 — chuong 3).

Vi du 8. Cho ab,c l1a cac sb thuc duong thoa min didu kién abc=1va
max{a,b,c} <4. Tim gi4 tri I6n nhét cua biéu thic

1 1 1

P= + + .
Jita? 142 Vl+c
Loi gidi
Nhan xét. Vi vai trd cia a va b nhu nhau lam ta nghi dén béat dang thic quen

1 1 2
+ < .
\/1+a2 \/1+b2 V1+ab

bé co dugce dicu nay ta can c6 ab<1. Do d6 c:—bzl. Vay ta can chang
a

thuoc

minh rang P dat gia tri 16n nhét trong truong hop ¢ =max{a,b,c} .
That vay gia sir a=max{a,b,c}. Khi d6 a>1va ta can ching minh
1 N 1 N 1 < 1 N 1 N 1
Jita? J1+b? VI+c J11¢? iep? Vl+a
1 1 1 1
o - < - @.
Vi+c J11¢? Vl+a (14a?

+ Néu ¢ <1=VTg <0< VR bét ding thirc luon ding.

+ Néu c>1khi d6 xét ham s6  (X) = —~— —— 1 trén dogn [1,4]taco
I+X (1452
1 X 2x4/(1+ x)3 —,/(1+ x2)3
f'(x)=- 3+ == - >0.
2Jwen 1) 2faenf (1e)
Do

3 3
2xy(L+x)° > xﬁ.\/(1+ x)* = \/x3 (1+x)° = \/(x ) 2 \/(1+ X*)" vxe[L4].
Do d6 f(x) 1a ham dong bién trén doan [14]. Nén c<a= f(c)<f(a). Ta co
(1) dung.
Vay P dat gid tri I6n nhat khi va chi khi ¢ =max{a,b,c}vataco c>1ab<1.
Ap dung bit ding thirc da phan tich & trén ta dwoc

2 1 2 1 2\ +1
P< + = + =g(c)=———.
Vl+ab l+c \/1+1 Jl+c °© Jl+c
C
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Xét ham sb g(c) = 2Jc+1 lién tyc trén doan [1;4]ta c6
v1+c
2-c

ZO,VCe[1;4].

g(C)=—"F—
2(1+c)Ve? +c

Do d6 g(c) 1a ham ddng bién trén doan [1;4] suyra P<g(c)<g(4)= J5.

Ping thuc xay ra khi va chi khi a:b,c=4,abc:1<:>a=b=%,c=4.

i du 9. Cho x,y,z la cac s6 thuc thudc doan E;S} .

Tim gid tri 16n nhét va gia tri nho nhét caa biéu thuc
X z
P= + y + .
X+y y+Z Z+X

Loi gidi
Trong chuong 1 t6i di trinh bay bang cach sir dung tam thirc bac hai dudi day
chang ta &p dung bai toan da néu.
Tim gié tri nho nhat.

Khong mat tinh tong quét gia sir z =max{x,y,z} = L1
X

Khi d6 sir dung bat ding thic phu da cho ta c6
X y 1 1 2 2

+ = > .
X+y y+Z 1+X :I.'f‘E 1+ XE 1+\/;
X y Xy X
2
Khido P> 2 + 1 2 t ,t:\/z,lgtsi’;.
X

X T
1+\/; 1+~ 1+t to+1
X zZ

2
Xéthamso f(t) = 2 + 2’[ lién tuc trén doan [1;3] ta co
1+t t°+1
2(t-1)*(t* +t+1)
fi(t)=— >—<0,Vte[L3].
(t +1)2 (t2 +1)

Do d6 f(t) nghich bién trén doan [1;3] vi vay f (t) > f (3) =% .

1,2:3.

Déng thire xay ra khi va chi khi z=9x,x=y < x= y=3

Vay gié tri nho nhat cua P bang 7/5.
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+ Tim gia tri 16n nhat

Tacéllzlglj X + Z < 2

Xz z X Z+X '
vy I+ 1+\/§
i
2
Dodo p<—Y 42 2 v leB;l]

= + ,
y+z 1+\/§ t+1 t241 z
z

2
Xét ham s6 tuong tu trén ta co P3g(t)=i+ ! Sg(l)=§.
t+1 t*+1 "\3) 5

Vay gia tri 16n nhit cua P bang 8/5 dat tai x=2=3,y =%.

Vi du 10. Cho céc sb thuc a,b,c 2% thoa man diéu kién abc=1.

Tim gié tri nho nhét cua bidu thic P=—2— ¢ b , 1.
b+ab c+ab 1+c
Loi gidi
Swr dung bét dang thic C =S ta ¢6
a b (a+b)’
b+ab a+ab ab+a’b+ab+b?a
_ (a+b)® 1
ab(a+b)+2ab @b 2ab
a+b (a+b)2
12
a1 14ab
2Jab 2
DAu bang xay ra khi va chi khi a=b.

2 P 2 . ab
1+Jab 1+c 1++ab ab+1’

1 1 1 2 t?
bPatt=+ab. Do a,b,c>z===-<t=+Jab=—<3P>—+ .
' 9 9 Jo 1+t t?+1

Khido P>

b 2 t?
Xéthamso f(t)=—+
1+t t2+41

lién tuc trén doan [1/9;3] ta c6
2(t-1)" (¢ +t+1)

(t +1)2 (t2 +1)2

fit)=- <0,Vte[13].
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Do d6 f(t) nghich bién trén doan [1/9;3] vi vay f(t)> f (3) =g :
Ding thuc xay ra khi va chi khi a=b=3c= % .

Vy gia tri nho nhét caa P bang 7/5.

> BAI TAP REN LUYEN
Bai 1. Cho x,y,z & c4c s6 thuc duong thoa man diéu kién x> z.
Tim gia tri I6n nhét cua biéu thic

P= X + y +‘/ z_.
\/x2+y2 \/y2+z2 X+1

1 1 z 2 z/x

HD: P= + + < +,] <5.
y 2 , 2 X+2 1+z/x 1+z/x
X y

Bai 2. Cho céc sb thuc khong Am thay ddi théa mén diéu kién a<b<cva abc=1.

1 2
5+ 5+ :
1+a® 1+b° 1l+cC

Tim gié tri I6n nhét cua biéu thic P =

2 2
+—=2
l+ab 1+c

HD: P<

Bai 3. Cho x,y,z la cac s thyc dwong thoa man diéu kién xy>1,z>1.

< s, R L . .2 , y 23+2
Tim gia tri nho nhat caa biéu thac P = + + .
y+1 x+1 3(xy+1)
3 212xy +1
HD: P=(X+y+1)[ - JJF 22 o ( )+ 1 53
x+1 y+1) 3(xy+1) 1y xy+1 2
Bai 4. Cho x,y,z la céc s6 thuc dwong théa min diéu kign x* + y? + 2% =1.
Tim gid tri nho nhét cua biéu thae P = t 1 2\@.
JE+xy Yl +xy 1+2
HD: Sir dung bét dang thirc: t .t .2
\/x2+xy \/y2+xy \/x2+y2
Suy ra P2&+ 2 28
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Bai 5. Cho a,b,c 1a cac so thuc dwong khong nho hon 1.
Tim gié tri nho nhét cua biéu thirc

1 2 3
P= + + +6,/1+abc(abc-1).
6 1418 2 ( )

l+a 1+c
HD: Str dung bét ddng thtic phu sau:
12+ 122 2 ,Vab>1va 13+ 13+ 132 3 ,Va,b,c>1
1+a° 1+b° 1+ab 1+a® 1+b°> 1+c® 1l+abc
. 1 1 4 1 1 2
Taco 2 + > ; + > .
(1+b3 1+c2) 1+cpd 1+a% 1+c¢? 1+a’c
Suy ra
P> T 7+ ! +6,/1+abc(abc—1) > ° +6,/1+abc(abc-1).
1+ca® 14cfb® 14cyb® +ahc

« . 6
bat t=abc,(t>1)taco: P> f(t)=m+61/1+t(t—1).
Y 6 - ,
Xét ham so f(t)=m+61/1+t(t—1)v0| t>1taco

6 3(a- 1) _3(2t-1)(t+1)" —6Vt° —t+1
t+1 \/t (t+1)2\/t2 -t+1
Do d6 f(t) 1a ham dong bién trén [1;+).
Suyra P> f(t)> f(1)=9. Péng thuc xay ra khi va chi khi a=b=c=1.
Vay gia tri nho nhat cua P bang 9 dat tai a=b=c=1.

f(t)=

>0,vt>1.

Bai 6. Cho a,b,c 1a cac sé thuc khong am thoa man diéu kién a? +b? +c? =1.

Tim gia tri I6n nhét cua biéu thic P = — 1
Ja+l b+l +c+2
HD:
(1+1j2_1+1+ 2 __atbv2 2
Ja+l b+l a+l b+l (1+a)(1+b) ab+a+b+1 Jab+a+b+1
_atb+2 2 ( 1 jz
a+b+l Ja+b+1 Ja+b+1
Suy ra ! !

+ <1+ .
Ja+1l Jb+1 Ja+b+1

Mt khac: (a+b+c)2 >a’+b®+c’=1=a+b>1-c.
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1 1
Suyra P<f(c)=1+ + .
Y © 2-c +c+2
. 1 1 .
Xéthamso f(c)=1+ + lién tyc trén doan [0;1|ta c6:
© N2-c AJc+2 ) n [0
1 1 1 1 . r \ \ A = A
fl(c)== — >0,Vce[0;1]. Do d6 f(c) 1a ham dong bicn
2l J2=cf J(2+c)
trén [0;1].
1
Suyra P<f()sf()=2+—.
Ne
Ding thuc xay ra khi va chi khi c=1,a=b=0.
Vy gia tri 16n nhat cua P bang 2+idat tai a=b=0,c=1.
Ne
Nhdn xét. Ta c6 thé danh gia ! + ! bing bién d6i trong duong nhu sau:
) ' J2—-¢c AJc+2 '

1,1 [ 1L, 1 jz_ 11 2
J2—c +Jc+2 J2-c Jc+2 2-C 2+C \f4_2

= 4 + 2 <\/ 4 + 2 —1+i

4-c? Ja_c2 \4-1 a1 J3

Bai 7. Cho ab,c,d 12 céc sé thyc dwong théoa min didu kién a>b>c>d va
abcd =1.

1 1 1 3
+ + + .
1+a 1+b 1+c 1+d

HD: Do a>b>c>d va abcd =1nén ab>1>cd >d?.
1 1 S 2 2 2 2d

l+a 1+b 1+ab 4, 1 ;. 1 1+d

Jed d

Vicd31:>d£3:>1+121+1:1+cz
¢ l+c 1+d I+c .1 1+c l+c

c

Tim gia tri nho nhét cua biéu thir P =

Véi ab>1ta c6:

1.

Mt khac: -2+ 2 _7
1+d 1+d



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

1 1 1 1 2 2d 2

Suyra P= + + + + > +1+ =3

l+a 1+b 1+c 1+d) 1+d 1+d 1+d
Vay gia tri nho nhét cua P bang 3 dattai a=b=c=d =1.

Bai toan 2. Cho ab,c 1a céc s6 thuc khéng am thoa man diéu kién

a? +b?+c% =k, trong do k>1.
Chiang minh ring
a) k+2bc>2a(b+c).

b) (a+b+c)’ <2k(1+bc)’.
C) a+b+c—%abc£ﬂ.

Chang minh.
a) Theo gia thiét ta co: k +2bc =a? +b? +¢? +2bc =a® +(b+c)’.
Str dung bét déng thic AM — GM ta c6:
a?+(b+c)*>2a(b+c)=k+2bc>2a(b+c).

Bat dang thire dugc ching minh.
Ping thuc xay ra khi va chi khi a:b:\/%,c:Ohoéc a=c=\/§c=0.

b) Ta can ching minh: k +2a(b+c)+ 2bc < 2k(1+ b%c? + 2bc)
& 2kb®c® +2(2k —1)bc + k > 2a(b +c)
Str dung bét déng thtre di chitng ¢ cau a) ta chi can ching minh
2kb?c® +2(2k —1)bc +k > k + 2bc
< kb?c? +4(k —1)bc > 0 <> be(kbe +4(k —1)) >0

Bat dang thuc cudi ludn dimg do k >1.

a<\/ﬂa

Nhan xét. Tir b) ta c6 mot bat dang thuc rat hay st dung la: < .
l+bc a+b+c

¢) Str dung bét ddng thuc C =S ta co

a(l—%bcj+b+cs\/(a2 +(b+c)2)[(1—ébcj2 +1]

=\/(k + 2bc)(izb2c2 e 2}
K K

Vay ta chi can chang minh
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(k+ 2bc)(i2b2c:2 At 2] <2k
K K

8b3c®  4b%c?
K2
Bt ding thirc ludn dung vi theo AM — GM ta c6
2bc<b?+c®<a?+b?+c? =k.
Céc bt dang thirc dang nay da trinh bay trong chuong 2 (K thuat sir dung bat
dang thirc C-S).

<0< 4b%c?(2bc—k)<0

> CAC VI DU
Vi du 1. (TSPH Khéi A A1/2014) Cho x,y,z la cac sé thuc khdng am thoa man
didu kien x2+y2+z2=2.
X2 LYtz l+y
X2 +yz+x+1 X+y+z+1 9
Loi gidi

Nhan xét. Voi céc 'bét géng thic va bai todn cuc tri voi d@éu kién cac bié:n khong
am thong thuong dau bang xay ra tai mot bien bang 0 va dé y dé P 16n nhat ta thay
yz=01a hop ly nhit. Vay ta tim cach danh gid P theo dai lugng 1+ yzva
y=0hoac z=0.

Tim gia tri 16n nhét caa biéu thic P =

Taco 2(1+yz)=x2 +(y+z)° 22x(y+2).
Déu bang xay ra khi va chikhi x=y+z.
Suyra X* +yz+x+1> X2+ x+X(y+2)=x(x+y+z+1).
X2 y+z  l+yz
X(X+y+z+1) x+y+z+1 9
X+y+z _1+yz_1_ 1 +1+yz
X+y+z+1 9

Dodd P<

X+ y+z+1 9
Theo bét dang thirc C-S ta c6

X+ y+zs\/2[x2+(y+z)1=2 1+yz.

1 l+yz
21+yz+1 9

Suyra P<1-

2
Dét t=«[1+ yZ,(tZl)ta Cé PS f(t)zl—ﬁ—%
+
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Xét ham sb f(t):l—i—ﬁvéi t>1taco
2t+1 9
2 2t 18-2t(2t+1)’
(2412 9 9(2t+1)
Ta c6 £(t) d6i ddu tir dwong sang am khi di qua t =1.
Do d6 f(t) dat cuc dai tai t=1.

f'(t) = () =0 18-2t(2t+1)° =0 > t=1.

Dodé P< f(t)< f(1) =g. Pang thitc xay ra khi va chi khi

l+yz=1

X=y+12 5
x2+y2+22=2® x=1y=12z=0hoac x=1,y=0,z=1.
X,¥,220

Vay gid tri l6n nhiat cia P bing g dat tai x=1,y=0,z=1hoic
x=1y=0,z=1.

Vi du 2. Cho a,b,c 1a cac sé thuc khong am thoa man didu kién a? +b? +c2 =1.
2a+c 2b+c a+b+c

+ + .
1+bc 1+ca 1++/2abc

Tim gid tri 16n nhét cua biéu thic P =

Loi gidi
Tacé
(a+btc) <2(1+be) = 22¥C o Jp 2a¥C
1+bc a+b+c
(a+b+c)2§2(1+ca)2:>2b+csx/§. 2bc
l+ca a+b+c
:>2a+c+2b+csx/§. 2a+c 2. 2b+c _o/2
l+bc 1+ca a+b+c a+b+c

Theo bat dang thire da ching minh tai ciu c) bai toan phu ta co:
a+b+c—2abc<+/2.

That vay st dung bét dang thic C =S ta co
a+b+c—2abc=a(1-2bc)+(b+c)

< \/(az #(b+)°)((1-2bc)’ +1)

- \/(1+ 2bc)(4b%c2 — dbc +2)

Vay ta chi can chang minh
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(1+2bc)(4bc? —4bc +2) < 2 < db’c? (2bc-1) <0,
Bat dang thirc cudi ding vi theo AM — GM ta c6
2bc<b?+c?<a?+b?+c?=1.
Bét déng thirc duoc chitng minh. Tir d6 suy ra P <32
s . 1
Dau bang dattai a=b=—,c=0.
gdalle \/E

Bai tap twong tw

Cho a,b,c 14 cac sb thuc khdng am thoa man diéu kién a? +b? +¢? =2.
2a+c 2b+c a+b+c <5

Ching minh rang <
1+bc 1+ca abc+2

Vi du 3. Cho x,y,z |4 cc s6 thuc khdng 4m thoa man diéu kién x% + y? + 22 =1.

Chang minhring 1<——+—Y 4% /2.
1+yz 1+zx 1+xy

Loi gidi
Ching minh bat ding thic vé phai

Chuy(x+y+z)2£2(1+y2)2:> X < v2x .
1+yz X+y+z2
y 2y oz 2

Tuong tu ta co: < ; < :
1+2x X+y+Z 1+xy X+y+z

Cong theo vé ba bat dang thirc trén ta c6 dpem.

Ding thuc xay ra khi va chi khi x=y = i z =0hoac cac hoan vi.

J2
Vi du 4. Cho x,y,z la cac s6 thuc khdng am thoa man diéu kién x* + y? + 2% = 2.
2 2 2
Chéng minh ring —— P + <1.

X2+yz+1l yi4zx+l z24+xy+1

Loi gidi
Taco 2+2yz:x2+(y+z)2 >2x(y+12)

:>1+yzzx(y+z):>x2+yz+12x(x+y+z)
2

X X
= <
X“+yz+1l X+y+12z
2 2
. z z
Tuong tu ta co: y < y . <

y2+2x+1 X+Y+Z 22+xy+1 X+y+z
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Cong lai theo vé ba bit déng thurc trén ta c6 dpem.

Ding thirc xay ra khi va chi khi x =y =1,z = 0hoac cac hoan vi.
Vi du 5. Cho x,y,z la cac s6 thuc khdng am thoa man diéu kién x* + y? + 2% =2.

Tim gid tri 16n nhét cua biéu thic

X2 y+2 1
+ + .
x2+yz+x+1 X+y+z+1 Xxyz+3
Loi gidi

Str dung bét déng thuc AM — GM ta c6:
2+2yz=x2+y + 22 +2y2=x2 +(y+2)* 2 2x(y +2)
2

M =

=>1+yz2x(y+2)= X
2

+X+YZ+1=X(X+y+2z+1)

Do do

X
X2+ X+yz+1 X+y+z+1
Tachang minh x+y+z—-xyz<2.

That vay st dung bét dang thic C =S ta co

X+y+z-xyz=x(1- yz)+(y+z)s\/(x2 +(y+z)2)((1—yz)2 +1)

= \/2(1+ yz)(yzz2 -2yz+ 2) = \/yzzz(yz -1)+4<2
Bat dang thuc cubi dung vi theo AM — GM ta c6

2,2 2,2, 2
yzsy +2t _XTHytezt
2 2
X y+2 1
+ + =
X+y+z+1 X+y+z+1 x+y+z+1
Vé6i x=y=1,z=0 thi M bang 1. Vay gié tri Ion nhat ciia M bang 1.

1.

Tudosuyra M <

Bai tap twong tw
Cho x,y,z 1a c4c s6 thuc khong am thoa man didu kién x? + y? +z2 =8,
2
5 X + y*2 + V2 <1.
X2+ X+4+yz X+Yy+z+1l xyz+52

Chiang minh ring

> BAI TAP REN LUYEN
Bai 1. Cho x,y,z 1 cac s6 thuc khong am thoa mén didu kien x% +4y? + 22 =8.
Tim gié tri nho nhét cua biéu thirc
4yz+8
Tx+ 2yX +2yz

+ 2\/(y—1)2 +(z-1)*+3yz.
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HD: Cha y
4yz+8=4yz+4y? + 72 + x® = x° +(2y+z)2 >2x(2y+1)
4yz +8 S 4yz+8 yz+2-
XZ+2yx+2yz  4yz+4  yz+1

=2yz+4>x(2y+2)=

Nhém thanh hing ding thuc ta co:

(y—l)2 +(z—1)2 +3yz:(y+z—1)2 +1+yz>1+yz.

Suyra P> ))//Zz:i +,/4(1+yz) > 4.

Bai 2. Cho x,y,z 1a cac s6 thuc khong am thoa mén diéu kien x% + y2 +z2 =2.

Chang minhring ——+—Y 4% <o
1+yz 1+zx 1+xy

2x_y< 2y_z< 2z
1+yZ  X+y+z 142X X+y+2 14Xy X+y+2z

HD: Chirng minh

Bai 3. Cho x,y,z 1a cac sb thuc khong &m thoa man diéu kien x2 + y? + 22 =2.

Chiing minh ring |— +. Y 2 <
1+yz Vi+zx  2(1+xy)

HD: St dung bét ding thuc AM — GM ta c6:
X +f y sl X + y +2|.
1+yz l+zx 2\1+yz 1+zx
2X Y 2y z

Chirng minh X < ; < ; < 22 .
1+yz X+y+zZ 1+2x X+y+zZ 1+xy X+y+z

Bai 4. Cho a,b,c 12 c4c s6 thuc khdng am thoa man didu kién a% +b? +¢? =2.
2a+c 2b+c a+b+c

+ + <
l+bc 1+ca abc+2

a+b+c a+b+c
1+ca> .

Ching minh rang

HD: Chang minh a+b+c—abc<2;1+bc>

Bai 5. Cho a,b,c 12 cac sb thuc khdng am thoa man diéu kién a? +b? +¢? = g .
18

Tim gia tri 16n nhét caa biéu thirc P =ab+bc+ca— .
J9-5(1+bc)? +1

(a+b+c)2—
HD: ab+bc+ca= 5

N ol

gga+mf_§
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—p<l 5(1+bc)’ - 36 2.3

Jo-5(1+bc)? 41| 4 4

Bai 6. Cho x,y,z la cac sb thuc khong am thoa man diéu kien x* + y* + 2% =2.

Tim gié tri I6n nhét cua biéu thirc

4 2 1+yz(2y? +22% +3yz
. x A e L )

x4+x2+yz(2y2+222+3yz)+1 X2 +1+(y+2)° 9
HD: Taco
2+2yz(2y2 +22° +3yz)= x4yt 42 +2yz(2y2 +22° +3yz)
=x* +(y+z)4 22x2(y+z)2
=1+ yz(2y2 +272 +3yz)2x2(y+z)2
= x*+x% + yz(2y2 +27° +3yz)+1
> x4 + x2 +x2(y+z)2 :xz[x2 +1+(y+z)2J

x4 X2

= <
x4 %2+ yz(2y2 +22° +3yz)+1 X2 +1+(y+2)°

4 4 )
Mat khéac: 1+ yz(2y2+222+3yz)=$2%[ 2+(y+z)2J .

))\2
x2+(y+z)2 (x2+(y+z) )
X2 +1+(y+2)° 36 .

Suyra P<

t  t?
Pit t = x2 2 (t>0)tacod P< f(t)=————.
A=+ (yrz)(t>0) =13
2

Xét ham sb f(t):L—t—véri t>0taco
t+1 36

F()=—— — () =0 >t =2 (do t >0).
(t+1)° 18
Ta co () dbi dau tir dwong sang am khi di qua t = 2 nén f(t) dat cuc dai tai t=2.

Do d6 Psf(t)sf(Z)zg.

biéng thtre xay ra khi va chi khi (x;y;z)=(410);(10;1).
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Vay gié tri Ion nhat cia P bang g :
Ding thuc xay ra khi va chi khi (xy;2)=(310);(30;1).
Céach 2: Taco:

2+2y2(2y? +22° +3yz) = x* + y* + 2% + 2y2(2y? + 22° + 3yz)

=x*+(y+2)* 2 2x%(y +2)?

Do do:
2 2 4 4
P<— X R—— (y+z)2 X +(y+2)
X“+(y+2)°+1 x“+(y+2)°+1 18
~ X+y+2)® X +y+n)?
X2+ (y+2)*+1 18
4 4
1| 1 . WX +(y+2)
X“+(y+2)°+1 18
4 4
<1-|— 2 . X +(y+2)"+4 4 S§
X"+(y+2)"+4 18 18| 9

Vay MaxPzg khi x=1,y=1,2=0 hoac x=1y=0,z=1.

Bai 7. Cho x,y,z la cac s6 thuc khdng am thoa man diéu kien x>+ y3 + 23 =2.
Tim gia tri I6n nhét cua biéu thirc
b X2 LYz _2(1+yz(y+z))
X+ x+yz(y+z)+1 x+y+z+1 27

HD: Taco

3+3yz(y+z)=x3+y3+23+3yz(y+z)+1=x3+(y+z)3+123x(y+z)
=>x(y+2z)<l+yz(y+z)

= X2+ x+yz(y+2)+12 X + X+ X(y +2)=X(X+y+2+1)

X2 - X

= — <
X“+X+yz(y+z)+1 X+y+z+l

L po XtY+Z _2(1+ yz(y+1))
CX+y+z+1 27
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Mat khac ta c6
(x+ y+z)3=x3+y3+z3+3x(y+z)(x+ y+12)
=2+3x(y+z)(x+y+2z)
<2+ (x+y+2)(3+3yz(y+2))
(x+ y+z)3—2

1 >
=1+yz(y+2) 3(x+y+2)

xty+z 2 (x+y+z)-2

Dodo P< -
l+x+y+z 81 X+y+2
2(t-2
batt=x+y+z v‘|t32x3+y3+z3:>t2§/§vé Psf(t):L—u.
t+1 81t
) 2(t3-2
Xét ham sb f(t):L—uvoi t>%2 taco
t+1 81t
4(t% +1
f'lt)= 1 —( )'f'(t):0<:>t=2.

(t+1?  8u?
Ta c6 f(t) doi diu tr duong sang am khi di qua t=2nén f(t) dat cuc dai tai
t=2.
Doddo P (1)< f(2):§.

Vé6i x=y=1z=0thi P:E.
27

Vay gia tri 16n nhit cua P bing %xéy rakhi (x;y;z)=(110);(L0;1).

Bai 8. Cho a,b,c 12 cac sb thuc khdng am thoa man diéu kién a2 +b? +¢? =1.
a b (+bc)?
+ - .
1+bc l+ac 3+242

Tim gia tri 16n nhét caa biéu thic P =

Két hop danh gia bat ding thicc AM — GM va Cauchy - Schwarz
Bat dang thuc hodc bai toan cuc tri cd dang d6i xung gitta hai bién s ta thuong
sir dung dénh gia bang bat dang thic AM — GM hoic Cauchy — Schwarz giira hai
biéu thirc d6i xtung vé biéu thirc con lai dua vé khao sat ham sé.
» CAC Vi DU
Vi du 1. Cho céc s6 thuc thoa man diéu kién x>y >z>0.
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2

Tim gia tri nho nhét caa bidu thie P=——+ %+ X .
X—y y-z 8x(\/§—z)
Loi gidi
Datazl,bzi,c=1:abc=1.
x oy oz
2
Khido p=—2 4P ¢

+ + :

l1-a 1-b 8(\/6—1)

Str dung bét déng thirc AM — GM cho hai s6 duong ta c6

a b 2ab  _ 4Jab _ 4Jab _ 2Jab

l-a 1-b~ J1-a)(1-b) 2-a-b 2-2Jab 1-vab'
2 2

Suyra P> 2J/ab > _ c’+16

1-vab 8(\/6—1) 8(\5—1) '

Xéthamsb f(c) = trén khoang (L;+w) ta co

c2+16
(e
3c2 —4cc-16

16+c (\E —1)2 ’

Lap bang bién thién ta c6 két qua Py, =min f(c) = f (4)=4.

f(c)= f'(c)=0<3c® -16=4cc < c=4.

Ding thirc xay ra khi va chi khi a=b,abc=1,c=4< x=2y=4z.
Vi du 2. (TSPH Khdi B 2013) Cho a,b,c la cac sé thuc dwong.
Tim gié tri I6n nhat cua biéu thirc

4 9
P= - .
JaZ+b%+c?+4 (a+b)\/(a+20)(b+20)
Loi gidi

Nhan xét. Nhan thiy a,b d6i xtng vi nhau nén vai trd cua a + 2¢,b + 2¢ nhu nhau
ta sir dung AM-GM cho hai s6 d6
Str dung bét déng thirc AM-GM ta duoc:

(a+b),[(a+2c)(b+2c) S(a+b)_w

:(a+b)2 +4c(a+b)£(a+b)2 +4c? +(a+b)’
2 2

—(a+b)* +2c? sz(az +b2)+2c2 :Z(a2 +b? +c2)
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4 9

FFiicted 2aievtect)
bit t=\/a2+b2+c2+4,(t>2):>Ps%—L

Vay P<

2(t2—4)'
Xétham sb f (t) =%—2(t+4)trén khoang (2;+) ta dugc:
f'(t):—iz+ ot 3:(4 t)(4t + 7t 34t 16);f'(t):0<:>t:4.
t (t2—4) tz(t2—4)

Ta ¢ £(t) d6i dau tir duong sang am khi di qua t=4nén f(t) dat cuc dai tai
t=4trén khoang (2;+o).

Suy ra Psf(t)sf(4)=g.
Ding thirc xay ra khi va chi khi a=b=c=2.
Vy gia tri 16n nhat cua P bang gdat tai a=b=c=2.

Bai tip twong tw
Cho a,b,c 1a céc s6 thuc duong. Tim gia tri nho nhat cua biéu thirc
9 16
P= - .
\/ac(a+2b)(c+2b) JaZ +b? +c? +1

Vi du 3. Cho cac s thuc X, y,z (0;1] thoa man diéu kign x+y>z+1.

Tim gia tri nho nht cua bidu thiac P=—— + 4~ >
Y+z Z+X Xy +2
Loi gidi
Str dung bét dang thac C-S va AM-GM ta duoc:
2 2 x+y)
P:X+y+222(y)+z2
x(y+2) y(z+x) xy+z% 2xy+z(x+y) xy+z
(x+ y)2 z ~ 2 x+y)2 N 47

2

(x+ y)2 r2(x+) (x+yj2+zz _(x+ y)2+22(x+ y) (x+y)2+4z2

- ., 2t? 47
Datt=x+y,(1+z£t£2)kh1c’[o P>f(t)= 5 +- 5
t“+2tz t°+4z
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2

Xéthamsb f(t) = 22t += 42 ~lién tuc trén [1+2;2]ta co

t°+2tz t°+4z
fy=aat|— 2 eam| 2 2 | g

(t2+22t) (t2+422) (t2+422) (t2+422)

Do d¢ f(t) la ham nghich bién trén [1+z;2].
Vi vay

2 z 322 +7+2

P> f(t)> f(2)21+z+1+22 :(1+22)(1+Z)

_-32%+32% -2 +1.3_ (1- Z)(322 +1)
21+ ?)rz) 2 21+2)(1+2)

323 v e(0;1]
2 2

Vay gié tri nho nhat cua P bang %dat tai x=y=z=1.

Vi du 4. Cho céc s6 thuc duong a, b, ¢ théa man diéu kién a+b+1=c.

C+

Tim gia tri nho nhét caa biéu thic: F = a’ + b* +CZ+16.
a+bc b+ca +Jc+ab
Loi gidi
Str dung bat dang thac C =S ta c6:
. (a+b)? c?+16  _c-1 267432 _2c%+c+31
_(a+b)(c+1)\/ (arby? ¢+l c+l c+l

4

_202+c+31

Xét f(c) 1

,c>1= f'(c)=0=c=3.

Turdosuyra: MinF=%<:>c=3,a=b=l.

Vidu5.Cho x>1,y >0,z >0. Tim gia tri I6n nhét cua biéu thirc

o_ 1 ) 2
\/x2+y2+22—2x+2 X(y+1)(z+1)
Lo gidi

Nhan xét. Dy doan diu bang xay ra khi x=y+1=z+1nén ta sa dung bét
dang thiec AM-GM cho x(y+1)(z+1).
Str dung bat ding thac AM-GM ta co:
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x(y+1)(z +1)S(%+2+2j3'

Str dung bét déng thtc C-S ta duoc:

x2+y2+22—2x+2=(x—1)2+y2+22+12%(x—1+ y+z+1) :%(x+ y+z).

Suyra P< 2 >4 3
X+y+Z (x+y+1z+2)
bat t=x+y+z,(t>1)khido P< f(t):g— >4 7
t(t+2)
Xét ham sb f(t)=g— >4 3 trén (1;+oo) ta co:
t(t+2)
f'(t) = 1624—32;f'(t):o@81t2:(t+2)4<ﬁl—>t=4.
(t+2)" t

Ta ¢ f(t) d6i dau tir duong sang am khi di qua t=4nén f(t) dat cuc dai tai

t = 4 hay ng(t)gf(4)=%.

Vay gié tri Ion nhat cia P bang %dat tai x=2,y=z=1.

Bai tap twong tw

Cho x,y,z 1a cac s6 thuc khong &m thoa mén diéu kién x+y >0.

Tim gia tri I6n nhét cua biéu thic

- 1 4

Vidu6. Choa,b,clacac sb thuc duong thoa méan diéu kién

a®+b? +c®+2ab=3(a+b+c).

_\/x2+y2+22+22+2 3\/(x+y)3(z+2)3 '

Tim gid tri nho nhat cia biéu thic P =6(a+b)+c® + 2014 | 2014
Ja+c Jb+2

Loi gidi

Theo gia thiét ta c6: 3(a+b+c)=(a+b)2+c2 2%(a+b+c)2 < a+b+c<6.

Tacd ! ! > 4 4

4

6(a+b)+c®>6(a+b)+6c-9=6(a+b+c)-9.

+ 2 2 = :
Vatc Vb+2 Ja+c+ib+2  [2(at+c+b+2) (2(at+b+c)+d
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Suyra P>6(a+b+c)+ 20144 -9.

2(a+b+c)+4

J2t+ 4

voi te(0;6]taco

2014.4

N2t +4

6./( 2t 4 % 8056
fit)=6- 8056 _ (2t+ <0,vte(0;6].
«/(2t+4)3 N 2t+4

Do d6 f(t) nghich bién trén (0;6]= P> f (t) > f (6) = 2050.

Xétham sb f(t) =6t +

a=1

. b=c=3
bang thirc xay ra khi va chi khi arh=¢ < qb=2.
a+c=hb+2 c=3

Vay gié tri nho nhat cua P bang 2050 dat tai a=1,b=2,c=3.
Bai tip twong tw
Cho a,b,c 1a c4c sb thuc duong thoa man diéu kien
a®+b®+c®=5(a+b+c)-2ab.

3 N 48
a+10 3Yo+c
Vi du 7. Cho a,b,c la cac s6 thuc duong thoa man diéu kién a+b+1=c.

Tim gia tri nho nhat cua biéu thic

Tim gid tri nho nhét cua biéu thac P=a+b+c+48

a® b? c? 14
= + + + ,
a+bc b+ca c+ab (c+1)\/(a+1)(b+1)
Loi gidi

Str dung bét déng thic AM-GM ta c6:

2 2
c+ab=a+b+1+ab=(a+1)(b+1)g(a+b4+2) Z(CH)

4
Mt khac sir dung bat ding thic C =S ta c6:
2
a’ b® a’ b* (az + bz) a’ +b?
+ = + > =
a+bc b+ca a(a+bc) b(b+ac) a®+b?+2abc 1+ 2abc
2 12
a“+b° -
a® +b? >l(aer)2 (c-1)?
1+c 2 c+1  2(c+1)
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(c—1)2+ 4 28
2(c+1) (c+1)* (c+1)°
(3c-5)(3c” +14c + 23]
2(c+1)°

Dodé P> f(c) =

Taco f'(c)= ;f‘(c)=0<:>c=%.

Ta c6 £(c) dbi ddu tir 4m sang duong khi di qua ¢ =%nén f(c) dat cyc tiéu tai

5

5 53
c=—hay P>f(c)>f| = |=—.
hay P> 1(0) (3j

8

Ding thirc xay ra khi va chi khi a=b==,c=

W]k
w|o;

Vay gia tri nho nhét cua P bang %dat taia=b :%,c :%.

> BAI TAP REN LUYEN
Bai 1. Cho céc sb thuc duong a,b,c.

2
S : 2 a b c
Tim gia tri nho nhat cua biéu thic P = + + .
b+c c+a \a+b

HD. Sir dung bét déng thuc C-S ta duoc:

2 2 2
a b a8 b (a+b)” 12b o 1
b+c c+a a(b+c) b(a+c) c(a+b)+2ab ¢ = 2a c 1
a+b (a+b)2 a+b 2

1 c
Suyra P> +( j .
c +} a+b

a+b 2

bat tzL,(t>O)tacé: P> f(t)=i+t2.
a+b 41
"2

Taco: f'(t)=-

~+2t f (1) =0<:>t=%. Ta co £(t) dbi du tir am sang

t+=
2

duong khi di qua tzgnén tai tzéthi f(t) dat cuc tiéu trén (0;+oo)hay

1) 5
f(t)zf(ijzz.
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Vy gia tri nho nhét cua P bang %dat tai a=b=2c.

Bai 2. Cho a,b,c 1a cac s thuc duong. Tim gia tri 16n nhat cua biéu thuc
1 1

P— .
2va? +b% +c? +1 (a+1)(b+1)(c+1)

HD. Sir dung bét déng thic C-S va AM-GM ta co:

a% +b% +¢? +12%(a+b+c+1)2

a+b+c+3)
(a+1)(b+1)(c+1)<| ————
Suyra P< - 27 3
a+b+c+l (a+b+c+3)
< e 1 27
bat t=a+b+c+1,(t>1)khido P< f(t)==- 3
U (t+2)
Xét ham sb f(t):l— 27 = V6i t>1ta co:
Ut (t+2)
81

f‘(t)=—ti2+—4;f'(t)=0<:>81t2=(t+2)4<i>9t=(t+2)2 oSt=4.

Ta c6 °(t) d6i dau tir duong sang am khi di qua t=4nén tai t =4 f(t) dat cuc

daisuy raP < f(t) < f(4):%.

Vy gia tri 16n nhit cua P bang %dat tai a=b=c=1.

Bai 3. Cho a,b,c la cac sb thyc duong.
2 _ (a+b+c+3)°
Ja? b2 4241 3(a+l)(b+1)(c+1)
Bai 4. Cho a,b,c 1a c4c sb thuc duong thoa man didu kién
a® +b? +c® =5(a+b+c)-2ab.

Tim gié tri I6n nhét cua biéu thirc P =

Tim gié tri nho nhét cua biéu thic P=a+b+c+48 3 . 8
a+10 3b+c

HD: Tur diéu kién ta co: (a+ b)2 +c?= 5(a+b+c).
Mait khac:
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(a+b)2+cz2%(a+b+c)2:>%(a+b+c)2£5(a+b+c)<:>a+b+c£10.

Du doan duoc a+b=c,a+b+c=10=c=5,a+b =5ta sir dung bat dang thic
AM-GM cho hai can thuc:
Str dung bét dang thac AM-GM ta co:

a+10+4
Ja+1o_1\/a+1o4<3 Ca+22
3 2V 3 4 22
1 b+c+16
3
b+c==388(b+c)<———
b= p8bro) ==
Suyra P>a+b+c+48.12 ! + ! 2a+b+c+ﬂ_
a+22 b+c+16 a+b+c+38
Pt t=a-+b+c,(0<t<10)khi do P> f(t):t+%_
+

Taco f'(t)=1- 2304 5= (t +38)2 _3304 <0,Vte(0;10]suy ra f(t) nghich
(t+38) (t+38)

bién trén (0;10].

Do dé P> f(t)> f(10)=58.

Viy gia tri nho nhét cia P bang 58 dat tai a=2,b=3,c=5.

Bai 5. Cho a,b,c 1a cac s thuc duong. Tim gia tri 16n nhat cua biéu thac
5 B 4
Ja2 +20% 4502 +3+41 ab+bc+ca+l
HD: St dung bét ddng thuc C-S ta c6:
2 .2 2
5 9 , a* b® ¢ _(a+b+c)
TSI A Siall ety
2a° +3b° +6¢ 1+1+1_111
2 3 6 2 3 6

= a” +2b® +5¢% > 2(ab + b +ca)

P:

2

=(a+b+c)2

Ding thirc xay ra khi va chi khi 2a=3b=6c.
5 B 4
\/Z(ab+bc+ca)+3+1 ab+bc+ca+l

Do do P<

Bai 8. Cho a,b,c 1a c4c sé thyc thude doan [1;2].

(a+b)?

Tim gia tri nho nhét cua biéu thic P =— .
c“+4(ab+bc+ca)
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HD : Sir dung bét dang thic AM-GM ta c6 4ab<(a+ b)2

2

Y
Khi o P >— (a+b) 2: c ¢

c“+4(a+b)c+(a+b) ( )J{ N j
c
< a+b . ] a+b
Tadattthhldo a,b,(:e[l,z]:>t_ e[1;4]
2
Xét ham sb f(t):t—2 ¢ f'(t)=4t—+2tz>0,‘v’te[l;4].

1+4t+t (t2+4t+1)

Dodé P> f(t)> f(1)=%. Pang thitc xay ra khi va chi khi a=b=1c=2.

Vy gia tri nho nhat caa P bang % dattai a=b=21c=2.

Bai 9. Cho a,b,c la c4c sb thuc duong. Tim gia tri nho nhat cua biéu thirc
) 9 ) 16
- \/ac(a+2b)(c+2b) JaZ+b2 1?41

HD: Sir dung bét ddng thiuc AM-GM ta co:

4a+4c+4pY

ac(a+2b)(c+2b)s%.Ba.Bc.(a+ 2b)(c+2b)s%( 2 j =%(a+b+c)4.

- 2
Va sir dung bAt déng thac C-S ta ¢6: (a+b+c)* sg(az +b? +cz) .

9 16
2

it t=va? +b? +¢? +1,(t >1)khi do P> f(t)_il_E

t

Suyra P2

9 16

Xéthamsd f (t) =— (1;+00) ta co:
t

1 16 2(t-2)(8%+ 7t -2t-4)
+ —=
272 2
(*-1) ¢ t*(t*-1)
Ta c6 £°(t) ddi diu tir 4m sang dwong khi di qua t =2 nén f(t) dat cuc tiéu tai
t=2,dodo P> f(t)>f(2)=-5.
Vay gia tri nho nhat cia P bang —5dat tai a=b=c=1.

f(t)=—

) =02t 5t=2.
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Bai 10. Cho a,b,c 1a cc s6 thuc duong thoa méan diéu kién a+b+c=1.
Tim gia tri nho nhat caa biéu thic
2 b2

a 3lary
(b+c)2+5bc (c+a)2+5ca 4

HD: St dung bét ding thuc AM-GM ta c6:

a’ _ a’ _ 2a°
(b+c)’ +5bc a(b+c)’+5abc 2a(b+c)(b+c)+10abc
3
> 2a3 2 :3a3
(2a+b+c+b+cj (a+b+cj
+10
3 3
b2
Tuong tu: — >3’
(c+a)” +5ca

Suyra P 23(a3 +b3)—%(a+b)2 2%(a+b)3 —%(a+b)2.

Dit t=a+b,(0<t<1)khido P> f(t):%(t3—t2).

Xet ham s () =%(t3 ~2) wsi te(0)tacor

ey S (a2 PR 2
=53 -2): f ) =051=2(>0).
Ta c6 £(t) doi dau tir am sang duong khi di qua tzénén f(t) dat cuc tiéu tai

t=2 Dodo P> f(t)> f(gjz—i.
3 3) 9

Ding thuc xay ra khi va chi khi a=b=c=%.
N S N 1 . 1
Vay gia tri nho nhat caa P bang 9 dattai a=b=c= 3

Céch 2: Taco (b+c)” +5hc < Z(b2 +c2)+5bc =(b+2c)(c+2b).

Suy ra
a® S a® _ 3a’ . 3a®
(b+ c)2 +5bc  (b+2c)(c+2b) 3a(b+2c)(c+2b) [3a+ b+2c+c+ ZbJ3
3

=3a°.
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. b? e N
Tuong tu ta c6: ————>3b%. Ta c6 két qua twong tu 15i giai trén.
(c+a)” +5ca

Céch 3: Str dung bét déng thuc AM-GM ta c6
(b+c)? a? 422 4( a )2
= > .

“ol1-a

bc < 5 > 5
4 (b+c)”+5bc 9(b+c)” 9

2
Mit khac 2> 2 1, G-y
1-a 4 4  4(1-a)

2 2
Suy ra a—zzi(ga—lj .
(b+c)”+5bc 9\4 4

2 2
Tuong ty ta co: b—zzﬂ(gb—lj :
(c+a)"+5ca 9\4 4

i 2 2
Do d6 Pzg (9a—1] +(9b—1j ]—%(am)z

4° 4 4 4
r 2
>2 (ga—lJrgb—l) —E(a+b)2
9|la” 4 4 14 4

2
e 5,1

8 4 72 9
Bai toan 3. Cho a,b,c 1a cac s thuc duong ta ludn co

a++/ab + 3abc s%(a+b+c).

Charng minh.
Str dung bét déng thic AM-GM ta co:

a++/ab + 3abc = a+%\/a.4b +%§/a.4b.160

1 a+4b 1 a+4b+16c 4
<a+-. +=. =—(a+b+c)
2 2 4 3 3

Bat dang thire dugc ching minh. Dang thire xay ra khi va chi khi a = 4b =16c.
Nhan xét. Bay la chi la mét trwong hop don gian cta danh gia AM — GM tir trung
binh nhan sang trung binh cong két hop véi tham s6 hoa ta ¢ thé van dung bat
dang thirc nay dé xay dung céc bai toan cuc tri.
Bai tap twong tuw
1) Cho a,b,c 1a c4c sb thuc khdng am thoa mdn a+b+c=3.
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Chung minh ring 2a+%b ++/ab ++/bc +3/abc <7.
2) Cho a,b,c Ia céc sé thuc dwong. Chitng minh

6v/ab +7c +8ca <9(a+b+c).

> CAC VI DU
Vi du 1. Cho a,b,c |a c4c s6 thuc dwong. Tim gia tri nhé nhit cua biéu thirc

1 3
P= - .
a++ab+3abc Ja+b+c
Loi gidi
Str dung bat dang thie AM-GM ta duoc:

@:%\/aAb < a+4b .3ab =%«3/a.4b.16c g#.

4
3 4 . 3 3
Suy ra /ab +~/bc + abc <—(a+b+c)dodé P> —~ :
3 2(a+b+c) Ja+b+c
2
bat t=+a+b+c,(t>0) khido Pzij:g(}—l] 3,3
2t t 2\t 2 2
Vy gia tri nho nhét cua P bang —gdat tai a:E,bzi,c=i.
2 21 21 21

Bai tap twong tw
Cho a,b,c 1a céc s6 thuc dwong. Tim gia trj nhé nhit cua biéu thirc
o 2 3
a++ab+3abc Ja+b+c'
Vi du 2. Cho a,b,c Ia céc sb thuc duong thoa man didu kién a+b+c<1.
Tim gia tri nho nhat va Ién nhét cua biéu thirc

1 1
P= _ .
6Jab +7c+8Jca 9Ja+b+c
Loi gidi

Str dung bat ding thac AM-GM ta c6
6+/ab + 7c+8yca =2a.9b + 7c + 4/c.4a

<a+9b+7c+2(c+4a)

=9(a+b+c)
Suyra P> 1 — 1 :1( 1 _1]2_i>_i
“9(a+b+c) 9Ja+b+c 9\Ja+b+c 2) 36 36
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18

a=—

23

Bang thirc xay ra khi va chi khi V3 TP+¢=2 _Jp_2

a=9b;c=4a 23

712

c=—0

23
Vy gia tri nho nhét cua P bang —idat tai azg,bzi,c:z.
36 23 23 23

Bai tap twong tw
Cho a,b,c la cac sé thuc dwong. Tim gia tri nho nhat caa biéu thic

Jabc 1

6ab/c + 74/abc® +8cab  9Va+b+c
Vi du 3. Cho a,b,c 1a céc sb thuc duong. Tim gia tri Ion nhét cia biéu thirc

8a+3b+4(\/%+\/g+3abc)

1+(a+b+c)’

P

P

Loi gidi
Str dung bét déng thirc AM-GM ta duoc:
4Jab =2-Ja.db <a+4b
4Jbe = 24b.4c <b+4c

4¥abe = Ya.db.16c < w
Cong theo vé 3 bat dang thirc trén ta dugc:

8a +3b + 4(~/ab +/bc + 3abc <2 aibro).
3

28(a+b+c) _14_14(a+b+c—1)2 _14
3+3(a+b+c)® 3 3((a+b+c)2+1)_3.

Suyra P<

Ding thirc xay ra khi va chi khi a+b+c=1,a:4b=160c>azﬁ,b:i,wi.
21 21 21

Vay gié tri I6n nhat cia P bang %
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> BAI TAP REN LUYEN
Bai 1. Cho a,b,c 1a cac s6 thuc duong. Tim gia tri nho nhat cua biéu thuc
o_ 1 B 8
2a+b+2y2bc \/Za2 +2(a+c)2 13

Bai 2. Cho a,b,c la cac s thuc khdng &m thoamdn a+b+c=3 .
Chung minh ring 2a+%b+@+«/@+§/abc <7.

Bai 3. Cho a,b,c la c4c sb thyc dwong. Chirng minh
6v/ab +7c+8Jca <9(a+b+c).

Bai toan 4. Ching minh rang véi moi s thuc x> -1 ta co
2
U r1<X 2+2 .

Chirng minh.

Str dung bét déng thuc AM — GM ta c6

2 2
x/x‘°’+1=\/(x+l)(x2 —x+1) Jalyxoxal _x+2

2 2
Bat diang thic dwoc ching minh. Dau bang xay ra khi va chi khi hoic
x=0hoac x=2.

Bét ding thirc khic ciing hay dwgc ding

x*+1

2

, 2
Chitng minh véi moi s6 thuc X ta c6 (xz - x+1) >

> CAC Vi DU

Vi du 1. Cho a,b,c la céc sb thuc duong thoa man diéu kién
2a® +3b% +5ab+3bc+2ac+c<3+5a+8b.

! + ! + ! >1.

V841 8P 4+1 &€ 41
Lo gidi

Viét lai diéu ki¢n ciia bai toan thanh: (a+b+c-3)(2a+3b+1)<0.
Vi a,b,c>0nén a+b+c<3.

Chirng minh rang

Pat x=2%,y=2°,2=2°(x,y,2>0)va xyz =2 <8,
1 1

Ta can ching minh 1 + >
Ixé +1 \/y3+1 J2 41

1.



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

x+1+x2—x+1_x2+2

2 2
L > 2 . Tuong tu: > 2 ; L > 2 .
O+l ¥ +2 \/y3+1 yo+2 841 P42
Ding thirc xay ra khi va chi khi x=y=z=2.
1 N 1 N 1 S 2 N 2 N 2 .
NSEE \/y3+1 JB 1 X+2 yP+2 2742

2 2 2

Ta chi can ching minh ——+ ——+———>1.
X“+2 y°+2 z2°42

& 2(y2 +2)(z2 +2)+2(x2 +2)(z2 +2)+2(x2 +2)(y2 +2)2(x2 +2)(y2 +2)(22 +2)

Taco \/x3 +1 =\/(x+l)(x2 —x+1) <

Suy ra

Do d6

= 2(x2y2 + yzz2 + 22x2)+8(x2 + y2 + 22)+ 24>
> xzyzz2 +4(x2 + y2 + 22)+2(x2y2 + yzz2 + 22x2)+8

= 4(x2 + y2 + 22)+162 xzyzz2

@4{ ! + ! + 1 J+ 16 >1 (luon dung).

X2y2 y222 y222 X2y222

Vi theo bét ding thie AM-GM ta c6

4 L + . + . + 10 =123 L +E>1Z+E—l
x2y2 | y222 272 | x2y2,2 T A yAst 82_§/87 64

Bai toan dwgc chang minh. Béng thirc xay ra khi va chi khi a=b=c=1.
Vi du 2. Cho x,y,z la cac s thuc dwong thoa man diéu kién xyz=x+y+z+2.
1 N 1 N 1
N \/y2+2 J22 +2
Lo gidi
Viét lai ddng thuc dé bai da cho duéi dang:
1+ x)(1+y)1+2)=(1+x)(1+y)+(Q+y)A+2)+ 1+ 2)(1+x).
1 1 1
+ + =1.
1+x 1+y 1+z

Tim gia tri I6n nhét cua biéu thic P =

Str dung bat ding thuc C-S ta co:

2 1 2 1 3.1
(x +2)(1+Ej2(x+1) :>\/X2+2s\g.x+1.
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L f . S
/y2+ 2'y+1 ,/Z Lo V2 z+1

Ding thirc xay ra khi va chi khi x=y=z=2

Tuwong tu ta co:

Cong theo vé 3 bat dang thirc trén ta dugc

1 1 1 \F[ 1 1 1 j 3
+ + =,[=.
N Jy ) \/Z 49 1+x 1+y 1+72 2

bing thirc xay ra khi va chi khi x=y=z=2.

Vay gia tri 16n nhit cua P bang ?dat tai x=y=2z=2.

Vi du 3. Cho a,b,c 14 cac sb thuc duong thoa man didu kien aZ +b? =c? +1.
Tim gid tri nho nhat cua biéu thic

a’ b® 2¢® +1
P= 3 T3 7+ .
a®+(b+c)” \bP+(c+a) 27

Loi gidi
Str dung bét déng thic AM-GM ta co:

(az+b2 +C2)2 :614+2z:12(b2+cz)+(b2+c2)2 =a4+(b2+cz)(b2+c2+2az)

>at+ %(b +c) B(b +c)+ ZaZ}

>a* +%(b +c).2 /%(b +c)’.2a% =a +a(b+c)’

a’ a* a’ a’
> = >

Do d6 > >
a®+(b+c)’ (az+bz+cz)2 a®+(b+c)’  a’+b’+c?

b® b?

Tuwong tu ta co: > .
b+(c+a) a’+b”+c?
Cong theo vé 2 bat dang thirc trén ta dugc:
a?+b?  2¢3+1 c?+1 2c3+1
2 2.2 =2 47
a“+b°+c 27 2cc+1 27
(c-1)° (4c® +8c +14c+7)

B 27(2c2 +1) '

P2

=

[N
|~

DAu bang xay ra khi va chi khi a=b =c =1. Vay gia tri nho nhét caa P bing 7/9.
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Vi du 4. Cho a,b,c 1a cac s6 thyc duong thoa man diéu kién a+b=c+1.
Tim gié tri nho nhét cua biéu thirc

9a? 9h? a+b+c?
P=3 > +3 > + .
(b+c)” +5bc Y(c+a)” +5ca 9
Loi gidi
Str dung bét déng thic §-S va AM-GM ta\co:
%* 9a? ~ 9a’ 27a°

(b+c)? +5bc  2(b2 +c?)+5be (b+2c)(c+2b) 3a(b+2c)(c+2b)

27a° 27a°
> =

_(3a+b+2c+c+2bj3 (a+b+c)3
3

2
Suyra 3 9‘2 > s :
(b+c)” +5bhc a+b+c

2
Tuwong tu ta cd: 3 92 > 3 .
(c+a)”+5ca a+b+c

3(a+b) a+b+c® 3(c+1) c’+c+l

a+b+c 9 2c+1 9
. 3(c+1) ¢?

Xétham sb ()= (CHD) , Crel
2c+1 9

3 +2c+1_(2c+1)3—27

(2c+1° 9 9(2c+1)

Ta co £°(c) d6i dau tir Am sang dwong khi di qua ¢ =1nén f(c) dat cuc tiéu tai c=1.

Do d6 P> f(c)> f(l):%.

Ding thirc xay ra khi va chi khi a=b=c=1.

Dod6 P>

vGi c>0tacod

fc)=- () =0 (20+1)° =27 = c=1.

Vy gia tri nho nhét cua P bang %dat tai a=b=c=1.

> BAI TAP REN LUYEN
Bai 1. Chting minh rang véi moi s6 thuc dwong a,b,c ta co

a’ b? c?
3 3.3 3.3 721
a’+(b+c)” \b®+(c+a)” \c'+(a+b)
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Bai 2. Cho céc sb thuc duong X, y,z thoa man diéu kién x,y >1va xyz =1.
Tim gié tri I6n nhét cua biéu thirc

1 1 1
P= >+ >+ 5 -
(xz—x+1) (yz—y+1) (22—z+1)
o 2 x4
HD: Str dung bét ding thirc: (xz—x+1) > X F1 oy er.
Tuong tu ta co: (y2 —y+1)2 > y4+1va (22—z+1)2 > 2 +1
g . =75 2
4.4
Suyra P< 2 + 42 + 42 = 42 + 42 +ix4y )
X+1 y'+1 z7+1 xX"+1 y'+1 xX'y'+1
4.4
Ta sé chang minh 2 + 2 +2Xy <3.

P41 oytal o xtyrel

Bién ddi twong duong ta thu duoc:

& 2(x4y4 —1)(x4 —1)(y4 —1) >0.

Bat dang thirc nay luén dung do X,y >1.

Vay gié tri Ion nhat caa P bang 3, khi va chi khi x=y=z=1.
Bai toan 5. Ching minh rang véi moi sé thuc x,y cling dau ta cé

\/k2+x+\/k2+y2k+\/k2+x+y.

Chang minh.
Binh phwong hai vé dua vé chang minh bét dang thic:

2\/(k2 + x)(k2 + y) > 2kyJk? + X + y

<:>(k2+x)(k2+y)2k2(k2+x+y)<:>xy20

Bat dang thic cudi luon ding. Pang thiac xay ra khi va chi khi x =0 hoic
y=0.

Hay dugc dung: 1+ X +4/1+y >1+1+X+Yy.
Ta c6 mét két qua cung dang
Véi moi s thuc khdng &m a,b,c thoa mén diéu kién a+b+c=1taco

Ja+b? +4b+c2 >a+b+c+b?.

> CAC Vi DU
Vi du 1. Cho a,b,c la cac sé thuc khdng &m c6 tong bang 1. Chang minh
Vda+1++/ab+1++Jac+1>5+2.
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Loi gidi
Tacé

N1+ X +414+y >1+ 1+ x+y vdi moi x,y khdng am.

N fos 2 _ 1
Khong mat tinh tong quét gia sir a=max{a,b,c} =a> 3

Khi dé
Jab+1++Jac+1>1+1+4a+4b=1++5-4a.
Goi P 1a biéu thire vé tréi ta c6
P>\4a+1+1+5-4a.

Xéthamsé f(a)=+4a+1+1++/5—4a lién tuc trén doan E;l} ta co

2 2
Jda+1 +J5-4a

(0, [T L (1) e
Tacof(§]_1+\f3+\/;,f(2] 1+23; f () =+/5+2.

Vivay P> f . =f(1)=+5+2.
Bat ding thirc dugc chung minh. Ping thuc xay ra khi va chi khi a=1,
b =c=0 hoic cac hoan vi.

Vi du 2. Cho a,b,c 1a cac sb thuc khong am thay d6i thoa méan diéu kien

Vi+a®? +1+2b +/1+2c =5.
Tim gia tri 16n nhét cua biéu thac P =2a% +b% +c3.
Loi gidi
Theo gia thiét va st dung bai toan phu trén ta c6
V1+a®? +4/1+2b +41+2c >+1+a2 +1++/1+2b+2¢c
>1+1+v1+a®+2b+2c

=2++1+a’+2b+2c
2

Suyra: V1+a%+2b+2c s3<:>a2+2b+2038<:>b+cs4—a7.

f'(a)=

;f'(a)=0<:>\/5—4a=\/4a+1<:>a=%.

N
Ta co: P=2a3+(b+c)3—3bc(b+c)£2a3+(b+c)3s2a3+(4—a7] .

T gia thiét a,b,c khong 4m thoa mén didu kien v1+a? ++/1+2b++/1+2¢c =5
suyra5>yl+a® +1+l=a<2y/2=>0<a<2y2.
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3
2
Xét ham sb f(a)=2a3+(4—a7] lién tuc trén [o;zﬁ]ta duoc:

, a2\ 3

f (a)=6a2—3a(4—?j =Za(a—2)[a(12—a2)+2(16—a2ﬂ;

a=0 '

a=22

Tacé: f(0)=64,f(2)=24,f(24/2)=32J2= max_ f(a)=f(0)=64.
ae[O;Z\/ﬂ

f u(a) — O OSaSZ\/E |:

Vay gia tri 16n nhét cua P bing 64 dat tai a=0,b=0,c=4hoic a=0,b=4,c=0.
Bai tap twong tw

Cho x,y,z 1a cac s6 thuc khong 4m thoa man diéu kién v1+x +y1+y++1+z=5.
Tim gia tri 16n nht caa biéu thic P=x+y—-2z+12y/1+z.

Vi du 3. Cho x,y,z |4 cac sé thuc khdng &m thoa man diéu kién x% + y? + 22 =1.

2 2 2
Chiang minh ring Jl—M Jr\/l—M Jr\/l—M >6.
4 4 4
Loi gidi

2 2 2
Trong ba s6 (x+y) _1;(y+z) ALY lubn ton tai hai sé cung
4 3 4 4 3

31
. : . (x+y)? 1| (z+x)* 1
dau, khéng mat tinh tong quét gia st 2 3l 2 3 >0.

3 4 3
. Jz{&z} Jz{uz}
3 4 3] \3 4 3

2_64_\/3_{(x+y)2 _lJr(z+x)2 _1}
4 3 4 3

J6 \/4 2x% +2x(y +2)+y? +2°
3 4

5 \/4 2x2+2x,/2(y2+22)+y2+z2
“3 \3”

3 4
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3

3 3

4
3 2

\/€+ [\/y2+22+\/§xJ2 =ﬁ+ 4{\/1x2+\/§xJ2
> .

Str dung bét déng thuc AM — GM ta c6

Ll Ly

\/ 4 \/ 2 | 2 [

2

[0 2

Vay ta chi can chang minh 4_|¥l=x 2 +4/1+X 22\/6.
2 2 3

Bat dang thuc cubi ludn dang(ban doc kiém ching).

1

Nk

Vi du 4. Cho ab,c 1a cc sb thuc thuge doan [-L1]va thoa man diéu kién

a+b+c=0.

Bit diang thire dugc chimg minh. Dang thie xay ra khi va chi khi x=y=z=

Tim gia tri nho nhét cia bidu thic P =v1+a+b2 +1+b+c? +l+c+a?.
Léi gidi

Ta c6:a+b? b+c?,c+a? >—1va trong 3 s6 ndy c6 it nhat hai s6 hang cling

diu, khong mét tinh tdng quat ta gia st (a+ bz)(b + cz)z 0.

Khi d6 ap dung bai toan phu ta dugc

Vl+a+b? +41+b+c? +1+c+a? 21+ 1+a+b?+b+c? +1+c+a’

=1+\/1+b2 +c? —C+\/1+C+a2
=1+\/(M)2 +b% + (\/1+—c)2 +a’
21+\/(M+\/1+_c)2 +(a+b)2
1J(ﬁ¢1—)

Rt gon vé phai ta duoc: P 21+\/ 2¢? +241-c® +2.
Ta ching minh 1+\/202 +241-c+2>3

S22+ 201-cC 1224 1-¢ >1-¢?
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©1-c*21-26 +¢* & ¢? (P +c-2) <0 (c-1)(c+2) <0 (luon ding
véi ce[-11]).
Vy gia tri nho nhét cia P bang 3 dattai a=b=c=0.

Vi du 5. Cho ab,c 1a cic s6 thuc khong 4m thay d6i théa min diéu kién
a+b+c=1. Tim gia tri nhé nhit cua biéu thirc

P=va+b? +b+c? +c+a?.
Loi gidi

Ta co:

P2a+b+\/c+b2 +\/c+a2 2a+b+\/(\/6+\/5)2+(a+b)2

—1-c+yJhc+(1-c)’ =1—c+y(c+1)* =2

Vay gia tri nho nhat cua P bang 2 dat tai a=b=c=%hoéc a=lb=c=0va
cac hoan vi.
Vi du 6. Ching minh rang véi x,y 1a hai s thuc khdng am thoa man x+y>1ta

luén c6 \/X2+X+4+\/y2 +y+4£2+\/(x+ Y)Y +x+y+4.
Léi gidi
Bat dang thirc da cho twong duong véi

x2+y2+x+y+8+2\/(x2+x+4)(y2+y+4)

§4+4\/(x+ y)2+x+y+4+(x+ y)2+x+y+4

<:>\/(x2+x+4)(y2+y+4)sxy+2\/(x+ ) +x+y+4

c><x2+x+4)(y2+y+4)£x2y2+4xy\/(x+ y)2+x+ y+4+4[(x+y)2+x+ y+4}

<:>xy[4\/(x+y)2+x+ y+4+ X+ y—7}20(luéndﬁngdo X+y=1).

Ta c6 mat sé két qua cung dang
+ Chang minh riang véi moi s6 thuc khéng am x,y ta ludn cé

\/xz—x+1+\/y2—y+1£1+\/(x+ y) —x-y+1.
bing thirc xay ra khi va chi khi x=0hoic y=0.

+ Chirng minh rang véi moi s6 thuc khdng am x,y ta luén cé

N +\/y2+y+k2 £k+\/(x+y)2+x+y+k2 :
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Ding thirc xay ra khi va chi khi x=0hoic y=0.

Bai toan ap dung
Cho a,b,c la cac s thuc khdng &m thoa mian diéu kién a+b+c=3.
Tim gié tri I6n nhat va nho nhét cua biéu thirc

P=vaZta+d Vb +brdrc?rc+4.

Vi du 7. Cho x,y,z 1a cac sb thuc khong am thoa méan diéu kién xy + yz +zx>0.
Tim gia tri nho nhat caa biéu thic

P= ! + ! + 241+ 2 x+2y+4.

\/x(y+ 7)+222  Y(x+42)
Léi gidi

Str dung két qua bai toan phu ta c6

4\/z+1+2\/x+2y+4=4(\/z+1+ /§+%+1J

S| N A
4 2

=4+2\X+2y+4z7+4

Chy ! _ 2\ SN2
\/x(y+z)+222 \/8xy+8xz 11672 X+2y+4z’
1 222 22

a = > :
y(x+4z)) 22y(x+4z) X+2y+4z
bat t=x=2y+4z>0 tasuy ra: P2¥+2\/t+4+4.

42

Xét ham f(t)_—+2\/t+ +4 tacongay Ming gy =4+572.
Vay gid tri nho nhat cia P bing 4 +5v2 dat tai (x,y,2)=(210).
> BAI TAP REN LUYEN

Bai 1. Cho x,y,z la cac s thuc khdng &m thoa man diéu kién
VX% +4+ 3y +4++/32+4=8.

Tim gia tri 16n nhat cua bidu thac P = 2x3 + 9(y3 + 23).
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HD: Dung bat dang thic phy danh gia

8=x*+4+ 3y +4+/32+4>Vx* +4+2+ 443y +32
2
24+\/4+x2+3y+3z:>y+z§123x

=P<2x® +9(y+z)3 <2x3 +%(12—x2)3 <576

Bai 2. Cho x,y,z 1a cac s6 thuc khong &m thoa mén diéu kién
VI+X+\1+y +4/1+2 =5.
Tim gié tri I6n nhét cua biéu thic P = x +y -2z +12+/1+ 7 .
Bai 3. Cho x,y,z la cac s6 thuc khong &m thoa mén diéu kién

\/1+ 2x? +\/1+ 2y2 +\/1+ 272 =5,

Chuting minh rang 44/2x% +y® +2° <64.
Bai toan 6. Cho x,y,z la cac sb thuc khéng am théa méan didu kién

Xy +yz+2x >0,z =max{x,y,z}

Talu()ncé\/ X +\/ y 2\/x+y'
y+12 Z+X z

Charng minh.
That vay ta c6 thé gia sit x < y. Néu x =0 bét ddng thuc tré thanh ding thic.

V6i 2>y > x> 0khi d6 viét lai bat dang thie dudi dang:

\/(X+y))(2y+z) +\/(X+y))lzx+z) >1,

Taco

Xz B 2xz S 2xz B 2Xz
(x+y)(y+2) 2\/z(x+y),x(y+z) Tz(x+y)+x(y+z)  xy+yz+2zx

yz 2yz S 2yz B 2yz

(y+z)(x+y) ) 2Jy(x+2)z(x+y) Y(x+z)+z(x+y) Xy +XZ+2yz

Mat Khac Xy + Xz +2yz = Xy + yz + 2zxsuy ra

Xz s yz S 2yp 2(xz +yz)
(x+y)(y+z) \(x+y)(x+z) xy+yz+2z2x XY+ YZ+22X Xy +YZ+22X
Vi yz>xz.

Bat dang thire dugc ching minh.
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Ding thirc xay ra khi va chi khi x =y =z hodc x=0hoic y=0.

Ngoai ra ta c6 mot danh gia yé’u hon nhu sau:

/ 2(x+y)
y+z Z+X x+y+z

Mot bit ding thic c6 dang twong tw

Cho x,y,z 1a cac s6 thuc khong &m va z = min {X,y,z};xy+yz+2x>0taco
[y e o
y+2 Z+X X+Yy+2z
Chang minh.
Str dung bét ddng thirc Holder ta c6

£E+ ZHJ (y+2)+y* (z+%)) 2 (x+y)’

x+y)
=
y+z z+x 2(y+2)+y*(z+x)
Chl y sir dung bét dang thirc AM — GM ta c6

X2(y+2)+y2 (24 %) =xy(x+y—22)+2(x+y)

S(%T(x+ y—22)+z(x+y)’.

(x+y)4+22(x+y)2
/ / x+y)3 [ x+y
Suy ra =2 :
Z+X (x+y) +22(x+y) X+Yy+21z
4

Bat dang thic dugc chimg minh. Dang thie xay ra khi va chi khi x=y .

> CAC Vi DU
Vi du 1. Cho x,y,z la cac s thuc khéng &m thoa mian diéu kién

Xy + yz +zx >0,z = max{X, y, z}

Tim gié tri nho nhét cua biéu thic P = + 2 +33
Z+X Vx+
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Loi gidi

X +1>2 x_.
y+12 Vy+z
&wraPzZ(-—£—+ y j+33 : -1.

Vy+z Z+X \ x+y
Ta ching minh. / x+—y
Vy+z Z+X x+y+z

That vay néu x =0 hodc y =0gia sir y = 0 bat ding thuc tro thanh:

Str dung bét ding thicc AM-GM ta co:

X 2X
=2
I X+12

V6i X,y >0 st dung bat ding thac AM-GM ta co:

X |y o ox .oy o2& 2y 2(x+y)
y+1z Z+X \/x (y+2) \/y z+x) X+Y+Z X+Y+Z X+Yy+1z

Viy P2 +33 1= +33—% 1,
X+y+Z +V X+Yy

X+y

:>P>f(t)_ 43

1+t

1 .

+3t 1vmt>?\»ftaco:
t 2

3(t-1)(t? +t-1)(t2 + 2t +1
o120 g (-9 re)( 2+ );f‘(t)=0©t:1,(t2§/%]

2 2
(1+t3) (1+t3)
Ta ¢ £(t) d6i dau tir 4m sang duong khi di qua t=1nén f(t) dat cuc tiéu tai
t=1hay P> f(t)> f (1) =4 . Ding thuc xay ra khi va chi khi y=0,x=z.

& x(x+12)° 2 4x%2 & x(x-12)° 20 (luon ding).

Datt—3 +3t-1.

Xéthamsb f(t) =
1+

Vay gié tri nho nhét cua P bang 4 dat tai x=2,y=0.
Bai tap twong tw
Cho x,y,z la cé4c sb thuc khdng am thoa méan didu kién
Xy +yz +2x >0,z =max{X, y,z}

z
X+y

Tim gié tri nho nhét cua biéu thic P=2\/ X +2J y +33J
y+2 Z+X
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Vi du 2. Cho x,y,z la c4c sb thuc khong am thoa mén diéu kién xy + yz+zx>0.

Ching minh rang \/1+ 48x +\/1+ 48y +\/1+ 482 .15,
y+2 Z+X X+ Yy

Loi gidi
Khong mét tinh tong quat gia sir z=min{x, y,z}ta co

S ey,
y+12 Z+X X+Y+2z

Str dung bat ding thac Mincopski va bt dang thirc trén ta duoc

\/ ﬂ+\/1 48y \/4 48( E— /—J
y+z y+2 Z+X
48
> 4448| 2 i g 280+Y)
X+Y+22 X+Y+22
X 48
Vay ta chi can chitng minh 2 /1+M+ /1+48L >15
X+Yy+2z2 X+Yy

Bat dang thuc kha don gian bang cach dit t = /1+ 482 A<t<5.
X+y

Ban doc ty chitng minh.
Bat dang thue duoc chimg minh. Dang thic xay ra khi va chi khi x = y = z hoic

X =Y;z=0hoac cac hoan vi.
Bai tip twong tw
Cho x,y,z la cac s6 thuc dwong chirng minh ring

\/1+ 16x +\/1+ 16y +\/1 162 >9.
y+2 Z+X X+Y

Vi du 3. Xét cac sé thuc a>b>c>0 thoa min diéu kién a+b+c=1.

Tim gia tri nho nhat cua biéu thic P =, | a +4] b, 24
b+c Vc+a 55(a+b)

Loi gidi
Theo gia thiét két hop bt dang thuc phu ta cé
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a b 24
P= + +
\b+c Ve+a 5J5a+b)
/ a+b 24
>2 +
a+b+2c 5 /5(a+b)
9 /1—c+ 24
1+c 5,/5(1—0)

e s oA 1-c 24
Xeét ham so f(c)=2\/;+5\/5(17_c)
)= ~10v5(1-¢)+12(1+ c)\/ch;

Sﬁ(l—cz)@

f'(c) =0 -10V5(1-¢)+12(1+c)V1+c =0

&125(1-c)’ =36(1+c)’ < 36¢° ~17c2 +358c~89=0

trén nira khoang [O;ﬂ taco

< (4c-1)(9¢” ~2c+89) = <:>C—

1
Tedoésuyra f(c)>f| = |=——
Y ©) (4) 515
78

1
== ia tri nho nhét cua P ban
4 Vay g g 515

OOIw

DA4u bang dat tai a=b =

Vi du 4(TSPH Khi B/2014) Cho a,b,c 1a c4c sb thuc khdng &m thoa min diéu
kién c(a+b)>0. Tim gia tri nhé nhét cua biéu thirc

[a [ b c
= + + :
b+c Vc+a 2(a+b)

Lc‘rigitii
Chuy/ /
b+c a+b+c c+a a+b+c
b)
Tudosuyra P> (a+ + c __ 2 + ¢ .
a+b+c 2(a+b) ;, ¢  2(a+h)
a+b

Pit t =Lb,t >0 khi do sir dung bét ding thic AM — GM ta c6
a+
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2t 2 t+l 1 2 t+1 1 3
P> 4-=_f 4 7o Sso 2 P02 2
14t 2 t+1 2 2 Nt+1' 2 2 2

Déng thae xay ra khi va chi khi a=c,b=0hoac a=0,b=c.
Bai tap twong tw
Cho a,b,c 1a cac sb thuc khong am thoa man didu kién a2 +b? +c2 =2.
1+bc l+ca o
>+ >+ .
(b+c)® (a+c)” 2(a+b)

Vi du 5. Cho a,b,c Ia céc s6 thuc khdng am thoa man diéu kién ab+bc+ca>0.

Tim gié tri nho nhét cua biéu thic P :\/

c
a+tb+c’

Tim gid tri nho nhat cua biéu thac Pz\/ a +\/ b +2\/
b+c 2c+a

Loi gidi

Taséchfrngminh:\/ a +\/ b +2\/ ¢ >2.
b+c 2c+a a+b+c

+ Néu ¢ bang 0 ta chi can sir dung bat dang thiuc AM — GM cho hai s6 dwong c6
diéu phai chung minh.
+ Néu a bang 0 khi d6 ta can ching minh

£+2 L22<:> £+
\/20 Vb+c \/2c

<:>x+;22,(x= B20]
V2x2 +1 \ 2c

©42(2-x)" (2 +1) < x(2x° ~8x° +9x-4) <0

Bat dang thuc cubi dung voi x< 2.
+ Néu b bang 0 chimg minh tuong ty truong hop trén.
+ Taxét tit ca cac s6 déu duong khi d6 st dung bét dang thae AM — GM ta c6

\/a \/ b \/ c a b 2c
+ +2 = + +
b+c Vac+a Va+b+c fa(b+c) b(2c+a) fc(a+b+c)
2a 2b 4c 2a+2b+4c
> + + > =2
a+b+c a+b+2c a+b+2c a+b+2c
Bat dang thie dugc ching minh. Dang thire xay ra khi va chi khi a=b,c=0.
25

Vi du 6. Cho cac s6 thuc X,y,z [0;1) théa man diéu kién x+y+2 =21
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Tim gia tri nho nhét cua biéu thuc Pz\/ X +\/ y +\/ z

1-x \1-y Ni1-z~
Loi gidi
Khong mat tinh tong quat gia sir z=min{x, y, z}:>z<%:>x+y=§—z g

Str dung bét déng thuc Holder ta co:

(\/: \/7} (1-x)+y (1—y))2(x+y)3.
Suyra\/: r \/ (1- ;1);)(1—y)'

Chl y. Sir dung bét dang thirc AM — GM ta c6
X (1-x)+y2(1-y)=x* +y2 - x* -y

= (x+y)' = (x+y) +xy(3(x+y)-2)
s(x+y)2—(x+y)3 ( ZyJ (3(x+y)-2)
1(x+y) —%(x+y)

Suy ra [ x (x+ y) 5 [25— 242 .
—x 1 )3 23+ 24z

X+ X+
y) 4( y

Khi do sz(z)=2\/25_24z+\/ z_
23+ 24z 1-z

Xét ham sb f(z)=2\/25_242+\/ Z_trén 0;§ ta co
23+ 247 1-z 72
1 B 1152 _
2(z-1) |2 (23+24z) |24
1-z 23+ 247

f'(2) =0 23042 (1-2)° 2 = (23+ 242)° (25— 242)

f(z) =

Phuong trinh cudi ¢6 2 nghiém thudc doan {O;%} dolaO<z <z, =%
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10
Lap bang bién thién suy ra min f (z) = f (0
p bang y (2)=1(0)= Nk
N N 10 . 25 - L
Vay gia tri nho nhat cia P bang — dat tai x =y =—,z =0hoac cac hoan vi.
V23 48

Bai tip twong duwong tw
1) Cho a,b,c la cac sb thuc khéng am thoa mian diéu kién
1 1 1 1
- +— +— =,
a‘+47 b +47 c +47 24

Chirng minh rang a+b +c¢ >10, /;—; :

1-x. 1 1-y 1 1-z
a’+47 AT 'b%+47 AT ‘P47 AT

Khi d6 x+y+z=§;P=\/ X Y +\/ z
24 1-x 1-y 1-z

DPay chinh la bai toan trén.

HD: Tén tai X,y,z e[0;1) sao cho

1 1 1 1
- +— +— =,
a+47 b +47 c°+47 24
Chang minh rang a+b+c>15.

2) Cho céc sb thuc a,b,c>1 va

> BAI TAP REN LUYEN
Bai 1. Cho x,y,z la cé&c sb thuc khdng am thoa min diéu kién

Xy + yz +zx >0,z = max{Xx, y, z}

Tim gi4 tri nho nhét caa biu thac P=2\/ X +2J y +33J z_.
y+12 Z+X X+Yy

HD: Ta chang minh. / x+y
\/y+z Z+X x+y+z

That vay néu x =0 hodc y =0gia sir y = 0 bat ding thuc tro thanh:

X, 2 & x(x+12)° 2 4x%2 < x(x-12)° 20 (luon dang).
7 X+12

Véi X,y >0 st dung bat ding thac AM-GM ta co:

2y _2(x+y)
y+z Z+X \/x (y+2) \/y Z+X) x+y+z x+y+z X+y+2
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VayP> +3 +33 z .
x+y+z X+Y X+Yy
e

Pt t=3— ,tZ?\’/i P> f(t)=—
X+y 2 1+t3
+3tvmt>3\)ftaco

2 2 +2t+1

fit)=— 12t 2+3= ( )2( );f'(t)=0<:>t=1,(t23ji].
(1+t3) (l+t ) 2

Ta c6 £(t) d6i dau tir am sang duong khi di qua t=1nén f(t) dat cuc tiéu tai

t=1hay P> f(t)> f (1) =5. Pang thirc xay ra khi va chi khi y=0,x=z.

Vay gié tri nho nhét cua P bang 5 dat tai x=2,y=0.

+3t.

Xéthamso f(t) = .

Bai 2. Cho x,y,z & cac s thuc khong &m thoa mén diéu kién xy +yz+zx>0.

Chiing minh ring |— +\/ L Xyz .
y+z Vz4+x \x+y (x+y)(y+2z)(z+x)

HD: Gia st z=min{x,y, z} khi do ta co

S ey,
y+12 Z+X X+Y+2z

Cha y sir dung bt ding thirc AM — GM ta c6

Xy ~ 1 - 1 _(x+ y)?

(x+2)(y+2) z(x+y+z)+1_4z(x+y:z)+1 (x+y+2z)°
Xy (x+Y)

Do vay ta chi can ching minh 2\/ Xy +\/ Z 22\/“( z(x+y)

X+y+2z \x+y X+y+22)

Dit t = dua vé chang minh bat dang thircc mot bién.

X+Y
Bai 3. Cho a,b,c la céc sé thuc khdng am thoa man didu kién a% +b? +¢? =2.
1+bc l+ca C
> + 5 + .
(b+c)® \(a+c)® 2(a+b)

Tim gia tri nho nhét cuaa biéu thic P =\/
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HD: Cha y

1+bc>a(b+c);l+ca>b(a+c)= r \/7
I fm .

Bai toan 7. Chang minh rang véi moi s6 thuc x ta c6 e* >1+ x +—

IV
N w

nl
Ding thirc xay ra khi va chi khi x=0.
Chang minh. Xem chu dé 1 Khao sat ham mét bién.

2 n
Tir bt dang thuc trén ta co x> In(1+x+X2—+ +X—1]
! n

Thong thuong sir dung bat dang thiac x > In(1+x),vx>0.

2 n
X X
Chu'y. Véi x 1a s6 thyc khdng am va a>e tacd a* >1+x+2—+ +—.

n!
Vi du 1(TSPH Khdi A /A1/2012) Cho x,y,z |a ba s thuc théa man diéu kién
X+Yy+2=0. Tim gi tri nho nhat cua biéu thirc

p=3Y 31 37X fox? 1+ 6y? + 622
Lo gidi
Nhan xét. Biéu thac P va diéu kién cac bién cd vai tro nhu nhau nén du doan dau
bang xay ra tai x=y=zsuy ra x=y=z=0khi d6 P=3. Vay ta di chung
minh P khdng nho hon 3.
Thay z=-x-yvao P ta duogc:

P DL ox® 1 6y2 1 6(—x—y)° .
Suyra:

P2|x—y|+1+|x+2y|+1+|y+2x|+1—\/GX2 +6y? +6(x+y)2

> |4x+2y| +3—\/12x2 +12y? +12xy

Ta chiing minh P >3 vay ta di chirtng minh:

|4x+2y|+3—\/12x2 +12y% +12xy 2 3 <> |2x+ Y| 2 /3%% +3y® +3xy .

o 4x° +4xy + y2 > 3x? +3y2 + 3xy

X2 +xy-2y? >0 (x-y)(x+2y)=0
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Dé bat dang thuc cudi ding néu ta c6 x>y>z=2x+y>0 VA
X+2y=X+y+y=—z+y>0 (chi viéc gia st x>y > ztir diu) do d6 bat ding
thirc dugc ching minh tac P > 3.

Vay gié tri nho nhét cua P bang 3 dat tai x=y=2z=0.

Nhan xét. Nhu vay bang viéc du doan diu bang xay ra va bién ddi bat ding thuc
twong duong ta nghi dén viéc gia st X > y > z day chinh 1a nit that dua dén loi giai

hét stc ty nhién nhu trén.

Vi du 2. Cho x,y,z 1a cac s6 thuc duong théa man diéu kién xy + yz + zx = 3.

Tim gia tri nho nhat caa biéu thic

202 2,2 22 2 2 .2
P:10X—y+10y—2+102—x_4\/x y-"+yz-+72°X _X +y +z2 .
3 3(x+y+2)
Loi gidi
2
Taco: X2y2+y222+22x23%(xz+y2+22)
2,2, 2,2, 52,2
:_4\/x Yo+ YT+ 27X 2_£(x2+y2+22)
3 3

2. 2,52 2 2,2
X+y+2> 3(xy+yz+zx)=3:>—x Ty fz ., XAy Az
3(x+y+z) 9

Suy ra:
P >10* Y 410¥-2 4 1027 —%xz +y?+2%)

=107 4107 4 101 —g[(x —y)+(y-2) +(z-x)*+ 6} .

=107 4107 4 101X —g[(x— Y +(y-2)* +(z- X)Z} s

Xét ham sé f (t) =10" —gtz Véi t>0taco

f'(t) =10" InlO—%t; f "(t) =10" |n210—%

>|n210—%>0nén P 1a ham
dong bién trén [0;+00)= f'(t)> f'(0)=0nén f(t) 1a ham ddng bién trén

[0;+00) do d6 f (t) >f(0) =1.
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Hay 10t—Et221,Vt20.
18
Ap dung véi t=|x-vy|,|y-2z|,|]z— X|ta co:

10MY 4 10Y-7 10127 _g[(x— y)2 +(y— z)2 +(z- x)z}z 3.

Do d6 gia tri nho nhat cua P bang —%dat tai x=y=2z=1.

Vi du 3. Cho x,y,z |a céc s6 thuc théa man diéu kién x+y+z=0.
Tim gid tri nho nhat cua biéu thac

P=|2x—y|+|2y—z|+|22—x|_|n(\/14(xz+y2+Zz)+1)'

Loi gidi
Nhan xét. Dy doan dau bang dattai x=y=z=>x=y=2z=0=P =0.
Vay ta ching minh P dat gia tri nho nhét bang 0.
Thay z =—x— yVvao biéu thuc cia P ta dugc:

P=|2x- y|+|x+3y|+|2y+3x|—|n(\/14(x2 +y? +(—x— y)Z) +1]

2|2x—y+x+3y+2y+3x|—|n(\/28(x2 +y? +xy)+1)

:|6x+4y|— |n(\/28(x2 + y2 + Xy) +1)

Ta can ching minh: [6x +4y|- In(\/zs(x2 +y2 4 xy) +1] >0.

< |6x+4y|> In(\/28(x2 +y2 4 xy) +1j :
Sir dung bét ding thic quen thudc: In(x+1) < x,Vx > 0ta co:

In (\/28(x2 + y2 + xy) +1j < \/28(x2 + y2 + xy) .

Vay nhan dinh dwoc ching minh néu ta chimg minh dwoc bét déng thuc sau dung:

6%+ 4y| > \/28(x2 +yie xy) > 36x2 + 48xy +16y2 > 28x2 + 28y2 + 28xy .

< 8x% +20xy —12y% > 0 <> (x+3y)(8x +4y)>0.



Vi
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Bat dang thirc cudi luon ding néu ta cd xy > 0. That vay véi ba s6 x,y,z ludn c6
hai sé cuing ddu va bai toan két thic néu ta gia st tir dau x, y cuing déu.
Vay gié tri nho nhét cua P bang 0 dat tai x=y=2z=0.
du 4. Cho a,b 14 hai s6 thuc duong thoa man diéu kién a+b=a* +b*.
. 3 .3
Chung minh ring a®h® <1<a® b .
Loi gidi
BAt ding thire da cho tuong duong voi: alna+binb<0<a®lna+b®Inb.
Dé chirng minh bét dang thac vé trai ta su dung bét dang thirc
Inx<x-1vx>0tacé alna+blnb<a(a-1)+b(b-1)=a®+b*-a-b.
Vay ta chi can chang minh a? +b? <a+b.
That vay st dung bét dang thac Holder ta c6
3
(a4 +b4)(a+b)2 z(a2 +b2) =a’+b”<a+b.
Ta c6 diéu phai chimg minh. Bang thac xay ra khi va chi khi a=b=1.
Chirng minh bat dang thac vé phai
Theo gia thiét két hop str dung bét dang thac AM — GM ta c6
at+b=a’+b’ 2%(a+b)4 —a+b<2=abe(02).
4

3X trén khoang (0;2) ta c6
X

Khi do xét ham sé f (x) = 3In x + >

~1)(-x*+2x+2
f'(x):%—l— 2 =(X )( * e );f'(x)=0<:>x=1e(0;2).

x2 x3

Khi d6 £(x) d6i dau tir am sang dwong khi di qua x =1nén f(x) dat cyc tiéu tai
x=1.
4

Vivay f(x)> f(1) =0 xCInx> X%

a*-a b*-b
=+ =
3
Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=1.

Do dé a’lna+b’Inb> 0.
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> BAI TAP REN LUYEN
Bai 1. Cho a,b,c 1a cac sé thuc thay doi théa mdn a,b>0,c>0va a+b+c=1.

8(1-@)

3c

Tim gid tri 16n nhét cua biéu thic

P=ﬁln(l+a2)+ﬁln(l+bz)+

HD:
Do a,b>0,c>0,a+b+c=1=a,be[0;1],ce(0;1].
Str dung két qua bai toan phu ta c6

ﬁln(1+a2)+ﬁln(l+b2)s

ESIPC I .

2013 2014

<! g Lp<daidy =ﬂ(l—c)
2013 2014 3 3 3

8(1-@)
3

8(1—@)

Do d6: P S%(l—c)+

Xét ham sb g(C):%(l—C)-i- lién tuc trén (0;1], ta co:

3c
2
—Jc?+3
()=t 8 83 _ 4.8, 8
3 3* 3 ¢’ 3 3¢ 2?43
PN ) _ 2
g'(c):24 4c \/c +3 8\/c +320’VC€(0;1].

3c24/c2 + 3

Nén g(c)1a ham dong bién trén (0;1]. Suy ra g(c) < g(l):—%.

Vay gié tri Ion nhét cua P bang —% khi a=b=0,c=1.
Bai 2. Cho x,y,z la cac sb thyc. Tim gié tri nho nhat caa biéu thirc

2 2 2
(x-) +(y—22) +(2-x) —2\/x2+y2+22—xy—yz—zx.

P= 3\X—y\ + 3\Y‘Z\ + 3\Z‘X\ -

2
HD: St dung bét dang thac a* >1+ x+X7,vX,a2eta co

2 2 2
(x=y) +(y—22) +Hz=x) >3+[x—y|+|y—z|+]z-x].

3\X‘y\ +3\Y‘Z\ + 3\Z—X\ -
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Do d6 P23+|x—y|+|y—z|+|z—x|—2\/x2+y2+22—xy—yz—zx.

Ta chiring minh |x—y|+|y—z|+|z—x|—2\/x2+y2+22—xy—yz—zx20.
Khong mat tinh tong quét gia st x >y > z bét dang thic tré thanh

1 1
(x- y)+<y—z)+(x—z)>2J2( —yf +2(y-2f (2= x)

< 2(x-12) \/2 X— y)2+ ) (z—x)z)
& a(x=2) 22((x=y)* +(y-2) +(z-x)’)
& (-2 (- +(y-2° |
<:>((x—y)+(y—z)) 2(x—y) +(y—z)2<:>2(x—y)(y—z)20

Bat dang thirc cudi ludn dung ta ¢ dpem. Suy ra P >3,
Vay gié tri nho nhat cua P bang 3 dat tai x=y=2.

Bai 3. Cho x,y,z la cé4c sb thuc khdng am thoa min didu kién

(x+ y)2 +(y+ z)2 +(z+x)2 <18.
x oy oz
Tim gia tri 16n nhét cua bieu thic P =43 +43 +43 - —(x+y+ 2)4.
X
Bai 3. HD : Ta chiing minh 43 <x+1,Vx €[0;3].
X

Xétham s f(x) =43 —x—1véi x[0;3]taco

X
1 2 3
f'(X)==In4.43 -1, f'(X)=0< X=X, =3log, —
(x) 3 (x) Xo 94103
Ta c6 £°(x) d6i dau tir am sang dwong khi di qua Xonén f(x) dat cuc tiéu tai Xg -
X
Do d6 f(x)<max{f(0); f(3)} =0 hay 43 <x+1vai moi x[0;3].
Ding thirc xay ra khi va chi khi x =0hoic x=3.
(x+ y+z)4

Suyra P<(x Z2)+3-
y (x+y+z)+ 108
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s N A A « 2 N
Bai toan 7. Cho x,y la hai so thyc khdng am théa man x +y < §ta lubn co

/1 x x+y
1+x 1+ l+ x+y
Ding thirc xay ra khi va chi khi x=0hoic y=0.

Charng minh.
Bt dang thire da cho tuong duong voi:

1_X+1_y+2 (1—x)(1—y) £1+1—X—y+2/1—x—y

1+x 1+y 1+x 1+y 1+x+y 1+x+y

-> (1-x)1-y) [1-x-y <1+1—x—y_1—x_1—y.
(1+x)(1+y) Vi+x+y |  1+x+y 1+x 1+y

.. (1=x)(1-y) l-x-y 2xy(x+Y)
Chuy = >
1+ x)(1+y) 1+x+y (A+x)(1+y)(1+x+y)
s, l-x-y 1-x 1-y 2xy(x+y+2)
Va 1+ .
1+x+y 1+x 1l+y (1+x)(1+y)(1+x+y)
2xy x+y)
Suyra /1 X=y _ 1+x 1+y 1+x+y
1+x+y 1 x 1 y 1-x—-y
1+x 1+y 1+x+y
2xy x+y

< (1+x)(1+y)(1+x+Y)

2 l1-x-y
\}1+x+y
Xy (Xx+Yy)

: (1+x)(1+y)(1+x+ y)\/

l1-x-y
1+ x+y

Vay ta chi can chﬁ:ng minh
Xy (x+Yy) xy(x+y+2)

(L4 X)L+ y)(L+ X+ Y) [ 1+x JA+y)2+x+Y)
1+x+y .
1-x- Yo _X+y
1+x+y x+y+2
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Bat dang thuc cubi ludn dang do
1-Xx-y  X+y 1-2/3 2/3 i_1>0
1+X+Yy X+Yy+2 \l1+2/3 2/3+2 4°

» CAC ViDU
Vi du 1. Cho x,y,z |a céc s6 thuc khdng am thoa man didu kién x+y+z=1.

Tim gié tri I6n nhat va nho nhét cua biéu thirc

\/1—x 1-y \/1—2
= + + .
1+X l+vy 1+z

Loi gidi

Tim gia tri nho nhét
Chiy véi x,y,ze[0;1]taco (1- X)(l—(l_ Xz)) >0

- X
=, —=1-X.

Tuwong tu ta cé 1_—y >1- y;,/l_—Z >1-
\jl+y 1+z

Cong theo vé ba bat dang thirc trén ta dwoc:

=\/1_X+ 1—y+\/1—z >3-x-y-z=2.
1+Xx 1+y 1+z

bing thirc xay ra khi va chi khi x =1,y = z=0hoac c4c hoan vi.

==
J’_

Céch 2: Néu dé y ta co

:\/ y+z +\/ Z+X +\/ X+ Yy
(X+y)+(x+2) (y+2)+(y+2) (Z+X)+(z+Yy)

2(y+2) | 2z+x) | 2x+y) _ '
S 2(x+y+z) 2(x+y+z) 2(x+y+2)

Tim gia tri I6n nhat
Khong mat tinh tong quat gia sir z=max{x,y,z} =z 2%;x+ y s%.

Khi d6 sir dung bat ding thac phuy ta co

1-x 1—y1 1Xy1+ z.
1+x 1+y 1+Xx+y Z+2
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Suyra P<1+ /i+ /1_—2
Z+2 1+z
Xéthamsb f(z)=1+ /L+ /1_—2 trén doan 1;1 ta co
z+2 1+z 3
1 1

f'(z)= - - :
2 | z 2 1-z

f'(z)=0<:>(1+z)3(1—z/i=(2—z)3z<:>z/:EeE;l}

So sanh cac gia tri suy ra max f(z):max{f (%) f (%) f(]_)}: f(%j:%+ll

Ding thuc xay ra khi va chi khi x=0,y =1z =% hoac cac hoan vi.

Vay gié tri I6n nhat cia P bang 142,

NE

Bai tap twong tw
Cho x,y,z l1a cac s6 thuc khong &m thoa mén diéu kién

z=max{xy,z};x+y+z=1.

Tim gié tri I6n nhét cua biéu thic P = \/l_ S +\/2_ z.
1+x 1+y z
> BAI TAP REN LUYEN
Bai 1. Cho a,b,c 1a c4c sb thuc khdng am thoa man diéu kién
! 5+ ! 5+ ! 5 =2.
l1+a 1+b° 1+c
Tim gié tri nho nhét va Ion nhét cua biéu thic P=a+b+c.
Bai toan 8. Cho x,y 1 hai s6 thuc duong thoa mdn x+y <1 ta luén c6

(B3 (5)

Ding thirc xay ra khi va chi khi x=y .

Chang minh.

Bt ding thue da cho twong duong véi: 111 > 4 4
Xy

Xy (x+y)2 X+y
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& (x-y)*(1-x-y)=0
Ding thirc xay ra khi va chi khi x=y .

» CAC VIiDU
Vi du 1. Cho a,b,c 1a cac s6 thuc duong théa min diéu kién a+b+c=1.

Tim gia tri nho nhét cua biéu thuc P = (l—l)(l—lj 18

a b a+b+2c’
Loi gidi
Tach (1_1j(1_1j:(1—a)(1—b):1—(a+b)+abZLH'
a b ab ab ab
a+b) (1-c\?
Taco abs[ J :(T] . Ding thuc xay ra khi va chi khi a=b.
_c+l
T1-c

DOCT(,)PZC+1+ 18 _Cc+1 18

= + )
l1-¢c a+b+2c 1-c 1+c

4(2c -1y
+15="") 415215,
1-c

Mat khac S*14 18 _(e+1, 18 g
l1-¢ 1+c \l1-c 1+c

Péng thirc xay ra khi va chi khi c=%,a=b:1_TC=%.

1

Vay gia tri nho nhét cia P bang 15 dattai a=b==,c=

N

Céch 2: Sir dung bat dang thire phu ta c6
p>2 1,8 _ 2,18
a+b a+b+2c 1-c 1+c
Thuc hién danh gia nhu 16 giai trén ta c6 két qua bai toan.
Nh@n xét. Loi giai 2 cho ta danh gia trong trudng hop tong ba sé khac 1.
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Bai toan 9. Ching minh rang véi moi s6 thuc khdng am a,b thoa man diéu kién ta
1 1 1

c6 >l+—
2 1+k(x+y)2

6 5+
1+kx 1+ky

Charng minh.
Bat dang thic da cho twong duong véi:
1—k2x2y? . 1
( 2 2\~ 2
1+kx )(1+ky ) 1+k(x+y)

2kxy —k3x2y? (x+y)* - 2k2x2y? 0

(1+ kxz)(1+ kyz)(1+ k(x+ y)2)
kxy(2—kxy(k(x+y)2 +2))

(1+ kxz)(1+ kyz)(1+ k(x+ y)z)

20

» CAC Vi DU
Vi du 1. Chang minh rang véi moi sb thuc khéng am a,b thoa man diéu kién

1 1 S14 1

a+b§itacé 5+ 5 2 5
1+3a® 1+3b 1+3(a+b)

Loi gidi
2
ab [1— 3ab - 9ab(z2+b)}

(1+ 3a2)(1+ 3b2)(1+ 3(a+b)2) =0

Bat dang thie da cho twong duong véi:

5 9ab(a+b)?
Ta chi can chiung minh 1—3ab—%z

& 223ab(2+3(a+b)’).

Bat dang thire dung bai vi

ab(2+3(a+b)’ )< 3(%”’}2 (2+3(a+b)2)$3(%j2 [2+3(%ﬂ <2.

Bit ding thire dugc chimg minh. Dang thire xay ra khi va chi khi a=0hodc b=0.
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Bai tip twong tw
Cho a,b 1a cac sé thuc khong 4m thoa man diéu kién a+b<+/2 .
Chiang minh ring ! =+ ! ~>1+ ! =
1+a“ 1+b 1+ (a + b)
Vi du 2. Cho a,b,c Ia céc sb thuc khdng &m thoa man diéu kién a+b+c=1.
Tim gia tri nho nhét cua biéu thuc

I S S
1+3a% 1+30% 1+3c?
Lo gidi
Khong mat tinh tong quat gia sir a =max{a,b,c}
1 2
—Da>=;b+c<—.
3 3
1 1

21+

Khi dé ta c6 5+ 5> 2 5
1+3b° 1+3c 1+3(b+c)

Vivay P> ! > +1+ 1 5
1+3a 1+3(b+c)

1 1
- 2t 2
1+3a° 1+3(1-a)

3(2a-1)°(1+6a(1-a)) 15,15

- 7(3a2 +1)(3a2 —6a+4) 77

+1

Déu bang xay ra khi va chi khi a=b = % ¢ =0 hoic céac hoan vi.

Bai tap twong tw
Cho a,b,c,d Ia céc s6 thuc khdng am thoa man didu kién a+b+c+d =2.
Ching minh ring

1 1 1 1 S 16

+ + + >
1+3a% 1+3b% 1+3c® 1+3d° 7
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MQT SO BAT PANG THUC DANG LUQNG GIAC HOA GIAI BANG PANH
GIA PAI SO
Dudi day dé cap mot sb bat ding thic dang luong giac hoa c6 thé danh gia bang
céc bat dang thirc co ban hoac st dung tinh don diéu cua ham sé (xem chuong 4).

Bai 1. Cho a,b,c 1a cac s6 thuc duong thoéa man ab +bc +ca =1ta ludn c6
a b 1
+ <
1+a? 1+b? \/1+ c2

Loi gidi
Vi ab+bc+ca=1nén 1+a”*=ab+bc+ca+a®=(a+b)(a+c)
1+b? =(b+c)(b+a);1+c® =(c+a)(c+b)
Suy ra (a+b)(b+c)(c+a)=\/(1+ az)(1+ bz)(1+ c2) .

Khi d6 sir dung bat dang thic C =S ta c6

a b _ a . b _ a(b+c)+b(c+a)

1+a® 1+b?> (a+b)(a+c) (b+c)(b+a) (a+b)(b+c)(c+a)
_ 1+ab g (1+a2)(1+b2) _ 1
\/(1+a2)(1+b2)(1+02) \/(1+a2)(1+b2)(1+02) Vi+c?

, a=b
bang thuc xay ra khi va chi khi :
ab+bc+ca=1

Bai 2. Cho a,b,c 1a c4c sb thuc duong thoa man didu kién ab+bc+ca=1.
a b 3c
1va? 14D \/1+c

Tim gia tri 16n nhét caa biéu thic P =

Lo gidi
Sir dung a + b !

1+a® 1+b? \/1+c

c 3% +1
Suyra P< s+l )( =410 .
1+c? c?+1
Ding thuc xay ra khi va chi khi {a =b=-3++10 .
c=3
ab+bc+ca=1
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Vay gid tri 16n nhét cua P bing /10 .
Bai tap twong tuw

Cho a,b,c 1a céc sb thuc duong thoa man didu kién ab+bc+ca=1.
a b, J3c

+ .
1+a? 1+b% Jf14c2

Bai 3. Cho céc sb thuc khong am x,y,z thoa man diéu kién xz + yz +1= xy.

Tim gié tri I6n nhat cua biéu thic P =

2_
2x+2y +z 1

x2 +1 y2 +1 22+1

Tim gié tri I6n nhét cta biéu thic P =
Lo gidi
Theo gia thiét ta co xz+yz=xy—-1>0< xy >1.
C g o . £ z 7z 1
Khi @6 chia hai vé cho xy ta dugc: —+—+—=1.
y X Xy

2_
Déta:ib:ic:ztacé ab+bc+ca=1va P= 2a2+ 2b2+C2 1.
X y 1+a® 1+b° c¢“+1

Taco 1+a® =ab+bc+ca+a® =(a+b)(a+c)
1+b? =(b+c)(b+a);1+c® =(c+a)(c+b)

Suyra (a+b)(b+c)(c+a)= \/(1+ az)(l+ bz)(1+ 02) .

Tacéa+b a + b

2 1:b2 ab+bc+ca+a’ ab+bc+ca+b?

a b _a(b+c)+b(c+a)

(atb)(atc) (brc)(b+a) (a+b)(bic)(cta)

1+ab 3 (L+a?)(L+b?) 1

@+D)bre)(are)  [iral)(eb?)1ec?) ire

2 c?-1
.
Vi+c? ¢+l

2 c® -1
+

Jirc? 2+l

Vay P<f(c)=

Xéthamsb f(c) = véi ¢>0 taco
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2C(\/C2 +1—2) c=0
f'(c)=——2;f‘(c)=0<:{ .
(1+cz) c=+3

Lap bang bién thién suy ra max f (c) = f (+/3) 2%
c>0

Dang thuc xay ra khi va chi khi c=+/3,a=b=2-+3 < x=y=2++3,2=4/3.
Vay gi4 tri I6n nhét cia P bing %dattai x=y=2++3,2=4/3.

Bai toan 10. Véi moi s6 thuce duong a,b,c ta ludn co
1 1 1

2+ 7273 :

(a+b)” (a+c)” a“+bc

Ding thirc xay ra khi va chi khi a=b=c.

Charng minh.
Str dung bt déng thire C-S cho hai sé dwong ta duoc:
b 2 1 1 c
a’ +bc (1+—j2(a+b) = > =
2
( ) c (a+b) (a2+bc)(1+:] (a2 +bc)(b+c)
X .
a’ +bc (l+£j2(a+c)2:> LEEN ! =
2
( ) b (a+c) (a2+bc)(1+;j (aZ +bc)(b+C)

Cong theo vé hai bt ding thuc trén ta c6 diéu phai ching minh.
Ding thirc xay ra khi va chi khi a=b=c.
Pic bigt. Khi a=1 ta co bat dang thirc hay ding sau day:
. . 2 1 1 1
+ Véi moi so thuc duong a, b ta ludn ¢o: 5+ 5 2 .
(a+1)" (b+1)° 1l+ab
1 1 2

(1+\/g)2 +(1+\/5)2 Ta+b+2°

+ Vi moi sb thuc dwong a,b ta ludn co:

Chang minh.
1 1 1 1 2

Ta c6: (1+\/5)2+(1+\/5)221+\/£21+8J2rb:a+b+2'
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> CACViDU
Vi du 1. Cho a,b,c 1a cac s6 thuc duong thay déi thoa man abc =1.
Ching minh rang L 5+ 1 =+ ! > >3
(1+a)” (1+b)” (1+c)” 4
Loi gidi
Bai toan phu. Véi moi s6 thuc duong a, b ta ludn co:
1 1 1
> + > > .
(a+1)° (b+1)° 1l+ab

Charng minh. Ta co:

A+ ab)(“%J ey’ (61+11)2 ) (1+ ab)l(1+a) e

(1+ab)(1+9j2(1+b)2:> LIRS 1 - a

>

a (1+b) (1+ ab)(l+ bj (1+ab)(a+b)
a

Cong lai theo vé hai bat dang thirc trén ta co diéu phai chiing minh.

1 1 J 1 S 1 1

Vaytaco: P= + + > +
{(1+a)2 (L+b)’ ) (1+c)® 1+ab (14¢)

1 1 c?+c+l
= —+ =

121 (1+c)  (c+1)?
C

Ta chtrng minh
2

¢ Fer +C+12§c>4c2+4c+423(02+2c+1)4:>(c—1)220(1115>Ildl'111g)-

(c+1)> 4

Vy gia tri nho nhét cia P bang %dat tai a=b=c=1.
Vi du 2. Cho x,y,z la cac sé thuc dwong thoa man xyz =1.
1 1 4
2" 2t
(1+x)" (1+y)" 3(1+2)
Loi gidi
Str dung bét déng thuc: 1 1 ! ! z

> ==
1+x)° (Q+y) 1+xy 1 14z
z

Tim gié tri nho nhét cua biéu thic P = T
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3 2
Khidé P> z + 4 3=3z +62 +?3>z+4.
1+2 3(1+2) 3(z+1)

Dy doan ding thuc xay ra khi x=y=z=1= Pz%.

Ta ching minh

3 2
32 +?Z +)2Z+42§<:>23—32+220<:>(z+2)(z—1)220(1u6ndl'lng)-
3(z+1

Vay gié tri nho nhat cua P bang %dat tai x=y=2z=1.

Vi du 3. Cho x,y,z la cac s6 thuc dwong thay ddi thoa man xyz =1.

1 N 1 N 1
1+x)° (1+y)° (+2)

Lo gidi

Str dung bét ding thicc AM-GM ta duoc:

1 1 1 3

=+ — =2 )

(1+x)° (L+x)° 8 2(1+x)

Tim gia tri nho nhét cuaa biéu thuc P =

1 1 1> 3
3T 3 +§— 2"
(1+y)" (1+y) 2(1+y)
1 1 1 3
+—>

+ =>
(1+z)° (1+2)° 8 2(1+z)
Cong theo vé ba dat dang thic trén ta duogc:

3 3 1 1 1 3 1 1 3722+z+1_9
2P+—2>— 5+ 5+ 52 + 5= 2=
8 21(1+x)” (L+y)” (I+2)°| 2(1+® (1+z)°) 2 (z+1)° 8

Vay gia tri nho nhét cua P bang gdat tai x=y=2z=1.

c

Nhan xét. Thay x =2,y = .2 — 2 (a ¢ bai toan trong dé thi Ky thi chon HSG
a C

qudc gia ndm 2006 nhu sau:
Bai toan. (VMO 2006) Cho a,b,c 1 cac s thuc duong.

a \? b ) c V.3
Chiang minh ring [—j +(—J +(—j >=
a+b b+c c+a 8
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Vi du 4. Cho x,y,z la cac sb thuc duong thay doi thoa man x<y<zva xyz=1.
3 2 1
+ +

Tim gié tri nho nhét cua biéu thic P = - 5 5
(x+1)° (y+1)° (z+1)

Loi gidi
Do x<z=> 122 12:>P22 12+ 12+ 12
(x+1)° (z+1) (x+1)" (y+1)° (z+1)
Str dung bat dang thic phy ta c6
2
P> 2 N 2 :2+ 2 :2.z+z+1

CLexy (142 101 @2 (142
z
2
Ta chirng minh 2.Z+—ZJ;12§@(2 —1)2 >0 (ludn dung).
(1+z)" 2
Vay GTNN cua P bing g khi x=y=2z=1.

Vi du 5. Cho céc sb thuc dwong a,b,c,d thay ddi théa man a+b%+c?+d?=1.
Ching minh rang (1-a)(1-b)(1-c)(1-d)>abed .

Loi gidi
Ta phai chang minh lral-bl-cl-d.,
a b ¢ d
Détx=1_a,y=1_b,z=1_c,t=1_dtacéO<x,y,z,t<1.
a b c d
Theo gia thiét ta co: ! 5+ ! 5+ ! =+ ! ~=1.
(1+x)" (1+y)" (1+2)° (1+1)
Tacé:l+1+1+1>1+1—2+xy+2t

(1+x)2 (1+y)2 (1+z)2 (1+t)2_1+xy 147t 1+Xy+zt+xyzt

2+ Xy +zt

<1< xyzt >1ta c6 didu phai ching minh.
1+ xy + zt + xyzt

Suy ra:

Ding thirc xay ra khi va chi khi a=b=c=d :%.
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> BAI TAP REN LUYEN
Bai 1. Cho a,b,c,d la c4c sb thuc dwong . Chirng minh

a 2 b 2 c 2 d 2
+ + + >1.
[a+b] (b+cj (c+d) (d+a}

HD: Viét lai bat dang thirc dudi dang:
1 1 1 1

" >+ - 5+ ] 5+ N 221
(1+j (1+) (1+j (1+)
a b c d

t= g ta cO xyzt =1va dua va bat dang thirc quen thuoc

bat x=9
a

Y=

L S S S V7 X,y,Z,t 1a cac s6 thuc duong thoa

L+x)° (L+y)? (1+2)° (1+t)?

man xyzt =1.

Bai 2. Cho a,b,c 1a cac s6 thuc duong. Tim gia tri nho nhat cua biéu thuc

2 2 2
a b c
P= + + .
(a+bj [b+cj (c+a}

HD: Viét lai P dudi dang:

1 1 1 1 1 1
P= b 2t 2t 2~ 2t 2t 2
(1+] (1+cj (1+aj (1+x)° (1+y)" (1+2)
a b c
. b o a ., ,
VOl X=—,y=—,Zz=—néntacd xyz=1.
a b c

Str dung bét déng thtc phu ta duoc: ! =+ ! =2 L
1+x)" (L+y)” l+xy

_ 1 1 1 1 22+7+1_3
Suyra: P> + 5= + 5= >
L+xy  (1+2)° 1.1 (1+2)® (241 4
z
Vy gia tri nho nhét cua P bang %dat tai a=b=c.

Nhdn xét. Tir két qud trén ta chitng minh dwoc véi moi a,b,c dwong ta luén c6

) () () =3
+ + >,
a+b b+c c+a 8
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That vay, dat A= a ,B= b ,C = ¢ theo chirng minh trén ta cé:
a+b b+c c+a

A2+BZ+C22%.

Str dung bat dang thire AM-GM ta duoc:

13 13

NM4§+323A?B3+B3 B2 ciiCciz>2Cl.
8 2 ) 872

Cong lai theo vé ba dit ding thic trén ta duoc:
3 3 ( 3
8

2(A3+BS+C3) 5 A2+BZ+C2)>§:>A3+BS+C3>§

Bai toan dugc chimg minh. Bang thuc xay rakhi a=b=c.

Bai 3. Cho a,b,c 1a c4c sb thuc dwong thay ddi théa man a<b<cva abc=1.
NV AT , 5 4 3
Tim gia tri nho nhat cua bieu thac P = 5+ >+ 5
(1+a)” (1+b)" (1+c)
Bai 4. Cho a,b,c 1a c4c sb thyc dwong thoa médn a>b>c.
Tim gié tri nho nhét cua biéu thirc
1 2 3 ab+bc+ca
= -+ 5+ =+ :
(a+1)" (b+1)" (c+1) 4
Bai 5. Cho x,y,z la cac sb thuc duong thay doi thoa man x<y<zva xyz=1.
3 2 1
2" 2t 2
(x+1)° (y+1)° (z+1)

Tim gia tri nho nhat caa biéu thuc P =

HD: Do x<z=> 122 12
(x+1)° (z+1)

:P22(1+1+1J.
(x+1)°  (y+1)* (z+1)

Vay ta co:

1 1 1 2 2 2 2 22 +72+1
P>2 >+ - [+ -2 + > = + 5> =2. 7
L+x)° @+y)) @2 | 9 (1+2) 101 (1+2)f (1+2)
z
2> +7+1_3
_ >

Ta chiing minh 2. 52
(1+z)" 2

o (z- 1) >0 (luén ding).



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

Vay GTNN cua P bing g khi x=y=2z=1.

Bai 6. Cho a,b,c,d 1a c4c sb thuc duong thay ddi théa man abcd =1.

Tim gia tri nho nhét cua biéu thuc

1 1 1 1
P= 5+ 5+ >+ 5 -
(1+a)” (1+b)" (1+c)” (1+d)
HD: St dung bét ddng thuc phu ta co:
1 1 1 1 1 1 ab+cd +2
=+ =+ =+ =2 + = =1.
(1+a) (1+b) (1+c) (l+d) l1+ab 1+cd 1+ab+cd+abed

Vay gia tri nho nhat cia P bang 1 dattai a=b=c=d =1.

Bai toan 11. Véi moi s6 thuc duong a,b ta co i2+i2 > 8 5
a? b2 (a+b)

Déu bang xay ra khi va chi khi a=b.

Charng minh.
St dung bt déng thac AM-GM cho hai s6 duong ta dugc:
1 1 2 2 8
—2+—22—2 2 = 2"
a® b® ab (a+b) (a+b)
2

Ding thuc xay ra khi va chi khi a=b.
Day chi 1a mot bat ding thac rit ra tir bat ding thic AM — GM cho hai sb
dwong ta cling xét mot s6 bai toan ap dung.

» CAC VI DU
Vidu 1. Cho x,y,z la céc s6 thuc khong am thoa mén diéu kién x® + y? + 2% <3y.
N ATy Sy , 1 4 8
Tim gia tri nho nhat caa biéu thac P = >+ >+
(x+1)° (y+2)" (z+3)

Léi gidi

5
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8 8 16 64
>

y 2Jr(z+3)2 - y § y 2
(x+1+2+1j X+1+§+1 (2+3) (x+1+2+1+z+3)

Mat Khac: 2x+4y +22<x% +1+y2 +4+ 22 +1=x*>+y?> + 22 +6<3y +6

y 64

:>2x+y+22£6:>x+5+zg3:>P2 =1

(3+2+3)°
Vay GTNN cua P bang 1 khi x=z=1y=2.
Vi du 2. Cho a,b,c 1a cc sé thuc khong am va khong ddng thoi bing 0 thay ddi
thoa man diéu kién a +b? +c2 <6b.
1 8 1
2 + 2 + 27
(a+b+c)” (b+11)° (c+6)

Tim gié tri nho nhét cua biéu thic P =

Loi gidi
Str dung bét dang thac phu i2+—2 > ta duoc:
X© YT (x+y)
1 1 8
2 + 2 2 2"
(a+b+c)” (c+6)° (a+b+2c+6)
Suyra P>8 ! ! > 64

2+ 2 | 2"
(a+b+2c+6) (b+11) (a+2b+20+17)
Mt khéc theo bat dang thic AM-GM ta co:
2a+10b+4cs(az+1)+(b2+25)+(02+4)S6b+30:a+2b+2c£15.

Dods P>—% 1

(15+17)* 16

Vy gia tri nho nhét cua P bang %dat tai a=1b=5c=4.

> BAI TAP REN LUYEN
Bai 1. Cho a,b,c 1a cac s thuc d6i mot phan biét.
N T AT , 2 .2 2 1 1 1
Tim gia tri nho nhat cua biéu thic P:(a +b+c ) 5+ 5+ > |-
(a-b)" (b-c)” (c-a)
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HD: Khéng mat tinh tong quét gia str a > b > ¢ khi d6 ta co:
1 1 2 8
2t 77 > 2
(a-b)® (b-c)’ (a-b)(b-c) (a-c)

(a-c)’

a’+b®+c?>a’+c%>

(a—c)2 8 1
Suyra P> + =
yre P 2 {(a—c)2 (a—c)2]

Ding thuc xay ra khi va chi khi b=0,a=—c.

N | ©

Vay gia tri nho nhét cua P bang %dat tai a=—c,b=0hoac cac hoan vi.

Bai 2. Cho a,b,c 1a c4c s6 thyc d6i mot phan biét thuoe doan [0;2].

Tim gid tri nho nhat cua biéu thac

1 N 1 N 1
(a-b] (b-of (c-af
HD: Khong mét tinh téng quét gia sir a>b>c ta co:

1 1 2 8
=+ - > =
(a-b)® (b-c)® (a-b)(b-c) (a-c)

P:

Do d6 P> 9 222,Va,Ce[O;2].
4

Vy gia tri nho nhét cua P bang %dat tai a=2,b=1¢=0hoic cac hoan vi.
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CHU DE 9: BAI TOAN CHON LOC
BATDANG THUC VA CUC TRI BA BIEN

Trong chu dé nay toi tong hop lai mot sé bai toan bat dang thirc va cuc tri ba
bién hay trong cac d¢ thi thi, dé thi chon Hoc sinh gioi cap tinh va thanh phé céc
niam ciing mot s6 bai toan dé& xuat trén Didn dan hoc tap truc tuyén Mathlinks.vn.
Va sau mot sb bai toan c6 bd sung thém mot sb bai toan tuong tu danh cho ban doc
ren luyén.

Bai 1. Cho x,y,z 1a c4c sb thyc duong thoa man diéu kién x(1 —yz) =y + z.

(Z+Z\/@)2 . 27 '
(x+ y)(z2 +1) (1+ 22)\/1+7

Loi gidi

Tim gid tri 16n nhét cua biéu thic P =

Theo gia thiéttaco z(1+xy)=x—y=>Xx>y.
Str dung bét déng thuc C =S ta co

(z+ z\/ﬂ)2 = 22(1+2 Xy +xy)= 22(1+ xy)+ 222 \xy = z(x—y) + 222 [y
s\/(z2 + 24)[(x— y) +4xy} =(x+y)zVz® +1
(x+Yy)zvz? +1 21 z 21

Khidd P< + = + )
(x+y)(22+1) (1+zz)\/22+1 J22 +1 (1+22)\/22+1
: yA 2z
Xétham so g(z) = + Vi z duong ta co
Vz2 +1 (1+22)\/22+1
3(1—22)
9'(2)= 9'(2)=0=z=1.

2
(22 +1) Vz% +1
Ta c6 g’(2) ddi dau tir dwong sang 4m khi di qua 1 vi vay g(z) <g(l) =~/2.
Véi z=1x=~/2+1y=~2—1thi P bing /2.
Vay gid tri 16n nhét cua P bing /2 .
Bai 2. Cho a, b, ¢ la cac s6 khong am thoa man didu kién ab+bc+ca=4.
Tim gia tri nho nhat caa biéu thic
P =+/a? + 9bc +v/b? + 9ac ++/c2 +9ba .
Loi gidi
Ta chiing minh /a2 +9bc +v/b? +9ac ++/c2 +9ba >5/ab + bc +ca .
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Khong mat tinh tong quat gia sir ¢ =min{a,b,c} .
Str dung bét ddng thicc Mincopski ta cd

Ja? +9bc ++b? +9ac 2\/(a+b)2 +9c(\/5+\5)2 .
Va vc? +9ab >3ab .

Vay ta chi can chang minh

\/(a+b)2 +9c(\/5+\/5)2 +3+/ab >5.ab+bc+ca
<:>\/(a+b)2 +9c(\/§+\/5)2 >5./ab +bc + ca —3/ab

= (a+b) +9c(\/§+\/5)2 >9ab + 25(ab +bc +ca) - 30,/ab(ab + bc + ca)

< (a+b)’ +18cy/ab +30,/ab(ab + bc +ca) > 34ab +16c(a +b)
& (a+b)’ +18cy/ab — 4ab - 6¢(a+b)

+30{\/ab(ab+bc+ ca) —[ab+ C(a;b)ﬂ >0

c(a+b)2
ab(ab+bc+ca){ab+ 3 }

Jab(ab+bc+ca)+ab+ c(a3+b)

Tach Jm{amc(a;b)}

~ c(a+b)(3ab-bc—ca)
9,/ab(ab+bc+ca) +9ab+3c(a+h)

Vay ta chang minh (a+b)? +18c+/ab — 4ab —6¢c(a+b)>0
Bat dang thuc c6 dang thuan nhét nén chuan hoa a+b =
at+b 1

T2

Tacan chitng minh f (x) =—4x2 +18cx—6c+1>0.

bit x=+ab,0<c<x<

V& tréi 1a tam thac bac hai v6i hé s6 x* am nén chi can chi ra rang

(3o

That vay taco f (%} ~3c>0; f(c) =5¢2 +(3c-1)° > 0.

Bt dang thire dugc chitng minh.
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Viy ta c6 /a2 +9bc ++/b? +9ac +~/c2 +9ba >10.
DAu bang dat tai a=b =2,c¢ =0hoic cac hoan vi.
Vy gia tri nho nhét caa P bang 10.
Bai 3. Cho ab,c 1a d6 dai ba canh cua mot tam giac va thoa man diéu kién
a? +b% +c? =3. Tim gié tri nho nhat cua biéu thac

p_ a+b N b+c ,_c+a
Ja+b-c Jb+c-a +Jc+ra-b
Léi gidi

Ta ching minh gia tri nho nhat caa P bang 6.
That vay chi can ching minh rang

a+b b+c c+a a% +b? +¢?
+ + > 64 :
Ja+b-c Jb+c-a +Jc+a-b 3

Bt dang thirc c6 dang thuan nhét nén chuin ho a+b+c=3.

s e 3-a 3-b 3-c a? +b? +c?
Ta can chirng minh rang Ny, +\/3 2b+«/3 > > 64 3 .
-2a — -2c

B 2
Ta chiing minh 3-x > X +3,VX€(O;§].

J3-2x 2

That vay bét dang thte di cho tuong dwong véi:

4(3-x)" = (¥ +3)2(3—2x) & (x=1)" (2 +x* +12x+9)>0.

Bat dang thire dugc ching minh.
Ap dung bt dang thirc két hop bét ding thire AM — GM ta cé

3-a 3-b 3—¢c _a’+b%+c?+33
+ + >
J3-2a 3-2b 3-2c 2

2, n2 o2
> 24\1/33 (a2 +b% + c2) = 6,4/u
3
Ta c¢6 dpcm.

Vay gia tri nho nhét cia P bang 6 dattai a=b=c=1.
Bai 4. Cho x,y,z 1a cac s6 thuc duong thoa mén diéu kién

X2 + y2 +72+41< 2X+3y.
Tim gia tri nho nhét cua biéu thuc
X3 +x%+36 y3+y2+36+223+22+9
2X+2 4y +4 2z+1
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Loi gidi

x2 y2 ., 18 9 9
TacO P=—+-"—+2°+ + + :
2 4 x+1 y+1 2z+1

Dua vao biéu thirc cua P trén ta du doan diu bang dat tai
X+1=y+1=27+1=x=y=2z.

Thay vao diéu kién ta dwoc: x=y =2,z =1.

Dua vao do ta c¢6 cac danh gia sau day:

Str dung bét déng thuc C =S ta co

2 2 2 2 2

X Y o X +y +47

2 4 4

18 9 9 9 9 9 9
+ + = + + +

X+1 y+1 2z+41 x+1 x+1 y+1 2z+1

1

216(2x+ y+22)2.

. 9.4% 144
S 2(x+1)+y+1+22+41 2x+y+2z+4
Dods Pz Lioiyia)

2X+y+2z+4 16
Cha y gia thiét bai toan ta c6 2x +3y > x? + y? + 22 +1
=(x2+4)+(y2+4)+(22+1)—8
>4x+4y+2z-8
=2X+Yy+22<8

2
biat t=2x+y+2z,te(0;8]taco Pz%tﬂ 144 —(t_8) (t+20)+16216.

t+4  16(t+4)
Ding thuc xay ra khi va chi khi x=y=2,z=1.
Vy gia tri nho nhét caa P bang 16.
Bai 5. Cho a,b,c la c4c sé thuc duong thoa mén diéu kién a +b? +c? =14..
Tim gi4 tri I6n nhét cua biéu thirc
b 4(a+c) L4 5 3

“a%+3c2+28 al+bc+7 (a+b)’ a(b+c)

Loi gidi
Chu y dén gia thiét bai toan va tich a(b+c) ta c6 danh gia nhu sau:
14+2bc=a? +(b+c)’ >2a(b+c)=a(b+c)<7+hc.
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Suy ra 4a < 4a 4

a2+bc+7_a2+a(b+c)_a+b+c'

2
Str dung bat ding thac AM — GM ta co: a(b+c)s(a+b+cj

3 < 3 12

a(b+c) (a+b+cj2 (a+b+c)
2
Cong theo vé hai bat dang thirc trén ta dugc:
4a 3 12 4

- <- +
a’?+bc+7 a(b+c) (a+b+c)2 a+b+c

2

a+b+c 6 3 3
Ding thuc xay ra khi va chi khi a=b+c;a+b+c=6.
Str dung bét dédng thuc C =S ta co:

(1+Ej(a2 +302)2(a+c)2 = a% +3c? 2§(a+c)2.
3 4
4(a+c) _  4(a+c)

Suy ra <
2 2
a“+3c”+28 §(a+C)2+28

si(a+c—4)+§.

2 1
<—(a+b-5)-=.
(a+b)? 25 )75

Chu y & hai bét dang thirc trén ta sir dung bat diang thic dang tiép tuyén.
Cong theo vé hai bat ding thuc trén va st dung bét dang thac C -S ta duoc:

Ala+c) 5 _3a+2b+c-9
a®+3c*+28 (a+h)’ 25
\/(a2+b2+c2)(32+22+12)—9 1
< ==
25 5
Twu do suyra P —1+1—idattai a=3b=2,c=1
y max 3 5 15 < ‘3 [} I .

Nhan xét. Ta c6 thé danh gi4 phan thirc dau tién bang cach khac nhu sau:
a? +3c2 +28=2a% +b? +4c? +14>2a® + 4bc +14.
Mat khac: 2a® +2bc +2(bc+7)>2a% + 2bc+ 2a(b+c)=2(a+b)(a+c).
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4(a+c
Suy ra 2( 2) < 2 .
a“+3c“+28 a+b
2 4 5 12

Dodé P< + — 5 .
atb a+b+c (a+b)” (a+b+c)

8 1(a+b-5 2_1. a+b+c-6 2<§

"15 5( a+b j 3[ a+b+c ) 15
Ta c6 két qua tuong tu trén.

Bai tip twong tw

1) Cho a,b,c la cac s6 thuc dwong thoa man diéu kién a+b+c=3.
Tim gia tri I6n nhét cua biéu thirc

_ (2a+b+c) N (2b+c+a)’ +8(a+b—3 C2+3)
2a2 +(b+c)’  2b2+(c+a)’ 9c '
2) Cho a,b,c 1a cac s6 thuc duong thoa man diéu kien a2 +b? +¢? = 26.
Tim gid tri 16n nhét cua biéu thic
__Mate) 4 4 7
2a® +4bc+26 a’+bc+13 a(b+c) (a+b)®

Bai 6. Cho a, b, ¢ 1a cac sb thudc doan [0, 3].
Tim gia trj 16n nhét cua bieu thic P = (a—b)(b—c)(c-a)(a+b+c).

Loi gidi
Gia sir a=max{a,b,c}.
Néu a>b>c= A<0.
Néu a>c>b .
Khi do
P(a,b,c)-P(a,0,c) = ( —b)(b- c)( )(a+b+c) ac(a—c)(a+c)
—c)[(a-b)(c-b)(a+b+c)-ac(a+c)]

b(b2 —ac—c’-a )<0
Do d6 P(a,b,c)<P(a,0,c)=ac(a—c)(a+c)=a’c—ac’.
Xétham s f(a)=a’c—ac® trén doan [0;3] ta c6
f '(a)=c(3a2 —c2)20;v32a2c20.
Do d6 f(a) ddng bién trén doan [0;3] suy ra
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f(a)< f(3)=g(c)=27c-3c>.
Xét ham s g(c) = 27¢—3c® trén doan [0;3] ta c6
g'(c) =27-9c%;g'(c) =0 < c=+/3.
Ta c6 g’(c) ddi du tir duong sang 4m khi di qua ¢ = V3 nén g(c) dat cuc dai tai
c=+/3.
Vivay g(c) < g(v/3)=18V3.
Suy ra P, =18+/3. Dau bing dat tai a=3,b=0,c=+/3.
Bai tap twong tw
Cho a, b, ¢ 12 cac sb thudc doan [0, 2].
Tim gia tri I6n nhét cua biéu thac P = (a—b)(b-c)(c—a)(a+b+c).
Bai 7. Cho x,y,z 1a c4c s6 thyc duong théa méan diéu kién x+3y <9zva x>y>z.
2 2 2
Tim gié tri nho nhét cua biéu thic P :(Lj +3(Lj +3{Lj :
y—12 X—12 X—y
Lo gidi
Taco (a—3)* >0=a®>6a—9. Ping thirc xdy ra khi va chi khi a=3.
(b—1)* >0=>b?>2b—1. Ping thirc xdy ra khi va chi khi b=1.
Ap dung vao bai toan ta co:

2 2 2
Ta co: [L] ZG.L—g;(—J >0 —1;[ z jzz. Z 1.
y—z y—z X—1 X—1 X—y X—y

Suy ra: PZG{ X Y )—15=6Q—15.
Yy—2 X—2 X-Y

2 2
VéiQ=X+y+Z=X+Z+y.
y—z x-z x-y x(y-z) z(x-y) x-z
2 2 2
St dung bt ding thic C-S ta c6: —~— 4 — 2> (x+2) .
x(y-2z) z(x-y) x(y-z)+z(x-y)
2 2
Suyra: Q> (X+Z) + y :(X+Z) + y

x(y-z2)+z(x-y) x-z y(x-z) x-z

2 2
:{x+zj YLy Y {“[XJFZJ ]
y ) x—z x-z x-1 y
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2 2
Mit khéc (_2] zo:[ﬂJ SaX¥2_y

y y y
Dod6 Q>—Y {1+4X+Z—4}=4X+Z—& y _Ax+4z-3y .o
X—12Z Yy X—12Z X—12Z X—2Z
Vi x+3y<9z.

Tai x=3,y=2,z=1thi P=15.
Vay gié tri nho nhét cua P bang 15 dat tai x=3,y=2,z=1.
Céch 2: Theo gia thiét ton tai cac s6 duong a,b sao cho
x=(a+1)z,y=(b+1)z,(a>b).

Taco: x+3y<9z< (x-2z)+3(y-z)<5z<a+3b<5.

2 2 2
Khi d6 P:(Eiij +3(9iij-+3(—1—j.
b a a-b

Str dung bét ddng thirc C-S ta c6

2 2 2
(9+3+3) (a_+1) +3[uj +3[ij 23(a+1+b+1+ 1 j
b a a-b b a a-b
a+l b+1 1 1 a-b b+1 b+l
+ + = + + +
a a-b a-b b b a

1 a-b b+l b+l b+l b+l 2
>2 . + + = + +—
Va-b b b 5-3 b 5-3 b
2
Jb—1) (13b+20vb +5
Mat khac E+ b+1 +i=5+( ) ( )25,Vbe(0;§j.
b 5-3b b b(5-3b)
Suyra Q>5=P>15.
Ping thirc xay ra khi va chi khi b=1=>a=2< 2x=3y=6z.
Nhan xét. Dy 1a mot bai toan hay va khé biéu thirc cua P 1a dang dong bac nén

chéc han nhiéu hoc sinh s& nghi dén phép dit nhu trén.
Bai 8. V6i moi a,b,c tim s6 thuc M nho nhit thoa man bat dang thirc

Xét Q =

‘ab(a2 —b2)+bc(b2 —c2)+ca(c2 —az)‘g M (a2 +b? +c2)2.

Loi gidi
Chu )'/‘ab(a2 —b2)+bc(b2 —c2)+ca(c2 —az)‘ =|(a—b)(b—c)(c—a)(a+b+c)|.
Vay ta can tim sb thuc M nho nhat sao cho

(a-b)(b—c)(c-a)(a+b+c)<M (a2 +b?+c?) voi moi abc,
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BAt ding thuc thuan nhat nén chuan hoa a? +b? +c¢2 =1.
Ta can tim M nho nhat sao cho
M >|(a-b)(b—c)(c-a)(a+b+c) <M =max|(a-b)(b—c)(c-a)(a+b+c).
Ky higu P =|(a-b)(b-c)(c—a)(a+b+c) .
Khong mat tinh tong quét gia str a > b > c khi d6
2

(a—b)(b—c)s(%) - Ps%\(a—c)3(a+b+c)\.
Va (a—c)? =[(a—b)+(b—c)]2

—(a—c)’ +(b—c)* +2(a—b)(b—c)

<(a—c)’ +(b—c) +%(a—c)2

:%(a—c)z <(a=h)2+(b-c)? +(c—a)’

= Ps%\/[%((a—b)z +(b-c)? +(c—a)2)3}_(a+b+c)z

Ding thirc xay ra khi va chi khi a—~b=b-c<a+c=2b.
Khi dé st dung bét dang thie AM — GM ta c6

(a+b+c)2 +3 (@a-b)*+(b-0)* +(c-a)* *
2 - -

P<~=
2 4

4
=£.\/34(a2 +b? +cz) %2
32 32

aZ+b%+c?=1

Ding thirc xay ra khi va chi khi {a+c=2b

2_(a=b)*+(b-c)*+(c-a)’

b
(a+b+c) 3

92

Vay gié tri can tim cia M 1a =
Bai 9. Cho a,b,c 1a c4c 6 thuc duong théa man diéu kién a+6(b+c)<15.

Tim gia tri nho nhat ciia biéu thic P =3(a+b+c)—5abc.
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Loi gidi

Nhan xét. Biéu kién ddi xing véi b va ¢ nén ta nhdm lai biéu thire ciia P nhu sau
P=a(3-5bc)+3(b+c).

+ Néu 3-5bc>0=P>0.

+ Néu 3—5bcs0<:>bc2§khi do theo gia thiét ta co a315—6(b+c);b+c<g.
Suy ra

P>[15-6(b+c)](3-5bc)+3(b+c)=-15(h+c)+30bc(b+c)+45-75hc
=—15(b+c)+15bc(2b+2c—5)+452—15(b+c)+?(b+c)2(2b+20—5)+45

15
2

By 0)3—77?(b+c) _15(b+c)+ 45

Datt=b+czzﬂzz\/§>gkhido P> f(t):% t3 745 —15t+45.

Xét ham sb f(t)=% —;ft —15t + 45 véi t>§taco

15

f(t) = (3t ~5t-2)= S (t=2)(3+1); T ()=0et=2.

Ta co £°(t) doi dau tir 4m sang duong khi di qua t = 2 nén f(t) dat cuc tiéu tai t=2.
Do d6 P> f(t)> f(2) =0.Dang thirc xay ra khi va chi khi b=c=1,a=3.
Vy gia tri nho nhét cua P bang 0 dat tai a=3,b=c=1.

Bai 10. Cho x,y,z 1a cac s6 thuc khong &m théa mén diéu kién

5(x2 +y? +22)=6(xy+yz+zx).

Tim gia tri 16n nhét caa biéu thac P = (2(x+y +2) —(y2 + 22) .

Loi gidi
Nhén xét. Biéu thuc cua P dg’)i x(ing véi 2 bién y va z nén ta nghirdén viéc danh gia
biéu thac P theo y+z va dang thic dieu kién c6 dang dang cap nén lam ta suy
nghi dén viéc danh gia x theo y+z. Dé tim gia tri I6n nhat ciia P ta tim can trén
cua xtheo y+z.
Taco

5x2 +g(y+ 2)2 <5x2 +5(y% +22) =6(Xy + yz + 2X) <6X(y+ z)+6.%(y+ 2)%.

Do d6 5x2 —6x(y+2) +(y +2)? <0,
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Suyra x+y+z<2(y+12).

Khi do P<2(x+ y+z)—%(y+ z)2 3\14(y+z)—%(y+z)2 =2 y+z—%(y+ z)2.

4
bat \Jy+z=t, khido t>0 va PSZt—%. (1)

Xét ham s f(t)=2t—%t4 Véi >0,

Taco f't)=2-2t3; f'(t)=0=t=1.
Suy ra bang bién thién:

t 0 1 +00
f(t) + 0 -
3
2
Dua vao bang bién thiéntacd f(t) < f (1) =g véi moi t>0. (2)
X=y+1z x=1
Tu()va(2taco P< % dau dang thac xay rakhi {y=z < 1
y =7=—

y+z=1

Vay gia tri 16n nhat caa P 1a g dat tai x=1, y=z=%.

Bai tap twong tw
Cho x,y,z |a cé4c sb thuc khdng am thoa min didu kién

8(x2 +y? +22):3(x+ y+z)2.
Tim gid tri 16n nhét caa biéu thic P =/2(x+y+2) —(y2 + zz) :
Bai 11. Cho x,y,z la cac s6 thuc duong thay déi thoa man diu kién

X2 +y2+22=1.

3,3, 3,3
Tim gia tri I6n nhét cua biéu thic P = xy2 + y22 Xy +3y32
1+z° 1+x 24x°z
Loi gidi

Ta co:
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Xy N yz _x3y3+y3z3_ Xy N yz 1 y_3+y_3
1+22 1+x° 24x37° x2+y2+22% yr+z?+ox? 24\ x® 28)
Str dung bét déng thirc AM-GM ta duoc:

2 2
xy yz o (x+y)y o (y+2)

X’ +y?+22° Y +P+2xt 4(x2+y2+222) 4(y2 + 2 +2x2)'

Str dung bét ddng thiic C-S ta duoc:

2 2

(x+Y) (y+2) Xy 7 ?
2,2 2t 2 757, 2 2 + +

X“+Yy +27° Yy 4+z°4+2X5 X475 y +z1° X°+1° X°+y

X

103 1(y? y2)| 1(y® ¥

Suyra: P<= | —+=| S+ | |-——| =+
g 4[2 4[x2 22| 24 2

3.1 (3y2 L3 2y 2y3]

8 48 X2 Z2 X3 Z3
2 3 2 3
:§+i 3L_2L +i 3y__2L
8 48| x? X3 48\ 722 28

Xéthamsé f (t) =3t> —2t3trén (0;+w0), ta duoc:

f '(t) = 6t — 6t> =6t(1-t)suy ra f(t) doi dau tr duong sang 4m khi di qua
t =1do do f(t) dat cuc dai tai t =1trén (0;+).

Suyra f(t)<f(1)=1vt>0.

Tae P<ov [ ¢ Y e[ X]]<34 L=
g8 48 x z))"8 48 12

Vay gia tri 16n nhit cua P bing % dattai x=y=z= L

NeR

Bai 12. Cho ab,c 1a c4c sb thuc khong dong thoi bang 0 thoa man diéu kién
a+b+c=0.

13a”b%c? — 2abc - 2

(a2 +b? +c2)3

Tim gia tri 16n nhét caa biéu thic P =
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Loi gidi
Theo gia thiét a,b,c & ba nghiém cua phuong trinh: x° + gx—r=0Vvai
p=a+b+c=0,g=ab+bc+ca,r=abc.
Pidu kién dé phuong trinh c6 ba nghiém 1a ham s§ y=x3+qx—r co
Yep-Yer <0.

g<0
Taco y'=3x2+qy' =0 x2=-3= =q-

Khi do

3
y| — __q Yy __q =— r+2_q __q 2_q _ﬂ_r :r2+4i30:>_q32£r2.
3 3 3V3 |3V 3 27 4

Ta chi cAn tim gid tri 16n nhat cua P duong vay xét 13r2 —2r —2>0.

Khi do

13r2 —2r-2 13r>-2r-2
(-20°  -8®

13r2-2r-2 13r2-2r-2 13 1 1 1 1(1+1j2

Chay a?+b%+c? = p>-2q=-2q=P=

P < ==
“8q° 8.247r2 54 27r 2712 4 27

p=0 p=0
bing thirc xay ra khi va chi khi {r =-2 oq=-3.
3_27 2 r=-2
4
Do d6 a,b,c 1a ba nghiém ctia phuong trinh
x=1
x2—3x+2=0<:>(x—1)2(x+2)=0<:{ o
X=—
Vay gia tri 16n nhit cua P bang ¥ dat tai a=b=1,¢c =—-2hoic cac hoan vi.
Bai 13. Cho a,b,c 1a cac s6 thyc duong thoa méan diéu kién
a’ +b? +(a+b)c+4c’ =4.
Tim gi4 tri I6n nhét cua biéu thirc
a(b+c)® b(a+c)’ +8-7c2-c

+
a+c b+c c(a+b)

—q
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Loi gidi
Taco: a +b? +c(a+b)+4c2 — 4= 4> 4c? +c(a+b)+%(a+b)2.

ot?+2c+82-8<0 (t+c)’ <8-7c2 s t<—c+8-7c2 .

a(b+c)2 . b(a+c)2 1
a+c b+c c
Dit a+c=x,b+c=ykhi dé theo gia thiét ta co:

Dodd P<

(x—c)z+(y—c)2+(x+y—2c)c+4c2 =4 x2+y? —c(x+ y)=4—4c2.
Mat khéc:

a(b+c)? +b(a+c)2 ~ yz(x—c)+ xz(y—(:):XZerz_({x2 yzj |

_+_
y X

a+c b+c X
Str dung bét déng thic AM-GM ta c6:
2 2
X

XY X+y=P<x?+y?—c(x+ y)—l=—4c2—l+4.

y X c c

Xét ham sb f(c)=—4c2—1+4véri ¢ > 0ta co:
c
f'(c)=—8c+i2;f'(c)=0<:>8c=i2<:>c=£.
c c 2
Ta c6 £(c) d6i diu tir dwong sang am khi di qua Czénén f(c) dat cyc tiéu tai
1 1
c=—hay P<f(c)<f|=|=1.
by P<1@=f(3)

Vay gia tri 16n nhit caa P bang 1 dattai a=b=1c =%.
Bai tap twong tw
1) Cho a,b,c la c4c sé thyc duong thoa man diéu kién a>b;(a+c)(b+c)=1.
1 6 12
(a-b)* (b+c)’ (c+a)

Tim gid tri nho nhét cua biéu thae P =

2) Cho a,b,c 1 cac sb thuc duong thoa mén didu kién a® +b® +(a+b)c+4c? = 4.

a(b+c)’ . b(a+c)’ 1

Tim gia tri I6n nhét cua biéu thic P = :
a+c b+c C
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Bai 14. Cho a,b,c 1a cc sb thuc duong. Tim gia tri nho nhét cua biéu thuc
I3:\/(a+b+c)(ab+bc+ca) . 4bc |
abc (b+c)’
o Loi gidi
Str dung bat dang thac AM — GM ta c6:
(a+b+c)(ab+bc+ca) g e a(b+c)+ b? +¢?

abc a bc bc
>3+ 2(3%(:) + bzt;;cz
=1+ 2(3%(:) + (b;cc)z = (E/Jt% +1j2
Do d6 P> ti/Jt:_cC 11+ (b‘fz)z .
(b+c)’

Pit t= (t>4)taco sz(t)=1+\ﬁ+%.

bc
Xétham sb f (t) =1+\/f+%véri t>4taco

f'(t) =i-i2=tﬁ—2_82 0,Vt>4do d6 f(t) 1a ham ddng bién trén [4;+o0)suy ra
2t 2 &
P> f(t)> f(4) =4 . Ping thuc xay ra khi va chi khi a=b=c.
Céch 2: Ta c6 thé danh gia biéu thtc trong cin nhu sau:

(a+b-+c)(ab+bc+ca)=(a+b+c)[a(b+c)+hbc]
—a?(b+c)+bc(b+c)+a(b+c)’ +abc

>2a(b+c)vbc +abc+a(b+c)?

2
Suy ra \/(a+b+c)(ab+bc+ca)>\/2a(b+c)\/E+abc+a(b+c) _b+c

abc abc Joc
Ta c6 két qua twong tu trén.

Bai 15. Cho x,y,z,t 1a cac s6 thyc thudc doan B%} .

Tim gié tri I6n nhat va gié tri nho nhét cua biéu thirc

x+2) z+t ?
P:9(—j +16( j .
X+t X+y
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Loi gidi
Str dung bat dang thiec AM-GM ta c6:

o2 g2 o xt2 g 21 0
Lt
> 24.Ex+t2)j(g+ gjj :18'(2X:(1><)(+2tt)+1)

gl L, 4xtet 18(1 1j 18
2 4(x+t) 2 2

Do 2(x+t)—4xt-1=(1-2x)(2t-1)<0.

Vy gia tri nho nhét caa P bang 18 dat tai x = y—% =t=%.
Tim gia tri lon nhdt cua P
1 2 2
X+ 1z X+3 §+§ 7 X+§ NS
Ta c0: < < = (do Ia ham nghich bién vai x).
X+t ox+t 1 3(2t+1) 0 x+t
2
g_|_‘[ 2
Tuong ty ta co: z+t 3 =t+z.Suy raP<f(t)= 49 > +16(t+3j .
x+y 1,1 3 (2t+1) 3
2 2
2
Xéthamso f(t) = 49 5 +16(t+zj lién tuc trén doan [lz} ta co:
(2t+1) 3 2’3
f'(t)=32(t+§j— 196 3 232(%+§J—ﬂ3=z>0
(2t+1) (2.;+1)

Do dé f(t) 1a ham ddng bién trén Bﬂ .

337

Dodo P (1)< f(zJ
3) 3

Ding thirc xay ra khi va chi khi x = y—% —t:%.

Vay gié tri I6n nhat cia P bang % dat tai x= y—% =t:§.
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Bai 16. Cho x,y,z 1a c4c sé thuc thoa man diéu kién x* + y? + 22 =3.

Tim gi trj Ion nhét cia biéu thic P =y3x% + 7y +/3x2 + 72 + /5y + 5z .
Lo gidi

Str dung bét dédng thiic C-S ta co:

p2 33(6x2 +7y+7z+5y+52)=18[x2 +2(y+ z)]

£18{x2 ) /2(y2+22)}=18{x2 ) /2(3—x2)]
Xét ham sb f(x)=18[x2 +2 12(3—x2)} lién tuc trén [—\@;\@]ta co:

_ x=0
% x=0

2(3-x?) ;fl(X)_OC)[ 2(3"‘2):2@ :1_1

Taco f(0)=26, f(—/3)=f(+3)=3, f(-1)=f(1)=5.
Suyra P<f(x)< m}xﬁ]f(x)=5.

Xe[— 3;

f'(x) =36| x—

Ding thuc xay ra khi va chi khi x=+1y=z=1.
Vay gié tri I6n nhét cia P bang 5 dat tai x=-1,y=z=1hoic x=y=z=1.

1
Bai 17. Cho x,y,z 1a cc sb thuc duong thoa man diéu kién y+z = x(y2 + 22) :

Tim gié tri nho nhét cua biéu thirc

P= ! + ! + ! + 4
(x+1)? (y+1)° (z+1) (x+D)(y+1)(z+1)
Loi gidi

Theo gia thiét ta co: y+z=x(y2 ﬁtzz)zéx(yﬁtz)2 = y+zsg.
X

Str dung bét ding thicc AM-GM ta co:

1 1 2 8 8 2x°
7t 72 2 72 2 2
(y+1 (z+1° (y+D(z+1)  (y+z+2) 2”) (x+1)
X
2
1 . 4 S 4 _ X

@+ x)(1+y)1+2) " (Lex)(y+z+2) (1+X)(2+2)2 (x+1)°

>
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1 2x? 4x> 2x3 +6%% + x+1
Suyra P> >+ >+ 7= 3 .
(1+x)" (1+x)° (1+x) (1+x)
3 2
Xéthamsd () =2 X6 x5 otace:
(1+x)
2(5x-1) 1
f'x)=—-—7"F(X)=0x=—.
(1+x) 5

Ta ¢ £(x) doi du tir Am sang dwong khi di qua X =%nén f(x) dat cuc tiéu tai

1 1 91
X==hay P>f(xX)>f|=|=—.
5 Y ) (5] 108

Ding thuc xay ra khi va chi khi x :é, y=2z=5.

o . . 91 . 1
Vay gia tri nho nhat cua P bang —dat tai x==,y=2z=5.
ay gla ir1 g 108 1 5 y

Bai 18. Cho ab,c la cac s6 thuc khong am thoa méan diéu kién a>b>cva
3ab +5bc + 7ca < 9. Tim gié tri nho nhét cua biéu thirc

o3 1 1

(a-b)* (b-c)* (c-a)*
Lo gidi
Theo gia thiéttacé a>b>c>0=9>7ca+5bc+3ab>3ab=ab<3.
Khi d6:
32 1 1>a2b2[ 32 1 1]

P> —m"—+—+—> —_—t—+—
(a_b)4 a4 b4 9 (a—b)4 a4 b4

1

a 2 2 2| 9o

9 (a2—2ab+b2) b™ 2”9 (a+b_2)
a

32a%b? a2 p2| 1 32 (a bjz
== —+|—+—| -2
2 b a

b

Datt=3+9,(t>2)do a>bkhi d6 sz(t):1 32 S +t2 -2,
b a 9 (t-2)

Xét ham sb f(t):l LZHZ—Z Vi t > 2 ta co:
O (t-2)
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=2 ——2sot];f i) =0
o (t-2)

e2a(t-2) =64t=4

Ta co £(t) doi dau tir Am sang dwong khi di qua t=4nén tai t=4 f(t) dat cuc
10

5

bing thirc xay ra khi va chi khi:

c=0 a=+6+33
ab=3 < b=\/2+\/§(2\/§—3).

924 c=0

tiéuhay P> f(t)> f(4)=

a
—+

b
T S . 10 .
Vay gia tri nho nhat cua P bang Edat tai

a=\/6+3\/§,b=\/2+\/§(2\/§—3),c:0.

Bai 19. Cho abc la cac so thyc khong am thoa mdn c=min{a,b,c}

vaa? +b?+c? =3. Tim gi tri lon nhit cua biéu thirc

P =2ab+3bc+3ca+

a+b+c’
Lo gidi
Truéc hét ta co: 2ab+3bc+Scas(a+b+c)2 -1
2 6
Suyra P<(a+b+c)” + ~1.
a+b+c

pat t=a+b+c,(\/§<t£3)khidé P< f(t)=t2+%—1.

Xéthamsb f (t) =t? +?—1 Voi te(«/ﬁ;S] ta co;

f'(t)=2t—t£2>0,Vte(\/§;3]: P<ft)<f(3)=10.

Vay gia tri 16n nhat cua P bang 10 dat tai a=b=c=1.
Nhan xét. Bat dang thic 2ab+3bc+3ca<(a+b+ c)2 —1c6 duoc nhd dy doan
diu bang dat tai a=b =c=1va y tuong dua vé khao sat ham sb véi t=a+b+c.
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Charng minh.
(a+b+c)’ —1-2ab-3bc—3ca=2-hc—ca

=2-c(a+b)22-c [2(a®+b®)=2-C 2|3 c )
_o- 2c(30)>2—c+3c
Bai tap twong tw

Cho a,b,c Ia céc sé thuc khong &m c6 ¢ =min{a,b,c} vaa® +b®+c*=3.

Tim gid tri 16n nhét cua biéu thac P = ,Zab+3bc+30a - 6 —
2 (a+b+2c)” -17

Bai 20. Cho a,b,c 1a céc s6 thuc duong théa man diéu kién abc(a+b+c)=4.
1 B 8bc
J(a+b)(a+c) bc(b2 +c2)+8
Lo gidi
Nhan xét. Nhin vao biéu thuc P cho ta thay P ddi xang véi b va ¢ nén ta tim céch
danh gia xoay quanh hai bién nay. Va dé thay 4p dung AM-GM cho a+b,a+c.
Str dung bét déng thic AM-GM ta co:
a+b+a+c 2a+b+c

Tim gid tri nho nhét cua biéu thae P =

b < =
(a+b)(a+c) > 5
Vay tim cach danh gia theo 2a+b+c.
. 8bc 8 8
Ta co: = =
be(b?+¢?)+8 p2 2,8 bi+c®+2a(atbec)
bc
8 16
< 1 = 5
E(b+c)2+2a(b+c)+2a2 (2a+b+c)
Suyra P> - 16 >
2a+b+c (2a+b+c)
2 16
bat t=2a+b+c,(t>0)khido P> f(t)———t—2

Ta co: t? = 4a? +4a(b+c)+(b+c)2 =%+(b+c)2 2g+4bc216:>t24.

Xét ham sé f(t):%—i—gvdi t>4taco f '(t)=—t£2+%; F() =0 t=16.
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A s S 1
Lap bang bién thiénsuy ra P> f (t) > f (4) = 5

Ping thirc xay rakhi a=2-+/2,b=c=+/2.
Bai 21. Cho a,b,c 1a c4c s6 thuc duong thoa man didu kién a>b>c.

, 7 a+b b(a2+ac+c2)
Tim gié tri nho nhat cua biéu thuc P = +
Vab? +bc? +ca® b+c
Loi gidi

Do a=b>c>0néntaco:
(b—a)(b-c)<0«b? +ac<ab+bc= ab’® +ca’ <a’b+abc

= ab? +bc? +ca® <a’b +abc + bc? =b(a2 +ac+cz)

Mit khac: a+b>2b,b+c<2b suyra:

b(a® +ac +c?
P> 2 + ( )
\/b(a2+ac+cz) 2b
[,2 2
5 . b 2+1 a“+ac+c 59
a“+ac+c- 2 b
2 L, s L b 1 4
bang thic xay ra khi va chi khi a=b=c, ﬁ=—©a=b=c=—.
a‘+ac+c- 2 3

Vay gia tri nho nhét cua P bang 2 dat tai a=b=c =% .

Bai 22. Cho a,b,c 1a c4c s6 thuc duong thoa man didu kién a+b+c=1.

. : a>  b? 4¢?
Tim gia tri nho nhat caa biéu thac P = + + .
1+b 1+a 2+\/2a2+2b2
Loi gidi

2
2 4@‘@)
R P T RPN

22 b2 at b4 (a2 +b2)2
1+b 1+a a’+a’m b?+ab® a®+b”*+ab(a+b)
2
a® +b? 2(a% +b?
, (a*+0°) (@ +0°)

aZ+b? +%(a2 +b2)‘/2(a2 +b2) ) 2+J2(a2 +b2)
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2(a? +1?) +4(1‘ 2(a2+b2))2
2+ 2(a2+b2) 2+J2(a2+dz)

\ ta _t)? 2
Détt—@)tacé P> f(t)= 4(12 t)” _5t°-8t+4
+

Suyra P>

t+2
2_
Xét ham sb f(t):wvéri t>0taco
t+2
5(t2 + 4t —4
f'(t)=(—2);f'(t)=0<:>t:—2+2\/§ (t>0).
(t+2)

Ta c6 £(t) doi dau tir am sang duong khi di qua t=-2+ 272 nén f(t) dat cuc
tidu tai t=—-2+2v2hay P> f(t)> f(-2+242)=20v2-28.

2(a® +b%) =-2+22
bing thirc xay ra khi va chi khi {a=b
a+b+c=1

- a=b=-1+2
c=3-22

Vay gia tri nhd nhat P bing 20+/2 —28dattai a=bh=-1+~/2,c=3-2/2.
Bai 23. Cho x,y,z la cac s6 thuc khdng am. Tim gia tri I6n nhat cua biéu thirc
1 5
P= - .
X+2y+3z+1 (x+2y)(3z+1)

Loi gidi
Str dung bét déng thic AM-GM ta co:

2
(x+2y)(3z +1)£(%)

Ding thirc xay ra khi va chi khi x+2y=3z+1
1 20

=P< - 5
X+2y+32+1  (x+2y+3z+1)

1 ay,1 1

2
=20 —————— <
(x+2y+3z+1 40) 80 80

Véi x+2y=20;z Biip bang 1 Vay GTLN cua P bing £
3 80 80
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Bai 24. Cho a,b,c 1a cac s6 thuc duong thudc doan [%;1} .

a b c
_l’_

Tim gia tri 16n nhét caa biéu thic P = . .
b+c a+c a+b

Loi gidi
2
(c+a)(c+b)>(C+@) (e, 2> 2 ?
S an R

c

bat t:—,1
a+b 4

Taco P<f(t)=f(t)=t+

(2t+1)*

Xéthamso f(t)=t+ > lién tyc trén doan {%;1} ta co

(2t+1)

3
ft)=1— 4 3=(2t+1) ;4>0,Vte[1;1]
(2t+1)°  (2t+1) 4
10 1

Do d6 Pmax = f(1)23<:>a:b25;c=1

Bai 25. Cho a,b,c 1a c4c sb thuc duong thoa mén didu kién a+b+c=1.
Tim gia tri nho nhat cia biéu thic P = a%%c® —(a—bc)(b-ca)(c—ab).

Loi gidi
Ta chiing minh 8a?b%c? > (a—bc)(b—ca)(c—ab).

a-hc>0

Khong mét tinh tong quat gia sir a>b > ckhi d6 do a,b,ce(0,1) = {b 0
-ca>

Néu ¢ —ab < 0bét ddng thtc lubn ding.

Néu ¢ —ab > 0khi d6 ta ching minh 2ab > /(a—bc)(b-ca)

That vay 2ab>./(a—bc)(b-ca) < 4a’h® > (a—bc)(b-ca

& 4a%? > ab-a’c—b%c +abc? < 4a’h? + c(a2 + bZ) —ab(c2 +1) >0

& 4a?h? +c(a-b)’ +ab(20—c2 —1)20@ 4a%? +¢(a—b)* —ab(c-1)° >0
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=S ab[4ab —(a+b)2J - c(a—b)2 >0 (c—ab)(a—b)2 >0 (lubn dung).

Tuong tu ta cé 2bc>(b—ca)(c—ab);2ca>(c—ab)(a—bc).
Nhan theo vé 3 bat dang thirc trén ta c6 ngay diéu phai chirng minh.
Ding thuc xay ra khi va chi khi a=b=c :% .
Khi d6 P> a®h3c® —8a%h%c?.

a+b+c) 1
j = |taco P> f(t)=t>—8t>.
3 27

bat t:abc,{0<t£(

5t ham sd 3 2.0 1 i
Xéthamso f(t)=t"—8t° voi tE(O,E}ta 6
f'(t) = 3t* 16t =t (3t —16) < 0, vt 6(0;2_17]

Do dé f{(t) 1a ham nghich bién trén (o;%} .

215

SuyraP>f(t)>f .
y ® (27) 19683

Ding thuc xay ra khi va chi khi a=b=c =%.

OJII—‘

Vy gia tri nho nhét cua P bang — 215 " dattai a=b=c=
19683

Bai 26. Cho a,b,c la c4c s6 thuc dwong. Tim gia tri Ién nhit cua biéu thic

_ 255 36
\/(a2 +1)(b2+1)(c2+1) a+b+c
Loi gidi

St dung bét ding thac: (a2 -‘rl)(bz +1)(C2 +1) 2%(a+b+c+1)2.

Ching minh xem chuong 2.

Khido p<— 00 36
a+b+c+1 a+b+c
batt=a+b+ckhido P< f(t)—gci—?’t—6

+

1002 +3—26; f '(t):0<:>6(t+1):10t<:>t:§
2
+1)

Taco f'(t)=-
(t
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Ta c6 £(t) dbi dau tir dwong sang 4m khi di qua t = %nén f(t) dat cuc dai tai t = g .

Suyra P<f(t) < f(%j:lG.Déng thure xay ra khi va chi khi a=b=c=

Vay gia tri 16n nhit cua P bing 16 dat tai a=b=c =% .

Bai 27. Cho x,y,z la @6 dai 3 canh mot tam giéc.
Tim gid tri nho nhat cua biéu thac

I:>=\/1+24(y+z—x)+\/1+24(z+x—y)Jr\/lJr24(x+y—z).

X y z
Lo1 gidi
bit a=x+y-z,b=y+z-x,c=x+2z-ykhido:

\/ 48a \/ 48b \/ 48¢c
P= 14—+ 1+ —+ 1+ —.
b+c c+a a+b

Khéng mat tinh tong quat gia sir c=min{a,b,c} .

Str dung bét ddng thircc Mincopski ta co:
2 2
\/ Aga \/1 4_8b> 22 4 /ﬁ+/4_8b = |4+48 /LJF/L _
b+c c+a b+c c+a b+c c+a
Métkhéc:\/ a +\/ b zzJ a+tb
b+c c+a a+b+2c

That vay t 2 |2 | [a?(b+c)+b? >(a+b)’.
at vay ta co: ( boot c+aj +C)+ (c+a)} (a+b)

2 2
a2 (b+)+ b (c-+a) (a+b _c(a+h) _ _(a-b) (a+b—2c)SO
4 2 4
3 2
az(b+c)+b2(c+a)s(a+b) +C(a;b)
3 3
Do dé (a+b) N (a+b) _ 4(a+b) |
a’(b+c)+b*(c+a) (a+b)’ c(a+h)’ a+b+2c
+
4 2

a b a+b
Suy ra + >2 .
b+c c+a a+b+2c

48(a+b
Vay P224/1+M+ he 48
a+b+2c a+b
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48(a+b 2
Détt+1=\/1+T8C,(O<t£4):>\/l (a+b) \/t +2t+1176
a+b atb+2c \ t?+2t+24
Suyra P>2 ﬂ i
t242t+24
Ta chiing minh 2 4241176 F2A+1176 > +2t+1176 +20+1176
t? +2'[+24 t2 +2t+24

@4( +2t+1176) (14- t)( +2t+24)<:>t(18 t)(t-4)° >0 (ludn dung).

Dmmﬂmcmwramnvadnkmt=4¢:20=a+bc>a=b=cc>x=y:z.

Vay gié tri nho nhét cua P bang 15 dattai x=y=1z.
Bai 28. Cho ab,c la cac sé thuc thudc doan E %}va thoa mén diéu kién

a+b+c=3. Tim gia tri nho nhat cua biéu thirc

P= 7(1 ! 1) 6(a4+b4+c4).
a b c
Loi gidi

Vi&b@e[%¢§}:a+b—c:3—2c20.Tumgtub+c—a20£+a—b20.

Do do
2(a2b2+b202+a2a2)—(a4+b4+c4)=(a+b+c)(a+b—c)(b+c—a)(c+a—b)20.

Suy ra 2(a2b2-+b2c2-+c2a2)4—a4-+b4-+c4222(a4-+b4-+c4).

4 va 4 L2 12 2\
Sa +b'+c Sz(a +b“+c ) :

2
Suy ra P27(£+1+lj—3(a2+b2+c2) .
a b c

bata=y+z,b=z+x,c=x+y=Xx,y,z2>0va x+y+z=g.
Taco

1 1 1
T4+ =
a b c

1 1 2 ( 1 1 1 j
+ ==.(x+y+2) + +
Z+X x+y 3 y+z Z+X X+Y

1
y+2
= Z+322+gx+y+z
3 y+z z+x X+y 3ly+z z+Xx XxX+y
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X X2 X2
>

y+z:x(y+z)_xy+yz+zx

y y> oy

z+x:y(z+x)_xy+yz+zx

z 22 Z2

x+y_z(x+y)_xy+yz+zx

2,2, 52
Suy ra X + y + : zx ty *z _ 9 -2
Yy+Z Z+X X+Yy Xy+yz+zx  A(xy+yz+x)

Va (a2+b2+02)2=4(x2+y2+22+xy+ yz+zx)2

2 2
:4[(x+y+z)2_(xy+ yz+zx)J :4(%—xy—yz—zxj

2 9 9 ?
Suyra P>7| 2+~ ———————— -2 ||-12| ==Xy —yz - 2X
3| 4(xy+yz+12x) 4

14 63 9 ?
=—+——-12| ——Xy-Yyz-2X
3 6(xy+yz+2x) 4

2
X+Yy+12
batt=xy+ yz+zx,{0<ts%=%} khi do

2
21208 2.

6t

3(16t° ~36t° +7) ) 1 3
ft)=— " S f(t) =0 < 16t — 36t +7=0¢>n:§w00<tszy
t

2
Xét ham sé fﬁ)=%§4~§§—12(%—¢j véite(0;%}tacé

Ta c6 £°(t) dbi dau tir am sang dwong khi di qua tzénén f(t) dat cuc tiéu tai

133

1 1
t=—hay P>f(t)>f|=|=-"22.
i ® (zj 12
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x+y+z—E
2

Ding thuc xay ra khi va chi khi < xy + yz+zx=%<:>(x; y;z)=(0;%;1j hoic

xyz=0

cac hoan vi suy ra (a;b;c)= (%;1;%) hoic cac hoan vi.

Vay gia tri nho nhat ciia P bang —% dat tai a= % b=1c= g hozc c4c hoan vi.
Bai 29. Cho a,b,c 1a cac s6 thyc thude doan [0;2].
Tim gia tri I6n nhét cua biéu thirc
P =ab(a?-b?) +bc(b?>-c?) +ca(c’-a?).
Loi gidi
Khéng mat tinh tng quat, gia st a = max{a,b,c}
Taco:
P =ab(a?-b?)+c(b®-a®) +c3(a—b) = ab(a?-b?) + c(b—a)(a®+ab + b? —c?)
Viaxb>0,a>c>0 nén c(b—a)(b?+ab+a—-c?)<0
Suy ra: P <ab(a® -b?*)<2b(4-b*) (do be[0;2])
Mat khéc : F =2b(4-b%)>0 .
Taco F2 =4b?(2-b?)(4-b?) = 2.[2b2.(4—b2).(4—b2)]
Ap dung bt ding thirc AM-GM ta c6:

2 A 02 a2
F2<2. 2b°+4-b“+4-D _2% OstBZ\/g
3 27
D4u bang xay ra khi a=2, b—i
Vay gia tri 16n nhit cia biéu thuc P:%, dat dugc chang han khi

2./3

a:2,b=— c=0.
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Bai 30. Cho a,b,c 1a cac s6 thuc duong thudc doan [1;2] va thoa min diéu kién

(a+b+ c)2 =4(ab+bc+ca—1). Tim gia tri nhé nhat cia biéu thic

\/a+b—c \/b+c—a \/c+a—b \/ 2
P= + + +2 .
c a b a’+b%+c?-2

Loi gidi

bat x=a+b-c,y=b+c-a,z=a+c-b,(x,y,z>0)

Theo gia thiét ta co: xy + yz+zx=4.

4, X y z 4
Khiddé P=+/2 .
1o \/—L\/y+z+\/z+x+\/x+y}r /x2+y2+22
2
Ta co: (\/ X +\/ y +\/ z J
y+z Vz+x \x+y
X y z Xy yz X
y+z+z+x+x+yJr (\/(y+z)(x+z)+\/(y+x)(z+x)+\/(z+y)(x+y)j

Taco: =Y 2 =£(xy+yz+zx)( X Y J
y+z z+x Xx+y 4 Y+Z Z+X X+Yy

2

2,52, 52 2,2

X“+y“+2z° xyz[ X z X“+y“+z

y—_lr_L + y + > y
Y+Z Z+X X+Y 4

S 2xy S Xy '
y+z (x+2) \/xy+zx Xy+yz)_2xy+yz+zx_xy+yz+zx

YA YA ZX ZX
y y 5

(y+x)(z+x) Xy+yz+2x \(z+y)(x+y) Xxy+yz+zx
Cong theo vé ba bat dang thirc trén ta duoc:

\/(Y+Z (x+2) \/y+x (z+x) \/(Hy;)((“y)ﬂ.

Dodé\/x+\/ +\/Z x+y+z+2.
y+2 Z+X X+Yy 4

2 2, .2

X“+y +2z w4

4
+ :
2 X2 +y? 422
2
Détt=«/x2+y2+22,(t2\/xy+yz+zx=2) khido P> f(t) = %+4+%.

Tuong tu:

Suy ra: Pz\/
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2
Xéthamso f(t) = %+4+%véi t>2ta co:

f)e— 2t —0etPoa 2(t2+8)@t=2ﬁ.

-

2(t° +8)
Ta c6 f°(t) doi diu tir am sang duong khi di qua t = 2\/2 nén f(t) dat Cuc‘(;éu tal
t=2v2hay P> flt)> f(2v2)=3V2.

Vay gia tri nhé nhat ciia P bang 3+/2 dat tai a=1,b=2,c =1hoic cac hoan vi.
Bai 31. Cho cac s6 thuc duong a, b, ¢ thoa man diéu kién abc =1.

Tim gia tri nho nhat cua bidu thuc P =a%b+b%c + c?a+ .
Ya® +p% +c®
Loi gidi

Dit x=a2b=a.abzg;y=b2c=b.bc=9;z=c2a=c.ca:%:> xyz =1.
c a

Vi abc =1nén ta bién d6i dugc P thanh P=x+y+z+

Taco x2y+y2z+22x>33x?y.y?2.2%x =3.

Str dung bat ding thac AM — GM ta c6
1 B §3.9x%y + y?z + 2%x
§xy? +y2? + 2 ) Q/(xyz +yz% + zxz)(x2y+ y2z + zzx).3xyz
I3
B f\i/(xy2 +yz? + zxz)(xzy +y2z+ zzx).3xyz
Str dung bét déng thirc AM-GM ta duoc:

f\i/xy2 +yz? + 2x?

3
X2y + Y2 X+ Y22+ 2%y + 22X+ X1 +3xyzj
3

(xy2 +yz2 + zxz)(x2y+ y2z+ zzx).3xyz S[

_{(x+ y+2)(xy + yz+zx)T< (x+y+2)°
3 a7
3
Suy ra P2x+y+z+i3/2
(X+y+2)

3
Patt=x+y+z({t>23)=>P> f(t)=t+—3'3\,/2§
t
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333 1

;t >3 ta thu duoc: P>3+—

t3/2 ! \/5

bing thirc xay ra khi va chi khi a=b=c=1.

Xéthamsb f(t) =t + ——

Vay gié tri nho nhat cua P bang 3+—— dattai a=b=c=1.

J§
Bai 32. Cho a,b,c 1a cac sé thuc khong am thoa mén diéu kién a +b? +c2 =2.
Tim gid tri 16n nhét cua biéu thic
a b a+b-2ab

P=— +— - >
a+b+c b“+c+a (a+b+c)

Loi gidi
Str dung bét déng thuc C =S ta co (az +b+c)(l+b+c)2(a+b+c)2
a _a(l+h+c) .

a’+b+c (a+b+c)

b _b(l+c+a)
b®+c+a (atb+c)
(b+c)+b(c+a)+2ab

(a+b+c)

Tuwong tu ta cé

Tudosuyra P<

Boi vi 2+2bc=a2 +(b+c)’ >2a(b+c)=>a(b+c)<l+hc
2+2ca=b?+(c+a)’ >2b(c+a)=>b(c+a)<l+ca
=a(b+c)+b(c+a)+2ab<2+c(a+b)+2ab
:a2+b2+c2+c(a+b)+2ab£(a+b+c)2

Vay gia tri 16n nhit cua P bang 1 dattai a=b=1c=0.

Bai tap twong tw
Cho a,b,c 1a c4c sb thuc dwong c6 tdng bang 3. Chang minh
1 1 1
2 t3 *t3
a“+b+c b°+c+a c+a+b
Bai 33. Cho a,b,c la céc sb thuc dwong thoa man diéu kién

(a+5b+3c)(1 : 1) 39
a 4b 3c 4

2(a+3c)(a+3c—4b)-7c? +4cya® +7¢?

2ac

<1.

Tim gia tri nho nhat cua biéu thac P =
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Loi gidi
Theo gia thiét ta c6
§=(a+4b+3c)[l+i+ij+b(l+i+i)29+b(l+i+iJ
4 a 4b 3c a 4b 3c 4b .
= 3ac > 2b(a+3c)

Chay. AM - GM ta c6 (a+4b+30)(l+i+i >9
a 4b 3c
Khi d6
o_ 2(a+3c)’ —8b(a+3c)—7c? +4cya? + 7c?
- 2ac
g 2(a+3c)’ —12ac-7¢? +4cva? +7¢?  2a2 +11c? + dcy/a’ +7c?
- 2ac - 2ac
2 1L+ AN+ T (2
2X c
2 2
Xéthamsé f(x) = 2x +11J2r4 XT+7 Véi x duong ta co
X
(2x2 —11)\/x2 +7-28
f'(x)= ' (X)=0=x=3.

2x2x% +7
, Ri 1h LA . n 15
Ta c6 f°(x) doi dau tr am sang duong khi di qua x=3 nén f (x) > f(3) = PR
DAu bang xay ra khi va chi khi a=4b=3c.
Vay gié tri nho nhat cua P bang %

Bai tap twong tw
1) Cho a,b,c 1a c4c sb thuc duong thoa man diéu kién

(a+3b+c)(1+i+lj=£.
a 2b c) 2
a® +(a+c)(a+c—2b)++2a% +2c?

Tim gid tri nho nhét cua biéu thae P =
ac

PS: P, =5a=2b=c.
2) Cho a,b,c 1a c4c sé thuc dwong thoa man diéu kién
3

(3a+2b+c)(1+g+—J=30.
a b c
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b+ 2c—772a% +¢?
. .

Tim gia tri nho nhat caa biéu thuc P =

bS: P =-552a=3b=6cC.
Bai 34. Cho x,y,z la cac s thuc khong &m thoa mén diéu kién

\/x2+y2+2x+2y+l+z:3.

Tim gié tri 16n nhat cia biéu thic P = x* + y* + z*.
Léi gidi

Trude hét ta ching minh: \/x2 +y242x+2y+1 21+\/x2 +y? .
That vay bét ding thtc tuong dwong véi:

X2 + y2 +2X+2y+1>1+ X2 + y2 +24x% + y2 .

X+ y24x% +y? < xy >0 , bat ding thirc luon dung.

Dau bang xay ra khi va chi khi xy =0.

Suy ra 3—zzl+\/x2+y2 <:>\/x2+y2 <2-7ex+y?<(2-2) va 0<z<2.
P=x4+y4+z4=(x2+y2)2+z4—2x2y2g(x2+y2)2+z4s(2—z)4+z4.
Xéthamsé f(z)=(2-2)" +2* taco f‘(z)=4(z3—(2—z)3)=0<:>z=1.

Taco f(0)=16,f(1)=2,f(2)=16.
Suyra P<f(z)<16.

xy=0 =0
DAu bang xay ra khi va chi khi {2:2) <{y=0 hoic
z2=2
\/x2+y2+2x+2y+1+z=3

cac hoan vi.
Vay P 16n nhat bang 16 khi va chi khi (x,y,z)=(0,0,2)va cac hoan vi.
Bai 35. Cho a,b,c la cac sb thuc thoa man diéu kién abc =1.
Tim gid tri nho nhat cua biéu thac
J5-3 1 1
= . + .
3 (@%-a+))(*>-b+1 ci-c+1
Loi gidi
Ta chtrng minh vé&i moi sé thuc a va b ta ludn c6
3(1-a+a’)(1-b+b%)=2(1-ab+a’h?).

P
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Chang minh. Viét lai bat dang thirc duéi dang:
(a2 —3a+3)b2—(3a2 —5a+3)b+3a2 ~3a+1>0.
V& trai 1a tam thic bac hai cia b c6 a®> —3a+3>0,Vae R va;
2 2
A, =(3a2 —5a+3) —4(a2 —3a+3)(3a2 —3a+1)=—(a2 —3a+1) <0,vaeR.

Do d6 vé trai luén khong 4m va bai toan dugc ching minh.

a:3_£
2
a’-3a+1=0 b=3_£
Ding thirc xay ra khi va chi khi 3a’-5a+3 < 2
b=—— 3+/5
2(a® -3a+3) a=
2
3+/5
b:
L 2
2_
Khi d6 (az—a+1)(|o2—b+1)zz(azbz—ab+1)=3(i—1+1j=2.C c+l
3 3lc? ¢ 3c?
2 —
Suyra P< ! + 2K. 21 = 32kc +l Vi k:M.
c‘-c+1 5 C -c+1 c“-c+1 6
- 3c¢?
2
Xét ham sb f(c):%véi c>0taco
c°—c+1
—3kc? +(6k —2)c+1
f(c) = + 2) T2 1(c) =0 e —3ke? + (6k —2)c +1=0.
(cz—c+1)
:7+3\/§ hoic c:ﬂ.
2 2
Bdng bién thién:
c 3-5 7+3\5
0 37V o0
2 2
f’(c) + 0 - 0 +
J5-1 E

f(c)
1 —f
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Duva vao bang bién thién suy ra P> f(c)> f [

3-5 C_7+3J§
2 '

2

3-5 C_7+3\£

2 2

7+3\£J:1—£
> .

3

Ding thuc xay ra khi va chi khi a=b =

Vy gia tri nho nhét cua P bang 1_3\@ dattai a=b=

Bai 36. Cho x,y,z la c4c sb thuc dwong thoa man diéu kién
2 2 2
(x=y) +(y-2z)"+(z-x)" =2.
Tim gia tri nho nhat caa biéu thic
2(x+y+z-1
P:(x+y+z)[l+l+1J_M'
X y z 3xyz
Loi gidi
Khong mét tinh tong quét gia st x =max{x,y,z} . Dit y+z=2t = x>t.
Theo gia thiét taco x? + y? + 2% —xy - yz —zx =1.
<:>(x+y+z)2 =1+3(xy+yz+2x) (1).
Xy+yz+zx  2(X+y+z-1)
Xyz 3xyz

Khi d6 P=(x+y+2).

(x+ y+z)((x+ y+2)° —1)—2(x+ y+z-1)

3xyz
(x+ y+z)3—3(x+ y+2)+2
3xyz

Va ()= x4+ (y+2)° —x(y+2)-3yz=1.
<:>3yz=x2 +4t2 —2tx 1.

Suy ra P—(X+2t)3_3(x+2t)+2 B x® + 6t +(12t2 —3)x+8t3—6t+2

x(x2+4t2—2tx—1) - x(x2—2tx+4t2 —1)
Mat khac ta c6:
2=(x—y)2 +(x—z)2 +(y—z)2 2(x—y)2 +(x—z)2 2%(2x—y—z)2.

:(2x—y—z)2s4c>2x—y—zs2<:>xst+1.
Ta chang minh P >9.
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That vay bat dang thirc twong duong véi
X2 + 6tx? +(12t2 —3)x+8t3 —-6t+2

>9
x(x2 — 2tx + 4t? —1)

x4 60 +(12t° ~3) x+8° —6t+ 22 9xx* — 20+ 4t° -1}
< 8x° - 24x°t + 24xt” -8t> - 6(x~t)-2<0.
& 4(x-1)° -3(x-t)-1<0& (x-t-1)[2(x~t)+1] <0(luén déng vi x<t+1).

y=1
. X=2
bang thac xay ra khi va chi khi < x= t+1_yJ2rZ+1 @{

y=z=1
(x-y) +(y-2)° +(z-x)* =2
Vay gid tri nho nhat ciia P bing 9 dat tai (X;y;z)=(2;1;1) hodc cac hoan vi.
Cé&ch 2: Tachitng minh P >9.
Viét lai bat dang thae dudi dang:
1} 2(x+y+z-1)

(x+y+2) 1+l+—
X y z 3xyz

>9

S3(X+y+z)(Xy+yz+2)+2-27xyz—2(x+y+2)=0

& 3[(x+y+2)(xy+yz+2x)-9xyz |+2-2(X+y+2)20

@3[x2(y+z)+y2(z+x)+zz(x+y) 6xyz]+2 2(x+y+2)20

<:>3[x2(y+z)+y2(2+x)+22(x+y)—6xyz]+
+2—(x+y+z)[(x—y)2+(y—z)2+(z—x)2}20

<:>(22—x—y)(x—y)2+(2x—z—y)(z—y)2+(2y—x—z)(x—z)2+220
Dt 0 a+b+c=0
ita=x-yb=y-zc=z-x= .

' yo=y a’+b%+c?=2
Ta can ching minh (c—b)a® +(b-a)c? +(a—c)b*+2>0.

<M =(a-b)(b-c)(a-c)<2.

Taco M2 =(a—b)’(b—c)*(c—a)’.
Trong 3 s a,b,c ludn c6 hai sb cuing diu khdng mat tinh tdng quét gia sir hai sb
délaavab, khidd ab>0.
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Va diéu kién tro thanh: a2 +b? +(a+b)* =2

o a’+ab+b?=1.
Khi @6

M2 =(a-b)’(2a+b)*(2b+a)’ =(1-3ab)(2+3ab)’

=4.(1-3ab).
(1-3ab) i

Suy ra M < 2. Bang thic xay ra khi va chi khi
-0 —v=0

ab=0< a = X=y
b=0 y—-2=0.

= (xy:2)=(312);(2;11)

2+3ab 2+3ab  (1-3ab+2+3ab)’
. <4 —4

Vay gia tri nho nhat cua P bang 9 dat tai (x;y;z)=(2;11) hoac cac hoan vi.
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Clucong 4:
SO PHUONG PHAP CHUNG MINH BAT PANG THUC KHAC
CHU DE 1: KY THUAT LUONG GIAC HOA
Trong chi d& nay t6i dé cap dén mot s6 phép luong gidc hoa co ban va mot s6
bit ding thirc trong tam giac va tng dung. Mot chd y 1a cac bai toén trinh bay trong

cha @& duogc giai bang phuong phap lugng giac hoa c6 thé duoc giai bang phuong
phap dai sb thong thuong.

A. NQI DUNG PHUONG PHAP
1. Cac phép lugng giac hoa co ban

Néu |x|<Rthi dat x = Reoser, @ €[0;z]; hoac x:Rsina,ae{%,%}.

Néu |x| > R thi dit x =

ae[O,C)u{ﬁ,ng.

Cosa

Néu (x—a)’ +(y-b)* =R?, ({>0) thi dat {

Xx=a+Rcosa
y=b+Rsina’

2 2
. - - - R
Néu(x 0‘) +(y ﬂ} —R2 ab>0 thidgt {« O AT o,
a b y=/+bRsina

(a=2r).

Néu trong bai toan xuat hién (ax)2 +b?, (a,b>0) dat x =9tga, ae (—%%} .
a

Vi du 1..Cho bén sé thyuc x, y, u, v thoa man diéu kién X* +y? =u? +v® =1.
Ching minh ring —/2 < u(x—y)+v(x+y)< J2.
Loi gidi
bit x=cosa, y=sina;u=cosh,v=sinb.
Tacod u(x—y)+v(x+y)=cosh(cosa—sina)+sinb(cosa+sina)

=cos(a—b)+sin(b-a)
:ﬁcos(b—a—%j e[—\/i;\/ﬂ

Bt dang thire dugc ching minh.
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Vi du 2. Chting minh rang véi moi sé thuc a,b thude doan [-1;1] ta c6

av1-b? +b1-a’ +J§(ab—\/(1—b2)(1—a2)) <2.
Lo gidi
R . [a=cosa
Do |a|£1, |b|£1 nén ta dit: {b:cosﬁ ((Z,ﬂE[O,ﬂ'])

Khi do : av1—b? +by1-a’ +«/§(ab—\/(1—b2)(1—a2))
= cosa.sin +cos f.sin @ ++/3(cos @.cos B —sin a.sin )
=sin(a + ) ++/3.cos(a + ) = 2cos( +,B—%)

= fav1-b7 +byI-a +/3| ab-f[1-b%) (1)

Bat dang thire dugc ching minh.
Bai tap twong tw

<2

1) Ching minh ring véi moi s6 thuc X,y thuge doan [—2; 2] ta c6

x\/4— v’ +yNa-x2 <4,
2) Cho a,b>1. Chung minhrang :avb—1+bya-1<ab.

Vi du 3. Cho a,b 12 hai s6 thuc thoa man diéu kién ab=0.

Chting minh rang —2\/§—Z<(a—42b)< 242 -2.
a‘+4b

Loi gidi

bita = 2btge, ae(—z —j khi d6
2 2

2 _ 2 2, __9)\2
a 2(a 42b) _e (tgza 2) = 4(tgar —1).cos* &
a“+4b 1+tg°a

=28in2a —2(1+co0s2a) = 2(Sin 2a — cos 2a) — 2
- 2ﬁsin(2a—%)—2 e[-2v2-2,2J2-2]

Bat dang thire dugc ching minh.
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Bai tip twong tw

Cho x,y la cac s6 thyc ching minh rang —% < ((1)( — Z))((?L X{))
+x2)(1+y

Vi du 4. Cho a,b,x,y,z |a c4c s6 thuc dwong c6 a+b=1.

1
<—.
2

Chting minh réng (X + y)3 (y+ z)3 > 64abxy’z(ax+y+ bz)2 .
Lo gidi
Cic ding thirc va bat dang thic trong tam giac

sin A+sinB+sinC = 4cos§cos%cos%

sin? A+sin? B-+sin? C = 2(1+cos Acos BcosC)
sin2A-+sin 2B 4sin 2C = 4sin Asin BsinC
tan A+tanB+tanC =tan AtanBtanC
1= tanAtanEthanE'[anEthangtanA
2 2 2 2 2 2

1=cot Acot B +cot BcotC +cotCcot A
1= cos® A+ cos® B+ cos’ B+ 2cos AcosBcosC
Mét sé phép lwong giac hoa dwa vé chitng minh bit ding thikc trong tam giac
+ Néu a,b,c 1a cac so thyc dwong thoa man a+b+c =abckhi d6 ton tai ba goc
mot tam giac sao cho a=tan A,b=tanB,c=tanC.
+ Néu a,b,c la cac s6 thuc duong thoéa man ab +bc + ca =1khi d6 ton tai ba goc

mot tam giac sao cho a:tang,bztan%,c:tan%.

+ Néu a,b,c Ia cac sé thyc duong théa man a’ +b? +c? + 2abc =1khi do tdn tai
ba géc nhon ctia mot tam gidc sao cho a =cos A,b =cosB,c=cosC.
Ding thuc quen thudc:
(a® +1)(b* +1)(c® +1) = (ab+bc+ca-1) +(a+b+c—abe)’.
Bai toan 1. Chang minh ring véi moi tam giac ABC ta c6

cos A+cosB+cosC S%

Chang minh.

VT =2cos At Bcos A;B —2co0s? At

B+1.

>0;0<cos <1.

o, . A+B
Do A,B,C la cac goc cua tam giac nén 1> cos
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2
Do d6, VT < —-2cos? A; B +2c0s AZ B +1=§—2(cos A+B —ij s%.

DAu bang xay ra khi va chi khi tam giac déu.
Téng quat véi x,y,z 1a cac sb thuc duong va A,B,C 1a cac goc caa mot tam giac ta
, C0SA cosB cosC _ x*+y*+1z?
co + + < :
X y z 2Xyz
Chang minh.
Bat dang thic trong duong voi:

2yz cos A+ 2zxcos B +2xy cosC < X* + y? + z°
< X +y?+12°+2yzcos(B+C)—2zxcosB—2xycosC >0
& X2+ Yy +2%+2yzcos BcosC —2yzsin BsinC —2zxcos B —2xycosC >0
& (x—zcosB—ycosC)2 +(zsin B—ysinC)2 >0.
Bat dang thire dugc ching minh.

Ding thuc xay ra khi va chi khi sinA_sinB _sinC _

X y z
Vi du 1. Cho a,b,c 1a d6 dai ba canh mot tam giac va x,y,z la céc sé thuc thoa man
cy+bz=a
az+cx=Db.
bx+ay=c
, s 3
Chang minhrang X+ y+z< 7
Lo gidi
Dé tinh dugc
b®+c*-a®  c’+a’-b® _ a’+b*-c’
X= vy = V2= :
2bc 2ca 2ab

Bai toan dwa vé chitng minh cos A+ cosB +cosC < g .
Bat dang thic ludn dang dang thire xay ra khi va chi khi

1
X=y=z=—;a=b=c.
y 2
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Céch 2: Tir gia thiét ta co:

Ey+9x=1
a’ a

iz+£x=1
b b

Ex+§y=1
c ¢

Cong theo vé ba phuong trinh trén ta dugc: X(E+%) wyv@eH 8 +E) =3.
c c a a

Str dung AM-GM ta c6 ngay dpem.
Vidu 2. Cho a, b, c la cac sb thuc khac O va c>b.

2 2, .2 2, n2
~ SZ . 4 . 2 + — + + +
Tim gia tri 16n nhat cua biéu thic P = be +a b\/a ¢ c\/a b
Ja? +b2ya? + c2

Loi gidi
bc + a2 b c

= + +

\/(a2+02)(a2+b2) Ja? +b? a2 +c?
~ bc + a2 ,__ble=b)  c(c-b)

\/(a2+c2)(a2+b2) (c-b)Va®+b* (c-b)va®+c?
Vi 3 sb abc khac O nén trong hé truc toa do Oxy chon 3 diém
A(0;a); B(b;0);C(c;0),b < c la ba dinh mét tam giéc.
Tacoé AB = (b;—a); AC = (c;-a);BC = (c—b;0).
Xét tam giac ABC co

P

2
cos A=cos(AB, AC) = b +a ;
J@2 +b?)(@? +c?)
— . _b(c-b)
cos B =cos(BA;BC) = ;
|c—b|va? +b?
cosC =cos(CA,CB) = cc-b)

lc—b|va? +c?

= P=cosA+cosB+cosC Sg.
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Déu bang xay ra khi va chi khi tam giac ABC déu.
Vay gié tri Ion nhat cia P bang g khi d6 ¢>0;b=—c;a=+/3c.

Vi du 3. Cho a,b,c 1a cac s6 thuc duong théa man diéu kién a+b+c=abc.

Chiang minh ring T
2VaZ+1 3b?+1 4cr+1 48
Loi gidi

Theo gia thiét ton tai 3 géc nhon ciia mot tam giac thoa mén
a=tanAb=tanB,c=tanC.

Khi do:
1 1 _COsA
2Va?+1 2ftan?A+1 2
1 1 _cosB
3211 3Jan?B+1 3
1 1 _cosC

ae?+1 4fan?c1 4
cosA cosB cosC 29
+ + <—
3 4 48
Bat dang thirc nay ludn dung bai vi
cosA cosB  cosC _ 2°+3%+4% 29

Ta can ching minh:

2 3 4 ~ 2234 48
Ding thuc xay ra khi va chi khi: SinA _ S";B = S";C
tanA tanB  tanC
ntan? A+1 3Wtan?B+1 4ytan?C+1
a b c

o = =
wa+1l 3P+l e +1
1

Vi du 4. Cho ab,c I3 cAc sé thure duong thoa man didu Kién 3i+ 1.1
a

2b ¢
Ching minh rang Ez\/ 2 +\/ b +\/ c__
2 Va+4bc b+9ca Vc+36ab

Loi gidi
Phan tich biéu thirc vé phai trudc
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1 [ 1 [ 1
VP = + +
1+4—bC \/1+S9t:a \/1+36ab
a b c
1 1 1

* 2 * 2
M o[ M@ “ o)
a b c
bat x=2\/b—7c,y=3\/%,z=6 a—b:>xy=60;yz=18a;zx=12b.
a \ ¢

Theo gia thiét ta c6:

1 1 1 1 1 1

3a 2b c 18a 12b 6¢C
1 1 1

S —+—+—=1X+y+2=XyzZ
yz X Xy

Cho ta thay dau hiéu cta lugng giéc hoa vay ton tai ba géc mot tam giac sao cho
x=tanA,y=tanB,z=tanC.
Ta can ching minh
1 1 1 3
+ + <=
\/1+tan2 A \/1+ tan’ B \/1+ tan’C 2

< c0sA+cosB+cosC S%

Bat dang thuc cubi dung va ta c6 diéu phai ching minh.

bc
2\/z=\/§ bc=§a
4 a=1/6

bing thirc xay ra khi va chi khi {3 %:\/5@ ca=ib <lb=1/4.

o 1 c=1/2
ab _ ab=—c
6,| - =3 1
Bai tip twong tw
1 1 1
Cho a,b,c 1a cac sb thye duong thoa man diéu kien =+ —+-—=6
a 2b 3c

, . 3 a b c 1
Chirng minh rang . . <—.
a+36bc b+9ca Vc+4ab 27
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Bai toan 2. Ching minh rang véi moi tam giac ABC ta c6

33

cos A+cosB +sinC ST.

Chng minh.

A+B_ A-B

cos A+cosB +sinC = 2cos cos +sinC

sZcosAJr

B +sinC = 25in2(1+ cosgj
2 2

2
2 3
_2|[1-cos2& (1+cosE —2/[1-cos& (1+c:osE
2 2 2 2

Cha y sir dung bt ding thirc AM — GM ta c6

4
c c 3 3[1—cos§j+3(l+cos(2:j 3 4
3(1—c033j(1+c055j < =(—j

4

3
= 2\/(1— cos%j(h cosgj < %

2

Bat dang thire dugc ching minh.
Déng thirc xay ra khi va chi khi A=B :%,C =2?”.
Vidu 1. Choa,b,c la cac s6 thuc duong c6 téng bang 1. Chirng minh ring
a b /abc 33
+ + <1+ .
a+bc b+ca c+ab 4
Lo gidi
Goi P Ia biéu thirc vé tréi cua bat dang thurc.
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Suy ra ton tai 3 goc mot tam giac sao cho

bc A |ca B /ab C
f_:tan—, /—:tan—, /—:tan—.
a 2 \Vb 2 \Vc 2

C

L L tan—
Khido P = i 5+ Zc
1+tan2E 1+tan2E 1+tan®—~

—cos? 21 cos2 B4 Lsine
2 2 2

32

=1+%(cosA+cosB+sinC)$1+T

Bat dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi
a=b=2J3-3,c=7-443.
Biing cach chimg minh twong tu cac bt ding thirc trén ta chiing minh dwoc
Chting minh rang véi moi tam giac ABC ta co
33

sinA+sinB+sinC ST;

cos A.cos B.cosC g%SSiné.sinE.sinS

3
cos? A+cos? B +cos’ C 22;

sin A+sinB—-cosC sg;

J3cos A—sinB ++/3sinC sg;
. . 3

sin2A+sin2B +cos2C SE;

cos2A++/3(cos 2B + cos2C) > —g

Bai toan 3. Chang minh ring véi moi tam giac ABC ta c6
cos? A+cos? B +cos? C +2cos A.cos B.cosC =1.
Chang minh.
Ping thire di cho twong dwong véi:



Vi
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cos® B +cos® C +2¢os A.cos B.cosC =sin® A

< (cosB +cosC)2 200 B.cosC +2¢os A.cos B.cosC =sin® A

& 4¢0s° B+C 02B=C  4cosBeosCsin 2 = 4sin? Acos2 A
2 2 2 2 2

& c0s? B-C  osBcosC =0032§

<:>1+cos(B—C) _ cosB.cosC =1+cosA

< cos(B-C)—-2cosB.cosC =cos A

< cos(B-C)+cos(B+C)—2cosB.cosC =0

Ping thic cudi dung va ta co dpem.

Nhu vay véi cac sb thuc duong x,y,z thoa man diéu kién
X2 +y?+2% +2xyz =1.

Khi d6 tdn tai ba géc nhon trong mot tam giac sao cho
X=C0SA;y=cosB;z=cosC.

That vay ta luén cé

cos? A+ cos? B +cos? C +2cos A.cos B.cosC =1

A+B+C A+B-C B+C-A C+A-B
.COS > .COS > .COS > =

0

< CO0S

Véi AB,C e(o;%] thi A+B+C=rx.

du 1. Cho a,b,c Ia c4c sb thuc dwong thoa man diéu kién
1 1 1
J’_

+ =2.
a’+1 b%>+1 c%+1

Chimng minh rang ab +bc +ca < g :
Loi gidi
Gia thiét bai toan twong duong voi:
a’b? +b%c? +c?a® + 2a’b’c® =1=> ab,bc,ca € (0;1).
Do d6 t6n tai ba goc nhon trong mot tam giac thoa méan:
ab =cos A,bc =cosB,ca=cosC .

Bat dang thic tro thanh: cos A+cosB +cosC < % .

Bat dang thirc cudi ludn dung va ta co dpem.
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, . ) 1
Pang thuc xay ra khi vachi khi a=b=c=—.
g e ey 72

Vi du 2. Cho a,b,c |a céc sb thuc duong thoa man didu kién a+b+c+1=4abc.

Tim gia tri 16n nhat caa biéu thic P = Vabe-1 n Vdca-1 L1
bc ca ab
Loi gidi

Gia thiét bai toan tuong duong voi L2 L +2 L

+—+—+2.
4bc  4ca 4ab 8abc
Do d6 ton tai ba goc nhon trong mét tam giac thoa man:

1 1 1
——=2C0SA,—=2c0sB;—=2cosC.
Jbc Jca Jab
Khi do

P =4cos® A | 12 —1+4cos®B,| 12 —1+4cos’C
cos” A cos B

= 2sin2A+2sin2B — 4sin’C + 4
= 4sin(A+ B)cos(A— B) —4sin’C + 4

<4sinC -4sinC +4=—(2sinC —1)2 +5<5

€= azbzﬁ

Ding thuc xay ra khi va chi khi = 3

z
6
B-"

A= =
TG 2J3+3
A -z s 1z A 5 M - \/§
Vay gid tri 16n nhét cua P bing 5 dat tai a=b=-,c=2/3+3.

Vi du 3. Cho a,b,c Ia céc s6 thuc duong thoa man didu kién abc=a+b+c+2.
Chtng minh ring 2(\/%+\/E+\/a) <4+abc.

Loi gidi
Gia thiét bai toan tuong duong véi:
1 1 1 1

—+—+—+2.—=1.
bc ca ab abc

Do d6 tn tai ba géc nhon mét tam gi4c sao cho

i—cosAi—cosB L—cosC
Jbe "Jea "Jab '
Ta can chitng minh 2 L + ! + ! <4+ 1
cosA cosB cosC cos A.cosB.cosC
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<> 2(cos A.cos B +cos B.cosC +cosC.cos A) < 4cos A.cos B.cosC +1.

Dé ching minh bét dang thirc cudi ta chimg minh nhu sau

2c0s A.cos B = /sin 2A.cot Asin 2B.cot B s%(sin 2A.cotB +sin2B.cot A)
2cosB.cosC s%(sin 2B.cotC +sin2C.cot B)

ZCosC.cosAs%(sin 2C.cot A+sin2A.cotC)

Cong lai thé vé va khai trién vé phai ta co ngay diéu phai ching minh.
Ding thuc xay ra khi va chikhi A=B=C<a=b=c=2.
Bai tip twong tw
Cho a,b,c 1a c4c sb thuc dwong thoa man didu kién ab+bc +ca+abc=4.
Tim gia tri nho nhat cua biéu thic P =ab+bc +ca++/ab ++/bc ++/ca .
Vi du 4. Choa,b,c,x,y,z la céc sb thuc dwong thoa man diéu kién
ax? +by? +cz% + xyz = 4abc .
Ching minh rang a+b+c>x+y+z.
Loi gidi
R X2 yr 2 Xyz
Gia thiét da cho tuong duong voi: — + + + 2. =1.
4bc 4ca 4ab 8abc
Do d6 ton tai ba géc mot tam giéc sao cho:

chos B;chosc .

X
PN 2\Jca 2\Jab
Ta can ching minh a+b+c¢ > 2+/bc cos A+ 2+/ca cos B + 2+/ab cosC .

Bt dang thirc cudi ludn dung va ta c6 dpem.

=COS A;

B. BAI TAP CHON LOC
Bai 1. Cho x,y,z la cé4c sb thuc khéng am théa man diéu kién xz+yz+1=xy.

2_
2x+2y +z 1

Tim gid trj I16n nhat cua biéu thirc P =— > —.
X“+1 y°+1 z°+1

Loi gidi
. 2XY(X+Y)+2Xx+2
THL: Néu xy=1=2-0=P = i(z yz e BT S RS
XY T+ X" +y +1 (x+y)

xy -1

TH2: Néu xy>1=z= :
X+ Yy
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bit x=tana,y=tanb,z = Xy_l:—cot(a+b)vdi a,be(o;gj,a+b>£.
X+Yy 2 2

Khi d6: P=sin2a+sin2b+cos(2a+2b)=1- 25in2(a+ b) + 2sin(a + b) cos(a— b)

2
<1-2sin?(a+b)+2sin(a+b) =—2[sin(a+ b) —ﬂ +%sg.
a=b
sin(a+b)=% <:>a=b=i—72[
Ding thuc xay ra khi va chi khi

T T
a,be(o;—j,a+b>—

2 2

:x:y:tani—;[=2+\/§,z=—cot%:\/§

Vay gia tri 16n nhét cua P bing gdat tai x=y=2++/3,2=+/3

Bai 2. Cho a,b,c 1a c4c sb thuc dwong thoa min didu kién ab +bc+ca=1

. ‘ 2 a b 3c
Tim gia tri l6n nhat cua biéu thic P = + +
1+a? 1+b% f14c2
Léi gidi
Theo gia thiét ton tai ba goc ciia mot tam giac thoa man
a=tané,b:tanE,c=tanE.
2 2 2
Khi dé6:
tan A
a sy A AL b 1._ ¢ _.C
> = =SIn—Cc0s— =—sSinAva — =-sIn B,——=sin—.
1+a 1+tan2é 2 2 2 1+b 2 "1+C2 2
2
Tir d6 suy ra
P=%(sinA+sinB)+3sin%=sin AJchosA_Bstin%

~ cosZ cos +3sin S <cos S 4+ 3sin & < (1+9) cos? S 1sin2 S | = o
2 2 2 2 2 2
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Ding thuc xay ra khi va chi khi

< a=b=+10-3,c=3.
Vay gia tri 16n nhét cua P bing 10 dat tai a=b=+/10-3,c=3.
Céch 2: Ta xir Iy bang dai s6 nhu sau
Str dung gia thiét ab + bc +ca =1ta co:
a_ b a b

= n
1+a® 1+b® ab+bc+ca+a® ab+bc+ca+b?

_ a . b _ a(b+c)+b(c+a)
(a+b)(a+c) (b+a)(b+c) (a+b)(b+c)(c+a)

_ 2ab+c(a+b) _+ab(a+b)+c(a+h)
(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)

B c++/ab < 1

_(c+a)(c+b)_\/(c+a)c+b \/1+c

A

Do do P<

1 c?
1+9 —t— =+/10.
,/ «/1+c 1+¢® 1l+c

Ding thirc xay ra khi va chi khi a=b=~/10-3,c=3.
Bai 3. Cho x,y,z la cac s6 thuc dwong thda man diéu kién xyz +x+y=zva z>1.

Tim gia tri I6n nhét cua biéu thirc

P=4 12+ 12 + 22
1+x° 1+vy 1+2z

Lot gidi
. .z , X P . , 5 R .,
Theo gia thiét ta co: xy +1+— =1nén ton tai 3 goc caa mot tam gidc sao cho:
z 2
x=tané,y=tan5,1=tang.
2 2 2z 2

Khi do :
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C
tan —
P=4 1 N ! 5 |* 2 =4(coszé+c0325j+lsinc
1+tan2E 1+tan® — 1+tan2E 2 2) 2

A+B _A-B
cos

=4+ 2(cosA+cosB)+lsinC=4+4cos +%sinC

=4+4sin£cos +%sinC£4+4sin%+lsinC

9+42

Mt khac 221:>tan%s1@%s45°@csgoO:Ps B

Ding thirc xay ra khi va chi khi z=1,x=y=~/2-1.
Bai 4. Cho x,y, z la cac sb thuc duong thay doi thoa man diéu kién xyz+x+z=y.
Tim gia tri 16n nhét cua biéu thic

p_ 2 2 4 N 3z
X+l Y+l 241 (22 +1)\/22 +1
Loi gidi

bit x=tan A,y =tan B,z:tanC,(O<A,B,C <%j

Theo gia thiét ta co:
Y=Z . tan A tanB—tanC

X= =
1+vyz l1+tanBtanC

=tan(B-C)< A=B-C+kr.

Do —%<A—B+C<7z:>k:0:>A:B—C<:>A—B:—C.

Khi do:
P—Z( 11 j_ AtanC | 3tanC
1+tan®A 1+tan’B) \1itan?C (1+tan2C)\/1+tan2C

= 2(cos2 A—cos? B)—4sinC +3sinCcos? C
=c0s2A—C0s2B —4sin C +3sinCcos® C
=-2sin(A+B)sin(A-B)-4sinC +3sinCcos” C

= 2sinCsin(A+ B)-4sinC +3sinCcos’ C

<2sinC —4sinC +3sinCcos® C =sinC(3cos2 C —2) =sinC(1—35in2 C)

Néu sinC >§:> P <0xét vai sinC s?sﬁ: dung bét dang thirc AM — GM ta c6:
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JGsinz C(1-3sin*C)(1-3sin’C)

P= \/sinz c(1—3sin2 c)2 =

, [°
. 2 .2 .2 V;
(GSIH C +l-3sin“C +1-3sin C) NG
3 5
. ; 2
/6 9
Ding thirc xay ra khi va chi khi
S|nC:1©tanC—£tanA_—2/:anB V2 o x= fy—i =£
3 4 2 4
Vay gia tri I6n nhét cia P bang = dat tai X =~/2, y—% \/4—
Céch 2: Theo gia thiét ta co:
y—12 2 2 3z
X= =P= 3
1+yz y-z\ 4 y 1 Vz? +1 (z +1)\/ +1
1+yz
b 2(1+yz)° 2 4 3z
(y2+1)(22+1) Y+l 2?41 (22+1)\/22+1
22[2y+(y2 —1)2} 47 37

(yz +1)(22 +1) ) V22 +1 ' (22 +1)\/z2 +1
Str dung bat dang thic C =S ta c6

22[2y+(y2 —1)2] ) 22\/[4)/2 +(y2 _1)2}(“ 22) 2z

(y2 +1)(z2 +1) - (y2+1)(22+1) 14 22

3z

2z 3 47 N 2_3( Z TJ“ Z
Vi+22 Wz%+1 (22+1)\/22+1 J22+1) W22 +1

Pt t =———(te(0;1))khi do P< f () =3t +t.

V22 +1

Taco fi(t)=—0t% +1 f'(t)=0«S% s =

Suyra P<
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Ta c6 £°(t) doi diu duong sang 4m khi di qua t = % nén f(t) dat cyc dali tai t =%
A \ 1) 2
trén khoang (0;1) hay f(t)< f (5) =3

V2 ﬁ,h%

Vay gia tri 16n nhit cua P bang %dat tai x ==Y=

Bai 5. Cho x,y,z la cé&c sb thuc duong thoa man diéu kién
4x° +4y2 +472 +16xyz =1.

X+ Y+2Z+4xyz

Tim gid tri nho nhét cua biéu thae P = .
1+4(xy +yz +2x)

Loi gidi
Theo gia thiét ton tai 3 géc nhon cua mot tam giac sao cho:
2x=C0sA,2y=cosB,2z=cosC.

3
tan?tangﬂanStanc+tanctanA

Khi d6 tan? 2 tan2 B tan2 & < 2 2 2| _1
2 2 2 3 27
PN coszgcoszgcoszgz 27sin2 Asin2 Bgin2 &

2
(1+cosC)>27(1-cos A)(1-cosB)(1—cosC)

< (1+2x)(1+2y)(1+22) 2 27(1-2x)(1-2y)(1-22)
& 28(X+y+2z+4xyz)>13(1+4xy +4yz + 42x)

~ N

< (1+cosA)(1+cosB

X+ y+z+4xyz >£
1+4xy +4yx+4zx 28

Bat dang thire dugc chimg minh. Pang thie xay ra khi va chi khi x=y =1z =% :

Bai 6. Cho a,b,c la cc sé thuc dwong c6 tong bang 1. Chirng minh
\/§( bc  abc J+ Jabe  24/3-5 |

a+bc c+ab| b+ca 4

Loi gidi

Chi y theo gia thiéttacd a+b+c= /a—b.\/§+ /a_b.\/b_7+\/b_T.\/§:1'
c \'b c \a a\b

Suy ra ton tai 3 goc mot tam giac sao cho
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bc A |ca B /ab C
/— =tan—, /— =tan—, /— =tan—
a 2 \Vb 2 \Vc 2

Khi @6
tan2 A tan & tan B

P_3 2 "2 |, 2

1+tan2§ 1+tan2% 1+tan? B

.o A 1. 1.
=J3|sin? 2 —-=sinC |+ =sinB
J_( 22 ) 2

_ >

——%(\/?cosA—sin B+\@sinc)

mw
N|%¥

4

BAt ding thic cudi ding do /3cos A—sinB ++/3sinC sg.
T
A:B:_
. a=b=2y3-3
Ping thuc xay ra khi va chi khi 6o B3
c=7-43

T

C=—
3

Bai 7. Cho a,b,c 1a cac sé thuc duong théa man diéu kien a? +b? +¢? + 2abc =1.
Chting minh rang a% +b% +¢? > 4(a2b2 +b2%c? + czaz).
Loi gidi
Theo gia thiét ton tai ba goc nhon cia mot tam giac thoa man:
a=cosAb=cosB,c=cosC.
Ta can chiang minh:

cos® A+ cos® B +cos’C > 4(cos2 Acos? B +cos® Bcos? C + cos? C cos? A)
cot® A cot? Acot’ B
224y > ;
geltcot A e (1+cot A)(1+cot B)

oY cot? A " cot® Acot’ B
& (CotA+cotB)(cot A+cotC) &2 (cot A+ cotB)’ (cotC + cot A)(cotC-+ cot B)
yC cyc

2 Aot
A
< >"(cotB +cotC)cot? A> 42M (luén ding).

e & COLA+CotB

Do Z(:;i AA:(C);t: <> cot Acot B(cot A+cotB)=>"(cotB +cotC)cot? A.

cyc cyc cyc
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Ding thuc xay ra khi va chi khi a=b=c =% .

Céch 2: Ta dua vé chang minh
(a2 +b%+c? + 2abc)(a2 +b%+c ) (azb2 +b%c? +02a2)
oat+bt+ct+ 2abc(a +b? +c2) Z(aZb2 +b%c? +02a2)
Taco:

abcé%,a+b+c£%:>2(a2+b2+c2)—a—b—c=2—4abc—a—b—020.

Do d6 ZabC(a2 +b? +cz)2 abc(a+b+c).

Ta dua vé chirng minh bét dang thuc:

a* +b*+c* +abc(a+b+c)> 2(a2b2 +bc? +cza2)

< a?(a-b)(a-c)+b*(b—c)(b-a)+c?(c-a)(c-b)>0

Khong mét tinh tong quat gia sir a>b > ckhi d6 c¢®(c—a)(c-b)>0va
(a-b)[a%(a—c) b2 (b-)]
(a=b)[a®(b—c)-b*(b—c)]
=(a-b)(b—c)(a® ~b*)=0

Bat dang thirc dugc chimg minh. Pang thie xay ra khi va chi khi a=b=c

a’(a-b)(a-c)+b?(b-c)(b-a)

[\

Bai tap twong tw
Cho a,b,c 1a cac sb thuc khong am thoa man a +b% +c? +abc=4.
Chting minh rang (a2 +b? - abc)(b2 +c?- abc)(c2 +a’— abc) >a%b?c?.
Bai 8. Cho x,y,z 1a cac s6 thuc duong thoa mén diéu kién 6x+3y +2z = xyz .
o
\/m‘\l/(y2 + 4)(22 +9) .

Loi gidi

Tim gid tri 16n nhét cua biéu thic P =

Gia thiét bai toan twong dwong véi 2 +—+ 3 =1.
Xy yz X
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I—)atazl b:E =§:>ab+bc+ca 1. Khi d6 ton tai ba goc mot tam giac
X y z

sao cho a:tané,b:tanE,cﬂanE.
2 2 2

Khido P= ! \/ ! . ! =cosA/cos—cos£<i
Vi+a? \V1+b?2 V1+c? 2 2 2 9

Ding thirc xay ra khi va chi khi x=y=2v2,2=32.

C. BAI TAP REN LUYEN

(a-b)(1-ab)
‘(1+a )(l+b2)‘

Bai 2. Cho x,y la hai sb thuc thoa man didu kién 36x° +16y? =5.

Bai 1. Cho a,b 1a hai s6 thyc bét ky ching minh rang

Tim gia tri I6n nhat va gié tri nho nhét cua biéu thic: Z =y —2x+5.
Bai 2. Pat x :%sin a thi tir gia thiét taco y :?cosa :

Bai 3. Chirng minh rang véi moi s6 thuc a,b,c ta c6
la—b| lo—c| N lc-a|
\/a +1\/b2+1 \/b2+1\/c +1 \/c +1\/a +1

Bai 4. Cho a, b, ¢ 1a cac s6 thuc duong thoa mén diéu kién abc+c+2b=2a.

A b? \/ > 3
Chang minh ran + + <—.
g d 1+a® \/1+b2 4+¢%> 2

Bai 5. Cho a, b, ¢ 1a cac s6 thuc duong thoa mén diéu kién ab+bc+ca=1.
=+ b =+ ¢ =2 33 .
1+a° 1+b° 1+4c 2
Bai 6. Cho a,b,c 1a c4c sb thuc thudc khoang (0;1). Chirng minh ring
abc +\/(1—a)(1—b)(1—c) <1.

Bai 7. Cho a,b,c 1a c4c sb thuc dwong thoa min didu kién a+b+c=1.

s e 3
a+bc b+ca c+ab 4
Bai 8. Cho a,b,c 1a c4c sb thuc duong thoa mén diédu kién a+b+c=abc.

Ching minh ring

Ching minh rang
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2 N 1 N 1
VaZ+1 \b2+1 Ve +1
Bai 9. Cho x,y,z la cé&c sb thuc dwong thoa man diéu kién xyz+x—y+z=0.
2 3
2 2 At
X*+1 y*+1 z°+1

Tim gid tri 16n nhét cua biéu thic P =

Tim gia tri I6n nhét cua biéu thic P =

Bai 10. Cho a,b,c Ia c4c s6 thuc duong thoa man diéu kién

ab+bc+ca=\/(a2 +l)(b2 +l)(c2 +1) +1.

Chiang minh ring a+b+c>+/3.
Bai 11. Cho a,b,c la cac sb thuc duong thoa man diéu kién a+b+c=abc.
a b c
+ + .
a+bc b+ca c+ab
Bai 12. Cho a,b,c la cac sb thuc duong thoa man diéu kién a+b+c=abc.

Tim gid tri nho nhét cua biéu thac P =

Tim gid tri nho nhét cua bidu thic P = —2 +\@( b ., ¢ ]

a+bc b+ca c+ab

. Y . o 1011
Bai 13. Cho a,b,c la céc so thyc duong thoa man dieu kign —+2—b+3—= 6

a C

, . 3 a b C 1
Charng minh rang . . <—.
a+36bc b+9ca Vc+4ab 27

Bai 14. Cho a,b,c 1a cac s6 thuc duong thoa mén diéu kién
2009ac + ab +bc =2009.
2 3
a’+1 b?+20092 cZ+1
Bai 15. Cho a,b,c 1a cac sb thuc khong am thoa man a? +b? +c? +abc=4.

Chung minh rang (a2 +b% - abc)(b2 +c? —abc)(c2 +a’ —abc) > ah?%c?.

Tim gia tri I6n nhét cua biéu thic P =

Bai 16. Cho a,b,c la cac s6 thuc duong thoa min diéu kién ab+bc+ca+abc=4.

Ching minh rang ~/ab ++/bc ++/ca <3.

Bai 17. Chox,y,z la cc sb thuc dwong thoa man diéu kién xy + yz + zx =xyz .

2 N 1 N 1 <
\/1+ x? \/1+ y? \/1+ 22
Bai 18. Cho a,b,c 1a cc s6 thuc duong thoa méin diéu kién a+b+c=6.

Tim gid tri 16n nhét cua biéu thic

Ching minh rang

°
.
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1 1

+ + .
27 252 a2p2

P:Q—QB—MG—Q%g

Bai 19. Cho a,b,c 1a c4c sé thuc duong thoa man diéu kién a2 +b? +¢? +abc =4

Chiing minh ring av4—a2 +by4—b? +cy4—c2 <343.
Bai 20. Cho a,b,c 1a cc s6 thuc thudc khoang (0;2) thoa mén diéu kién
ab+bc+ca+abc=4.
Ching minh ring v4—aZ +v/4—b2 ++/4—c? <3.3.

Bai 21. Cho x,y,z la cac s thuc duong thoa man diéu kign xy =1+z(x+Y).

Tim gid tri 16n nhét cua biéu thic P = 2xy(y+1) + 22 .
(1+x2)(1+y2) 2°+1

D. HUONG DAN GIAIl - PAP SO
Bai 1. bat a =tanx;b =tany taco

v _‘(tanx—tan y)(l—tanx.tany‘
et |

<_

sm 2(x—y)

|sin(x—y) cos(x — y)| =

Bat dang thie dugc ching minh.

V5. B . B

Nén Z =—sina——cosa+5<«< —sina——cosa=2 —-5(*)
6 2 6 2

Phuong trinh (*) c6 nghiém khi va chi khi (Z —5)2 Si+§=4—9<:>§£ yA <3—7.

36 4 36 6 6
Bai 3. bat a=tanx; b=tany; c=tanz.

Bat dang thic da cho twong duong véi:
|tanx—tan y| . |tany —tanz| g |tan x — tan z|
Vi+tan® xl+tan’y  l+tan?yA1l+tan®z 1+ tan? x1+tanz
< [sin(x— y)|+[sin(y — 2)| 2 [sin(x - 2)|
Bat dang cudi dang boi vi
|sin(x — y)| +[sin(y — z)| 2[sin(x — y) +sin(y — z)| > |sin(x - 2)|.
Bat dang thire dugc ching minh.
Bai tap twong tuw
Ching minh rang véi moi s6 thuc a,b,c ta c6
a-b b o-a
V2 + 201567 + 2015 N7 + 2015:/c% + 2015 N7 + 20152 £ 2015
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Bai 4. Theo gia thiét ton tai ba géc mot tam giac sao cho:

a=tanA ; l=tanB; 3=tanC.
b c

Bat dang thire da cho tuong duong véi: cos A+ cosB +cosC < 3.
Bat dang thirc cudi ludn dung va ta co dpem.
Bai 5. bat a= tanE;b = tan%. Tu gia thiét suy ra ¢ = tan%; véi A, B, Cla 3 goc
cua tam giac nhon ABC
Bat dang thic tuong dwong voi:
%(tan A+tanB+tanC) > ¥ (ludn ding).
Bai 6. bat a =sin’x; b= sin?y; ¢ =sin’z.
Ta can chitng minh sin x.sin y.sin z + cos x.cos y.cosz <1.
Bat dang thic dung boi vi
Sin X.sin y.sin z + COS X.COS y.C0S Z < SiN X.SiN Y + COS X.COS y = cos(X — y) <1
DAu bang khong xay ra va ta c6 dpem.
Bai 7. Ta can ching minh L L !

9
+ + <—
+E 1+9 1+a—b 4

1
a b c
Theo gia thiét ta co /ib.\/b—?+Jb—T.\/§+ /E. /a—bzl,
c \Va a\Vb b Vec

Do d6 ton tai ba géc mot tam giac sao cho

bc A |ca B |ab C
/— =tan—; /— =tan—; /— =tan—.
a 2 \b 2 c 2

1 1 1

Bat dang thuc tré thanh:

9
¥ n <2,
1+tan2§ 1+tan? B 2C 4

1+tan® —
00522 40052 B 1 cos2 & <2
2 4
3+cosA+cosB+cosC 9
= <=

2 4

3
< Cc0SA+cosB+cosC <—

Bit dang cudi dung va ta c6 dpem. Dang thic xay ra khi va chi khi a=b=c =
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Bai 8. Theo gia thiét ton tai 3 goc nhon ciia mot tam giac sao cho:
a=tanAb=tanB,c=tanC.
Khi do:

B+C B-C

P =2cosA+cosB +cosC = 2cosA+ 2¢0s 5 cos 5

2
s2—4sin29+23in9=—4(sing—l) s
2 2 2 4) 471

Bai 9. Tir gia thiét ta co: xz + >+~ =1.

y vy
Do d6 t6n tai 3 goc ciia mot tam giac sao cho x = tan%,% = tan%, = tan%.
Khi d6 ta co:
po—2 2 03 o022 2sin?Biaces?S
1+tan2§ 1+cotzg 1+tan2(2: 2

A+B __A-B
cos

=cosA+cosB+3—35in2%=Zcos +3—35in2%

2
SZsinE—Ssin29+3=—3 sing—l Lo 10
2 2 2 3

Ding thuc xay ra khi va chi khi sin%:%,A: B
1 1

= X=——,y=2,2=——.
7z 2J2

1

. , . 10 ; 1
Vay gié trj 16n nhét cia P bing —dat tai x=——,y=+/2,z =
ay g 1 g 5 datte \/E y 2\/5

Céch 2: Tir didu kién cho phép ta giam bién biéu thic P vé hai bién x va y.

xyz+x—y+z=0:>z=1y+_x);20:> y>X.
Khi d6 ta co:
2(y2 —x2) 3 ) 2(y2 —x2) 3(x2y2 +2xy+1)
(1+ xz)(1+ y2)+[y_xj2 +1_ (1+ xz)(1+ yz) " (1+ xz)(1+ y2)
1+ xy

P=
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2(y2—x2) 3(x2y2+x2+y2 +1)—3(x2—2xy+y2)
= +

(1+ xz)(1+ y2) (1+ xz)(1+ y2)

2y =) s(x-yf L (y-0xey)

o) o) o

Str dung bat dang thiec AM-GM va C-S ta c6:

3(y—x)(5x—y)sr’(y_x)JFSX_y} = (x+y) §(1+ xz)(1+ yz).

2
Suy ra PSE+S=E.
3 3
3y—-3x=5Xx—-y 1
. S X=—7= 1
Dang thuc xay ra khi va chi khi ¢ x 1 = ﬁ:ﬂzm.
1y y=+/2

Bai tap twong tw
1) Cho a,b,c la c4c sb thuc dwong thoa min didu kién b=a+c+abc.
2 2 3
2 . v2 4 2.
a“+1 b °+1 c¢°+1
2) Cho a,b,c la céc sb thuc duong thoa man didu kién 2014ac + bc +ca = 2014 .
2b? L3
a’?+1 b%2+2014 c?+1
3) Cho x,y,z 1a c4c sb thyc duong thoa man diéu kién xy + yz + zx=1.

Tim gid tri 16n nhét cua biéu thic P =

Tim gid tri 16n nhét cua biéu thic P =

y N 212
4l Y4l 241
4) Cho x,y,z la cac sb thuc duong thoa man diéu kién xz —yz —xy =1.

2x2 2y? 372

- +
27112

N Sy, FO , X
Tim gia tri I6n nhat caa biéu thuc P = +

Tim gid tri nho nhét cua biéu thae P = el
+7

1+x
Bai 10. Sir dung dang thuc:
(a2 +1)(b2 +1)(c2 +1)=(ab+bc+ca—1)2 +(a+b+c—abc)’.
Suyra a+b+c=abc.
Do d6 ton tai 3 goc cua mot tam giac thoa médn a=tan Alb=tanB,c=tanC.

Bai toan dua vé chimg minh tan A+ tan B +tanC > 3/3.
Bat dang thirc cudi ludn dung va ta c6 dpem.
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Bai 11. Diéu kién bai toan twong duong véi:

c\Va a\b b'\c cValb’

Do d6 t6n tai ba goc trong mot tam giac sao cho

/ —t \/7—tanB/ =tanC.

Khidd P= =cos® A+ cos’ B + cos C>§
1+ tan? A 1+tan’B 1+tan C 4

Ding thirc xay ra khi va chi khi a=b=c=3.
Bai 12. biéu kién bai toan tuong duong véi:
EEEEEE-EER
c Va a\b b \c c Va\b

Do d6 ton tai ba goc trong mét tam giac sao cho
/E =tan A, /9 =tan B, ’a_b =tanC.
a b c

AT 3( 75 T 2 j
1+tan“ A 1+tan“B 1+tan“C
= cos? A+\/§(cos2 B + cos? C)

Khid6 P=

_ c082A++/3(c0s2B +C0s2C) +1+2+/3 N 433
- 2 T4

Chay cosZA+ﬁ(cosZB+cosZC)2—g.

Ping thirc xay ra khi va chi khi a=7+4+/3,b=c=

3+243
o

Bai 13. Gia thiét da cho twong duong véi:

6bc -+ 3ac + 2ab = 36abc < 200 33C + 28b _ 36ahc

R

B
Trong tam giac ta co: cot— + cot— + cot— =cot—.cot—.cot—.
2 2 2 2 2 2

Suy ra ton tai ba goc trong mot tam giac sao cho:

2 /a—bzcotE;B\/E:cotE; 6\/b—7czcotA .
c 2 b 2 a 2
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1 1 1

Vivay VT = . .
1rcot?® 1100t B |14 cot2 &
2 2 2

LA .,B.C 1 A-B A+BY . C

=sin“ —sin“ —sin—==| cos —CO0S sin—
2 2 4 2 2

1(  A-B 2 ¢ 1 2
=—| C0S —-sin— | sin—<—|1-sin— | sin—

4 2 4 2 2

3

1 c c c o1 (1—sin2)+[1—sin§j+(25incz:j 1
==|1-sin—||1-sin— |2sin—<= =—

8 2 2 8 3 27

Bat dang thire dugc ching minh.

Bai 14._Tur gia thiét ta co: acta—+ 2 oo
2009 2009
Suy ra tn tai ba goc mot tam gic sao cho:
A b B C
a=tan—;——=tan— ;c =tan—.
2 2009 2 2
Khi do
S Ne 21 3 c _ 2008 A 2sin? B 1 30052 &
1+tan’ = 1+ 1+tan® = 2 2 2
tan? B 2
2
:cosA+cosB+3(1—sin22)=3+lcos2 A-B [ fBsin&_LeosAzB| (10
2 3 2 2 3 2 3

Bai tap twong tw

1) Cho a,b,c la cac s6 thuc dwong thoa man diéu kién abc+a+b=c.
a b c?
2 T2 a2

a+1 b“+1 c°+1

2) Cho a,b,c 1a cac s thuc duong thoa mén diéu kién abc+a+b=c.

2(1+ ab) N c

(1+ az)(1+ b2) c?+1

3) Cho a,b,c I c4c sé thuc duong thoa man didu kién ab=1+bc +ca.
a’ .\ b2 L C

a+1 b%+1 c?+1

Tim gid tri 16n nhét cua biéu thic P =

Tim gia tri I6n nhét cua biéu thic P =

Tim gia tri 16n nhét caa biéu thic P =
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4) Cho a,b,c la cac sb thuc duong thoa man diéu kién ab=1+bc+ca .
J3 b J3c
2 A2 4 2.
a+1 b°+1 c°+1
5) Cho a,b,c & cac sé thuc duong thoa man didu kién ab=1+bc+ca.

Tim gié tri nho nhét cua biéu thic P =

Tim gia tri nho nhét cua biéu thuc P = 21 + ;@ - ;@ .
a“+1 b +1 c°+1
.. 5 yz X Xy
Bails. Pita=2|— 9% p=2| 2 -2 | Y
(x+y)(x+2) (y+2z)(y+2) (z+x)(z+Y)
4(y22+y22+x22+x22—2xyz) 4(y22+x22)
Khi d6 a® +b? —abc = > .
(x+y)(y+2z)(z+x) (x+y)(y+2z)(z+x)
Tuong tu Suy ra:
4 y22+xz2
H(a2 +b? —abc)zH( ( ) > a’h%c?

x+y)(y+2z)(z+x)
Bai 16. Bat ding twong duong véi: cos A+ cosB +cosC Sg.

Vi cosAzﬁ;cosB =@;cosc =@.
2 2 2
Bai 17. Theo gia thiét ton tai cc géc nhon trong mot tam giac sao cho
x=tan A;y=tanB;z=tanC.

Khi d6 goi P 1a biéu thirc vé tréi ta c6

2 1 1
P= + +
\/1+tan2A x/1+tanzB \/1+tan2C
=2cosA+cosB +cosC

B-C

- 2(1— 25inzéj+ 2sin 2 cos
2 2

< 2(1—25in25)+ 2sin 2
2 2

9 A 1V 9
=——4/sin———| <—
4 2 4) "4

Bat dang thire dugc ching minh.
Bai 18. Trudc hét,ta bién d6i P vé dang:
(a+b—c)(b+c—a)(c+a—b)@+b?+c?)

8P =
a’b?c?
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Bay gio ta s& ching minh rang:
(a+b+c)@a+b-c)(b+c—a)c+a—b)@®+b?+c?)<9a?c® (1)

That vay,néu (a+b—c)(b+c—a)(c+a—b)<0 bat dang thirc trén dung

Néu (a+b-c)(b+c—a)(c+a-b)>0 tathdyring3sba+b—c;b+c—a;

¢ +a— b khéng thé c6 ddng thoi 2 s am.

Vi thé, ta c6 thé quy bai toan vé ching minh bat dang thic dang véi 3 canh 1
tam giac.

Ta xét tam giac ABC véi ban kinh ngoai tiép R;a= BC;b=CA;c= AB .

21n2 .2
Tacod: 9R? >a? +b? +¢? hay %2@2 +b%+c?).
16S
hay 9a%b%c? > (a+b+c)(a+b—c)(b+c—a)(c+a-b)@®+b?+c?)
Vay ta co (1) dugc chung minh.
9 3 3
Suyra 8P<—=— hay P<—.
y 6 2 y 16
Bai 19. Theo gia thiét ton tai ba goc nhon trong mét tam gi4c sao cho
a=2cosA;b=2cosB;c=2cosC.
Bt dang thuc tré thanh:
cosSAV4 —cos? A +cos By4 —cos? B +cosCy/4 —cos? C <343

< cosAsin A+cosBsinB +cosCsinC g%
cosA<cosB<cosC

Khong mat tinh tong quét gia st A>B>C =< . _ e
sinA>sinB>sinC

Theo bét dang thirc Chebyshev ta c6

cos Asin A+ cosBsin B +cosCsinC <=(cos A+cosB+cosC)(sin A+sinB+sinC)

(1338 33
32 2 4
Bt dang thirc cudi dung va ta c6 dpem.
Bai 20. Sir dung bat ding thirc C -S ta c6

Ja—a? i\Ja—p? +J4—-¢? s\/3(12—a2 b2 —c?).

Ta chi can chang minh a? +b% +¢2 > 3.
That vay theo gia thiét ton tai ba goc nhon mot tam giac sao cho

Jobc Jea Jab

C0SA=——,c0sB=——,c0sC =——.
2 2 2

[CONN o
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2cosBcosC 2cosCcos A 2cos AcosB
Suyra a= b= ,C= .
Cos A cosB cosC

. , . 2cosBcosC 2 2cosCcos A 2 2cos AcosB 2

Vay ta chitng minh + + >3
cos A cosB cosC
Bat dang thic dung do
2 2 2
cosBcosC N cosCcos A N cos AcosB > 0052 A+ cos2 B + cos2 C ZE
cos A cosB cosC 4

Ta c6 dpcm.

Bai 21. Theo gia thiét ta c6 —— + z[LEJ _1,

Xy Xy
Do d6 ton tai ba g6c mot tam giac sao cho E: tané,lz tanE, Z= tang.
X 2y 2 2
Khi d6 sir dung bat dang thic C -S va AM — GM ta c6
2(1+X1J )
P= y + 22 < + 22
1 1 z2°+1 1 z°+1
X y X y
tanc
< 1 N 1 N z 1 N 1 . 2
— 2 - .
1+t e 2P e 2B 1ian2©
X2 y2 2

- coszg+00525+lsinc

J3

2 4+33
2 4
4+33

4
dat tai A:B:%,C:%:x:y:2+\/§;z=\/§.

1+

=1+%(cos A+cosB+sinC)<1+

Vay gia tri 16n nhit cua P bang
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CHU DE 2: KY THUAT SU DUNG BAT PANG THUC SCHUR

Noi dung chu dé nay dé cap dén bt ding thic Schur va mot s6 bai toan &p
dung dang co ban nhat. Dé chi tiét hon cac ban c6 thé tim doc mot sé bai viét trong

[11.02].

A. NQI DUNG PHUONG PHAP
Véi moi a,b,c,k 1a céc sb thuc khdng am ta co

a“(a-b)(a-c)+b*(b-c)(b—a)+c*(c-a)(c-b)>0
Véi k = 1 ta c6 bat ding thie Schur bac 3
a’+b® +¢®+3abc>ab(a+b)+bc(b+c)+ca(c+a)
Mot sé dang twong dwong:
(x+ y+z)3+9xyzz4(x+y+z)(xy+ yZ + 2X);
(x+y+z)(x2 +y? +22)+9xy222(x+ y+2)(Xy+yz+2x).
Véi k =2 ta co bt dang thuc Schur béc 4:
a® +b*+c* +abc(a+b+c)> ab(a2 +b2)+bc(b2 +c2)+ca(c2 +a2).
Trong qué trinh sir dung bét ding thirc thuong dua vf? chimng minh céc bét’ ding
th}'rc rfjmg budc gitra p,q,r dugc goi la phuong phap bat dang thirc Schur két hop
doi bienp, g, r.
Céc hing ding thirc cin luu y
Tadat p=X+Yy+12z;0=Xy+YyzZ+2zX;r =xyz, khi d6
ab(a+b)+bc(b+c)+ca(c+a)=pq-3r;
(a+b)(b+c)(c+a)=pg-r;
ab(a2 +b2)+bc(b2 +02)+ca(02 +a2)= p2q-2q° - pr;
(a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)=p®+q;
a? +b% +c? = p? - 2g;
a®+b3+c*=p*-3pq+3r;
a’+b*+ct = p*—4p?q+29° +4pr.

Néu dat L = p2g® +18pqr — 27r? —4q° —4p®r, khi do
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a2b+bzc+c2a=%ri\/E

(a-b)(b-c)(c—a)=%JL
Ngoai ra dé danh gié r voi p,q ta thuong st dung hai bt diang thic:
p(4p-0?)

r >max-0;
9

r > max 0;(p2—q)(4p—q2)
6p

B. BAlI TAP MAU
Bai 1. Cho a,b,c 1a c4c sb thuc dwong c6 tdng bing 3. Ching minh
abc+—12 >15.
ab+bc+ca
Loi gidi
Str dung bat ding thac Schur bac 3 ta ¢6
(a+b-+c) +9abc > 4(ab+bc+ca)(a+b+c)= 3abc > 4(ab+bc+ca)—9

Ta can ching minh 4(ab+bc+ca)—9+L215
ab+bc+ca

<:>4(ab+bc+ca)2 —24(ab+bc+ca)+3620<:>4(ab+bc+ca—3)2 >0
Bat dang thic ludn dang. Bang thic xay ra khi va chi khi a=b=c=1.
Bai 2. Cho a,b,c 1a c4c sb thuc dwong c6 tich bang 1. Ching minh
2 1,3
a+b+c 3 ab+bc+ca
Loi gidi
Str dung bét ddng thirc Schur bac 3 ta c6

(ab+bc+ca)® +9a?b?c? > 4(ab+bc+ca)abc(a+b+c)

(ab+bc+ca)’ +9

<a+b+c<
4(ab+bc+ca)

p 8(ab+b
Vay ta chi can ching minh (a Al c+ca) 1> 3

J’___—
(ab+bc+ca)’+9 3 ab+bec+ca

Dit t=ab+bc+ca, (t >33a’bc? = 3) bat dang thuc tro thanh
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8t 1.3

+=>=
t*+9 3t
ot -0t + 24t + 9t -812 0 = (1-3)(t° —6t* + 6t +27) 20

<:>24t2+t(t3+9)29(t3+9)

Luon ding véi t > 3. Bat dang thie dugc ching minh.
Ding thuc xay ra khi va chi khi a=b=c=1.
Bai 3. Cho a,b,c 12 cac sb thuc duong thoa man diéu kién a® +b% +c?=3.
Ching minh rdng 12 +9abc > 7(ab +bc +ca) .
Loi gidi
Dmt=a+b+q@63ts$
(a+b+c)’-a2-b?-c? (-3

2 2
Str dung bat ding thac Schur bac 3 ta ¢6

(a+b+c)3 +9abc24(a+b+c)(z;1b+bc:+ca):>9abcz2t(t2 —3)—t3.

=ab+bc+ca=

Vay ta chi can chang minh

7(t*-3) )
12+m@2—3y432——7;——c>0—3)(m+5)zo.
Bt dang thire dugc chitng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 4. Cho a,b,c la cac s thuc dwong thoa man diéu kién ab +bc +ca=3.
Chung minh ring a3 +b® + ¢+ 7abc >10.
Loi gidi
Taco a®+b°+c®=(a+b+c)’~3(a+b)(b+c)(c+a)

—(a+b+c)’ —3(a+b+c)(ab+bc+ca)+3abc

Patt=a+b+ c,(t >,/3(ab+bc+ca)= 3) bit dang thirc tro thanh

10abc +t -9t -10>0.
Theo bét dang thirc Schur bac 3 ta c6

(a+b+c)’ +9abc >4(a+b+c)(ab+bc+ca)=> 9abc>12t —t°.

+Néu t>2+/3=10abc+t3 -9t -10>12t -9t —-10=3t-10>0.

.3
+ Néu 3£t£2\@:>ab0212t9 L
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43
12t-t° s

Ta can chang minh 10. —~9t-10>0

& (t-3)(-t* -3t+30)20

& (t-3)(3(4-1)+(16-1*)+2) >0
Ludn dung. Bit ding thirc dugc chirng minh. Déang thuc xay ra khi va chi khi
a=b=c=1.
Bai 5. Cho a,b,c 1a c4c sb thuc duong. Chirng minh

(a+b+c)(ab+bc+ca)(a3+b3+c3)s(a2+b2+02)3.
Loi gidi

Chuanhod p=a+b+c=1.Pat q=ab+bc+ca;r=abc.
Taco a®+b? +c?=1-2q;a® +b® +c3 =1-3q+3r.
Khi d6 ta can ching minh: g(1-3q +3r)£(1—2q)3.
Sirdung q% =(ab+bc+ca)’ >3abc(a+b+c)=3r.
Do d6 q(1-3q+3r)=q-39>+3aqr<q-3q° +¢°.
Vay chi cin chang minh q—-3q% +q° <(1-29)° < (1-q)(3g-1)° 0.
Bit diang thirc ludn ding va ta c6 dpem. Dang thirc xay ra khi va chi khi a=b=c .

Bai 5. Cho x,y,z la cac sé thuc khong am théa man (x+y)(y+z)(z+x)>0va

Xy + yz + 2x =1. Tim gia tri nho nhat cua biéu thic

\/x (x+y)(x+z +\/y (y+2)(y+x) +\/z z+x)( z+y)
JX+y+z
Lo1 gidi

Taco: Jx(x+y)(x+2) =\/x(x2 +x(y+2)+ yz) = P (x+y+2)+xyz.

JX(x+y)(x+2)
Suy ra
JX+y+z \/ x+y+z

Tuwong tu ta co:

JY(y+2)(y+x) N(z+x)(z+y) [, w2
2° +—2—
JX+y+z x+y+z \/x+y+z X+Y+12
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SuyraP:\/x2+ Xyz +\/y2+ Xyz +\/22+L.
X+y+z X+Y+12 X+Y+12

Str dung bét ding thircc Mincopski ta co:

2
Xyz Ixyz
PZJ(X””)Z*[E’JXJHJ e

Theo bit ding thirc schur ta c6:

(x+y+2)> +9xyz > 4(x+y+2)(xy +yz +2X)

= (x+ y+z)2+Xi);}/izz4(xy+yz+zx)=4

Do d6 P > 2. bang thic xay ra khi va chi khi x = y=z=%.
Bai 6. Cho x,y,z 1a c4c s thuc khdng &m théa man x+y+z=1va xy+yz+2x>0;
k 12 mot sb thuc duong.

) ,, k(x2+y2+22)+9xyz
Tim gia tri nho nhat caa biéu thac P = .

Xy + YZ + zX
Loi gidi
Taco:
2
K(x+y+2) —2k(xy+yz+zx)+9xyz_ K s 9xyz
XY + yZ + 2X XY+ YZ4ZX XY+ YZ+2X
Theo bat dang thirc Schur ta co:

P

-2k.

(x+ y+z)3+9xyzz4(x+y+z)(xy+ yZ + 2X)

S 1+9xyz 2 4(xy +yz + 2X) = oz >4 !
7y + yZ + X Xy + Yz + X
SuyraP>— K 441 g K14 o
Xy + YZ + 2X Xy + Yz + X Xy + Yz + X

2
TH1: Néu k>1:>k—1>0;xy+yz+zxs%:%:> P>3(k-1)+4-2k=k+1.

Ding thuc xay ra khi va chikhi x=y=z=

Wk

TH2: Néu 0 <k <1khi d6 sir dung: x2+y2+22+%22(xy+yz+zx).
X+Y+2
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Ta co:

2,32, 52 2,2, 52

X“+yo+1 +9xy222(xy+yz+zx)<:>k(x +yo+z )+9kxy222k(xy+yz+zx).
Mat khac: k <1= k(xz+y2+22)+9xyzzk(x2+y2+zz)+9kxyz.

k(x2 +y? +zz)+9kxyz

Xy + Yz + zX

Do do P=

>2k. bang thac xay ra khi va chi khi
1 ST
X=y =§, z =0hoac cac hoan vi.
Bai 7. Cho a,b,c la c4c s thuc khdng am thoa man didu kien a? +b% +¢? =3.
Chiing minh rang (2-ab)(2—-bc)(2-ca)>1.
Loi gidi
Bat dang thuc can ching minh twong duong voi
(2-ab)(2-bc)(2-ca)-120
< 7—4(ab+bc+ca)+2abc(a+b+c)-a’h*c? >0

& (a+b+c)’ —(a+b+c—abc)’ —4(ab+bc+ca)+7>0

2_ 2 42 2 2
Détt:a+b+c,(\/§£ts3):>ab+bc+ca=(a+b+c) 2a b*—c t23.

Str dung bat ding thie Schur bac 3 ta ¢6

(a+b+c)’ +9abc>4(a+b+c)(ab+bc+ca)

3_
:>9ab022t(t2 —3)—t3 —t® _6t— abc > 96t

3
2 2 2
chay abcs\/[%} -1

a+b+c—abc>3%abc —abc > 3abc — abc = 2abc > 0
2 -6t 15t—t°
9

2
.3
Vay ta ching minh t2 —(15[9 t j —2(t2 —3)+720

a+b+c—-abc<t-

< 81.13-81t? ( 15) >0

<:>(9—t2)[9+ (9-12) }
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Luén dung do /3 <t <3. Bét ding thirc dugc chimg minh déng thirc xay ra khi
vachi khi a=b=c=1.
Bai 8. Cho a,b,c la c4c sb thuc dwong thoa man diéu kién abc =1.
c+a \/a+b 5(a+b+c)+9
+3 < .
2b 2¢C 8
Léi gidi

Ching minh rang 3\‘/b e +§/
2a

bat a=x3,b=y? c=2=xyz=1.
Bat dang thic da cho tré thanh:

3, 3 3, .3 3.3 5(x3+y+2%)+9
yzi/y erz +zx§/z ;X +xyi/x Y < ( ) .

2 8
Str dung bét déng thuc AM — GM ta c6

33
+Z +7Z
yzﬂy 5 =5{‘/y2 .yz.yz.yz.(yz—yz+22)
3 2 2\ 3
Ca Ytz [8yzry-yz+z :(yﬂj
<3 . :
3y 3 3.3 3
Tuwong tu ta cé zxi/ﬁs(“)() ;xy3x +y S(X”j '

Cong theo vé ba bat dang thirc trén ta dugc

3 3 3
25 oy e el

2 8
Vay ta chi can chang minh
(x+y) +(y+2)° +(z+x)° $5(x3+y3+23)+9
X +y + 22432 xy(x+y)+yz(y+2z)+2x(z+x)
<:>x3+y3+z3+3xy22xy(x+y)+ yz(y+2)+2x(z+x)

Bt dang thire cudi 1a bat déng thirc Schur bac 3 nén ta ¢ dpem.
Ding thuc xay ra khi va chi khi a=b=c=1.
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C. BAI TAP REN LUYEN
Bai 1. Cho a,b,c la cac sé thuc dwong c6 tong bang 1. Chirng minh

2(&13 +b® +C3)+3(a2 +b? +c2)+12ab02§.
3
Bai 2. Tim hang s6 duong k 16n nhét thoa mén bt dang thic véi moi a,b,c 1a cac
s6 khéng am c6 téng bing 3.
a’+b%+c+kabc>3+Kk.
Bai 3. Chang minh vai a,b,c 12 cac s6 thuc duong c6 tich bang 1, ta co

a+b b+c c+a
+ +
c a

+622£a+b+c+1+l+lj.
a b c

Bai 4. Cho a,b,c la c&c sb thyc dwong. Chirng minh
a%+hbc b? +ca ¢’ +ab 9
3 2 2\ 13 2 2\ 3 7 o\ '
abc(b +C ) abc(c +a) abc(a +b ) a+b+c
Bai 5. Cho a,b,c la cac sé thuc dwong c6 tong bang 3. Chirng minh
1 1 1 <3

+ + <—.
9-ab 9-bc 9-ca 8

Bai 6. Cho a,b,c la cac sé thuc duong thoa man diéu kién a +b? +c? =3.

Chang minh ring 5(a+b+c)+%218.
abc

Bai 7. Cho a,b,c la c4c s thuc khdng am thoa man didu kien a? +b? +¢? =3.
Ching minh rdng 21+18abc >13(ab +bc +ca).

Bai 8. Cho a,b,c la c4c sé thuc khdng am thoa man diéu kién a% +b? +¢? =3.
1 1

Chiang minh ring + + <1.
5-2ab 5-2bc 5-2ca

D. HUONG DAN GIAIl - PAP SO
Bai 1. Bat dang thic twong duong véi

Z(a3 +b® +c3)+3(a2 +b? +(:2)(a+b+c)+12abc2§(a+b+c)3

@%( 3+b3+C3)+gabc22ab(a+b)+2bC(b+C)+2C3(C+a)

Bat dang thuc trén 13 tdng cua hai bat diang thic
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ﬂ(a3 +b® +03)2 4abc
3
Z(a3 +b® +c3)+6abcz 2ab(a+b)+2bc(b+c)+2ca(c+a)

Bat dang thire dugc chimg minh. Pang thire xay ra khi va chi khi a=b=c = % :

Bai 2. Cho a= b—gc 0:>k+3<2—7 k<E.
2 4 4

Ta chitng minh k =% la gia tri can tim.
That vay bét ding thuc tré thanh
ad+b*+c? +Eabc>£
4 4

<:>4(a3 +b3 +c3)+15abcz(a+b+c)3
= 3(a3 +b+¢c3 +3abc)23[ab(a+b)+bc(b+c)+ca(c+a)]
Day chinh 13 bét diang thirc Schur bac 3.

Bai 3. Theo gia thiét ton tai cac s6 thuc duong x,y,z sao cho a=

b==Lc=

N <

X z
y X

Bat dang thuc tra thanh

X2+ Y2+ 22 +3xyz 2 xy(x+y)+ yz(y +z)+ 2x(z + ).

Day chinh 13 bét dang thirc Schur bac 3.
Bai 4. Sir dung bét déng thuc AM — GM ta c6

a(b2 +c2)
. abc(b2 +02) L b+c+ a?+bc _ab(a+b)+be(b+c)+ca(c+a)
a® +bc 3 3(a® +bc)

_ a2 +be N 3(a2 +bc)
{ abc(b2 +c2) ~ab(a+b)+bc(b+c)+ca(c+a)

Tuwong tu cho 2 can thic con lai

. 3(a2+b2+02+ab+bc+ca) 9
Va ta chi can chitng minh

ab(a+b)+bc(b+c)+ca(c+a) a+b+c

< a’+b®+c +3abc>ab(a+b)+bc(b+c)+ca(c+a).

Bt dang thire cudi chinh 1a bat ddng thuc Schur bac 3.
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Bai 5. Quy dong va rit gon véi diéu kién a+b+c =3 bat dang thirc da cho tuong
duong véi a’b?c? ~19abc +33(ab +bc +ca)-81>0.

bit p=a+b+c=3;g=ab+bc+ca;r=abc.

Ta can chirng minh r? —19r +33q—-81>0.
Theo bét déng thuc Schur bac ba ta cé

p(4p-g? g2
r > max 0;% :max{O;lZTq}.

+ Néu q>2+/3=33q+r? >33q>100>19r +81b4t ding thirc ding.
Y
+ Néu qszﬁzrzlqu:qz 3(4-r).

Vay ta chi can chang minh r? —19r +33m ~81>0
=N 33m >81+19r —r?
3323(4- r)2(81+19r - r2)2

& (1-1)(r®-37r% +162r +6507) >0

3
Bt ding thirc cudi dang vi rs(‘”b”) 1.

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
t? -3

Bai 7. bt t=a+b+c,(\/§st33):>ab+bc+ca:
Theo bét dang thirc Schur bac 3 ta c6
(a+b+c)3+9abc24(a+b+c)(ab+bc+ca):>9abcz2t(t2 —3)—'[3 =t>-6t.

+Néu tS\/5:>ab+bc+casg:>21+18abc—13(ab+bc+ca)221—%>0.

+ Néu /6 <t <3= 21+18abc-13(ab+bc +ca)>
13(t° -3)
2
3 _1a¢2 (t-3)(4t* —t+27
4t° —13t° — 24t +81
2 2
Bat dang thire dugc chimg minh. Dang thire xay ra khi va chi khi a=b=c=1.

>21+ 2(t3—6t)—

>20,vt>3



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

CHU DE 3: K¥ THUAT DON BIEN
A. NOI DUNG PHUONG PHAP
Mot bat dang thire ddi xang 3 bién a,b,c ta ky hiéu 1a P(a,b,c) ta phai ching
minh P(a,b,c)>0.
Don bién chinh 1a mot cach tach bat dang thic can chitng minh thanh hai bat
dang thuc don gian hon tic la danh gia P(a,b,c) qua mét bieu thuc trung gian

2 2 [2. 2
chang han P(a,\/E,\/E),P(a,b—JZFC,b%C),p(a,\/b +C ’\/b +c } s

2 2

d6 danh gia biéu thie trung gian.
Nhu vay tom tit theo 2 bude nhu sau :
Buéc 1 : Ching minh P(a,b,c)> P va can sap thi tu c4c bién dé bét dang thic ding.
Buéc 2 : Chung minh R >0.
Théng thudng thuc hién budce 2 trude dé kiém tra tinh ding cua phuong phap
don bién, sau dé thuc hién budc 1, chd y sip thi tu cac bién ching han
a=min{a,b,c} hoic a=max{a,b,c}.
Duéi day toi trinh bay mot s6 phwong phap don bién cu thé phu thude vao diéu
kién bai toan.
1. Néu diéu kién bai toan cho tdng 3s6 a+b+c=Kk

Ta tim cach danh gia P(a,b,c)- P(a’bgc’b;CJZO

N

Khi d6 ta can sdp thir tw a=min{a,b,c} hogc a=max{a,b,c}.

Vidu 1. Choa, b, c |a c4c sb thuc duong thoa man didu kiéna+b+c=1.
Ching minh rang l+%+1+ 48(ab +bc +ca) > 25.
a c
Loi gidi
Y , . 1 1 1
Ta can chung minh: P(a,b,c) =—+E+—+48(ab+bc+ca) -25>0 ().
a c
Khong mat tinh tong quat, c6 thé gia st a=max{a,b,c}.

Dé chang minh (1), ta s& lan luot ching minh

i) P(a,b,c)zP(a,b—?,b—?) véi a,b,c>0,a+b+c=1a=max{a,b,c}.
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i) P(a,t,t)>0 véi a+2t=1.
Dé chang minh i), ta xét

P(a,b,c)—P(a,w,b%C)=%+

2 b
ey L
=(b-c) {bc(b+c) 12}

3
Vi a:max{a,b,c}:>az%,b+cs§:>bc(b+c)s@s£.

Suy ra ;—122%—12>0.

bc(b+c)
Viy i) da dugc chirng minh.
Dé chang minh i), ta c6

P(a,t,t) = L

——+%+48(2at+t2)—25
a

1 2 2
= +—+48(2(1-2t)t +t°)-25
Tty (2(L-2t)t +t%)

2(4t-1)% (3t -1)? 20
o a-20t

DAu bang xay ra khi va chi khi t = % hoic t =% tuong g Voi

a:l,b=c=1hoéc a=b=c=1.
2 4 3
Bat dang thire dugc ching minh.

Nhégn xét.

1) Khi thyc hanh phuong phap don bién, nén bat dau tir bat dang thuc ii) trudc voi
cac ly do sau:

+ Tim dugc cac diém nghi van xay ra dau bang. Biét dwoc diém xay ra ddu bang,
chung ta c6 thé tim duoc cac cach tiép can thich hop.

+ Néu khdng chimg minh duoc ii) thi viéc don bién Ia vé ich. Vi vay phai lam
budc nay trudc.

2) Bat dang thac P(a,b,c) > P(a,b—;C, b ; C) noi chung khong dung véi moi a, b, c.

Str dung tinh ddi xtng cua bat dang thirc, ta c6 thé sip xép thu tu a, b, ¢ dé bat
dang thtre nay dung.
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3) Viéc chon gia tri dé don bién dén phu thudc vao biéu thirc cua P va diéu kién
rang budc. Trong truong hop bai toan trén, do co dicu kiena+b +c=1nénta
bit budc phai don bién dén céc bién ma didu kién nay khong thay dbi.

4) Khéo léo danh gia diéu kién cua bién ta hoan toan don dugc bién vé ching minh
bat dang thirc trong truong hop hai bién bang nhau(xem vi du 2).

Vi du 2. Cho a,b,c la cac s thuc dwong. Ching minh ring
a® +b? +c® +abc+5>3(a+b+c).
Loi gidi
Ta can chiing minh P(a,b,c)=a’ +b*+c* +abc+5-3(a+b+c)>0.

Gia st ¢ 1a s6 nho nhit trong ba s6 a, b, ¢. Xét hiéu

P(a, b, c)—P(Jﬁ@,c):(ﬁ—%)z[(\/hﬁ)z—3}

bV (2-
P(a, b,c)—P(aer,aer, j:(a )7 (2-c¢)
2 2 4
+ Néu c>1=+a++b>2= P(a,b,c)>P(-/ab,\/ab,c).
+ Néuc<l= P(a,b,c)zP[a;b,aTm,c)

Do vay ta chi can chiang minh bat dang thic trong truong hop hai s6 bang nhau.
P(+/ab,/ab,c) =t? (c +2) -6t +c? —3c +5,t =+/ab .
Tacd A :9—(c+2)(c2 —3c+5):—(c—1)2(c+1)£0.

Didu d6 ching to bat dang thire dugc chimg minh. Pang thirc xay ra khi va chi
khi a=b=c=1.

Nhan xét. Ngoai ra ta c6 thé chimg minh don gian bang Nguyén ly Dirichlet.
Trong ba s6 (a-1),(b—1),(c—1) ludn c6 hai s6 ciung dau gia st Ia

(a-1)(b-1)>0=ab>a+b—-1=abc>ac+bc—c.

Vay ta chi can ching minh a® +b? +c? +5+ac+bc—c>3(a+b+c).
Taco VT 2%(a+b)2 ~2ab+(c-3)(a+b)+c?~4c+5>0.
Chiy A,,p =(c—3) —Z(C2 —4C+5)=—(C—1)2 <0ta c6 dpem.

2. Néu diéu ki¢n bai toan cho tich ba s6 bing 1
Ta tim cach danh gia P(a,b,c) > P(a,\/R,\/E) >0
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(arr) (—xxj>0vmx N

Khi d6 ta can sip thi tu a = min{a,b,c} hoic a=max{a,b,c}.
Chiy. Mot s6 truong hop don bién vé f (ta,b/t,c) vai te {\ﬁ;l} .
a

Vi du 1. Cho a,b,c 1a cac s6 thuc duwong c6 tich bang 1.

Chﬁngminhréngl+£+l+ 6 .5
a b ¢ a+b+c
Loi gidi

Tacan ching minh: P(a,b, c)—£+ ! + 1+ 6
a

b ¢ a+b+c

~5>0 (1).

Khong mét tinh tong quat gia st a =max{a,b,c} = a>+/bc.
Dé chang minh bat dang thic (1) ta thuc hién ching minh 2 bat dang thic sau:

i) P(a,b,c)> P(a,\/E,\/R)véri abc=1,a=max{a,b,c}.
i) P( L e xj>0 véi x =+/be .

Chirng minh bat dang thuc i)
Ta co:

P(a,b,c)—P(a,JR,JR)=§+%+1+ 6 _(£+2+ 6 j

¢ a+b+c la +bc a+2bc
—14_3_ 2 . G(ZM—b—C)
b Jbe (a+b+c)(a+2\/R)

((Vb-e) e(vb-ve)

- b (a+b+c)(a+2vhe)

(\/B—\/E)Z[(a+b+c)(a+2\/R)—6bc}
be(a+b-+c)(a+2vbe)

Do a>+/bc,b+c>2+vbe .
:>(a+b+c)(a+2\/E)—6bc23ﬁ(a+2ﬁ)—6bc=3aﬁ>0

Do d6 P(abc)>P(a\/_\/_)_f( 2,xxjvmx Jhe .
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Chitng minh bat dang thuc ii)
6

;A , . 2
Ta chi cin chiing minh x* + =+

-52>0.
X 1

2X+ —
x2

& (x=1)*(2x* +4x* ~4x* = x+2) 2 0 (luén ding).

Bat dang thire dugc ching minh.
Pang thirc xay ra khi va chi khi x=1<a=b=c=1.

3. Néu diéu kién bai toan cho téng binh phwong ciia 3 s6 a? +b? +c? =k

2, 2 2, .2
Ta tim cach danh gia P(a,b,c)—P{a,\/b +C ’\/b +C ]20

2

B A )

Khi d6 ta can sdp thir tw a=min{a,b,c} hogc a=max{a,b,c}.

Vi du 1. Cho a,b,c Ia cac sé thuc khdng am thoa mén a? +b? +¢? =3.

Chung minh ring a+b+c>a’b? +b%c? +c?a®.
Léi gidi
Khong mat tinh tong quat gia str

as<b<c=as<ib’+c?>2=b+czVb?+c?=42.
Ta can chiing minh:

f(a,b,c)=a+b+c—a2b2—b2c2—czaz=a+b+c—a2(b2+c2)—b2c220.

Xeét

2 2 2,2 2 2 2 2\
f(a,b,c)— f a,\/b e ,\/b M ISP L L Y il
2 2 2 2

(b2—02)2 (b+c)2—2(b2+c2)
+
4 b+c+\/2(b2+cz)

~(b—c)? (be)” ! >0

4 b+c+ /2(b2+c2)




Vi

(b+c)’ 1
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(b+c)’ +(b+c) 2(b2 +02)—4

4 _b+c+,l2(b2+c2)_ 4(b+c+ 2(b2+cz))

2J2 + 222 -4

> >0
4(b+c+ Z(b2 +cz)j

Vay ta chi can chang minh

2, .2 2, .2
f{a,\/b +C ,\/b -ch ]20

<:>f£a,

2
2 ( 2
3—a’ 3-a >0
2 2

1

S R S )

= (a-1| S(a+1) -

3

3

>0 (ludn ding).
3-a+,[2(3-a°)

3

] 2
Vi 2(a+1)® -
|4(a+)

3—a+\/2(?az)

3 2 3 :
>7(a+1) ‘TZ( ?+2a)>0,vae[0,].

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.

. Don bién bing ham sé

Duéi day t6i trinh bay ky thuat don bién bing ham s dang don gian nhét khi
diéu kién bai toan cho téng cac s6 khong ddi (a+b+c=k) diu bang dat tai
mét bién bang 0 hozc 2 s6 bang nhau.

Khi dé sép thir tu lai bién sé gia st a>b>c lac d6 diu bang dat tai

2
c=0=bc=0 hoac b:c:bc:(—j .

t=b+c

néntadét{ ,0<s
C

Pua bat ding thirc can

b+c
2

t2
<
4

chitng minh vé dang ham sé f(s) va chi ra rang f(s)

2
nghich bién hoac dong bién trén {0;%:' :



Vi
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Néu ddu bang dat tai mot sb bang O ta can chi ra rang f(s) nghich bién tuc
f(s)< f(0), lic d6 dua vé chiang minh bt ding thic véi 2 bién a va t voi

a+t=k. Vay bai toan dua vé chirng minh bét ding thic mét bién sd.
2
Néu diu bing dat tai 2 56 bing nhau khi d6 b = ¢ = s :% tirc f(s) 14 ham ddng bién.

du 1. Cho a,b,c la cac s6 thyc khdng am c6 tong bang 1. Ching minh
1
2 12\ (k2 L o2\ (n2 o a2
(a +b )(b +C )(c +a )Sﬁ'
Lo gidi
Khong mat tinh tong quét gia st a>b>c.
Goi P 1a biéu thire vé tréi ta c6

P= [(b +c) - 2bc}.[a4 +a? ((b +c) - 2bc) + bzcz} .

2
bat b+c=t,bc=s,s{0;%} taco

2

P=f(s) =(t2 —25)[a4 +a? (t2 —23)+52} .
Xétham sé f (s) :(t2 - 25)[a4 +a’ (t2 - 23)+ 52} Vi se {0;%} ta duoc

f'(s) =—2[a4 +a? (t2 —25)+32}+2(t2 —25)(s—a2).

2 2
Chay sst_gl(g) loaosa?<0o f'(s)<0.
4 43 9

2
Do d6 f(s) 1a ham nghich bién trén doan {0;%} .

Suyra P=f(s)< f(O):tZ(a“+a2t2)=a2t2(a2 +t2)

—t?(1-t)° [tz +(1—t)133—12

Chu ¥ khao sét ham mot bién g(t) =t?(1—t)? [tz +(1—t)2J trén doan {0;%} ta

c6 két qua trén.
Bat dang thire dugc ching minh.

Ding thirc xay ra khi va chi khi a=b= % ¢ =0 hoic céac hoan vi.
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2 2
ach 2: Giasi o=minfa = +c* <[ b+ | e +c* <[ a7 | va

2 2
a2+b2£(a+3j +(b+3j .
2 2
bat X=a+%,y=b+%:> X+y=1;Psx2y2(x2+y2).

Khi d6 sir dung bat dang thic AM — GM cho 2 s6 duong ta duoc

2
P<x?y?(x° +y2):ﬁ 2xy(x? +y2)<1(x+y)2 29+x"+y? )1
- 2 20 2 2 32°

Bai tap twong tw
Cho a,b,c 1a céc sb thuc khdng am ¢ tong bang 1. Chirng minh
(a3 +b3)(b3 +c3)(c3 + a3) <1

_2_56.
Vi du 2. Cho a,b,c |a céc sb thuc dwong cé tdng bang 3. Chang minh
bc ca ab 9 21
—+—+—+—abc>—.
a b ¢ 4 4
Loi gidi
Goi P la biéu thirc vé tréi va gia sir a=max{a,b,c}ta co

2 2 a(t? —2s
P=E+a b +c +gabc=i+(—)
a bc 4 a S

+=as.
4

, s a(t2 ~ 25) 9 {2
Xéthamso f(s) =—+—+Zas trén nira khoang | 0;— | ta co
a s

2
f'(3)=§—£22 9 82(9a2+4)_4azt E(9a2+4)_4a2t

Za= <
4 4as® 4as®
(9a® +4)t—64a”  2(%a%+4)-64a> g_46q2
=t. > <t. 5 =t. 7 < 0
64as 64as 64as
2

Vay f(s) 12 ham nghich bién trén {O;%} suy ra

t2) 2 gat? (3-a) 9a(3-a)’
P=f(s)>f|—|=—+2a+——= +2a+———.

4| 4a 16 4a 16
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16 16a 4 4
Bat dang thie dugc ching minh.

2 2 2 2
Chaly. (3;a) +2a+9a(3—a) _9(a-1)"(a-2) aa
a

Ping thuc xay ra khi va chi khi (a;b;c)= (1;1;1);(2;%;%} hoac cac hoan vi.
Vi du 3. Cho a,b,c 1a c4c sb thuc duong thoa man diéu kién a® +b% +c? =3.

Ching minh rang a+brcr| Lyl 1), 81
20la b c) 20

Loi gidi
Khong mét tinh tong quét gia st a = max{a,b,c} .

Dit t=b2+c2;s=bc,s£%.

Goi P 1a biéu thire vé tréi ta c6

2 2
P=a+vb?+c?+2bc +210[1+MJ

a bc

=a++t+2s +210££+ t+25}
a

S

Xéthamsd f(s)=a+~/t+2s +210££+ ‘t+2sjta co

a S

£(9) = 7(t+s) 205 —7(t+s)
\/t+2 20s2Vt+2s 2052+ 2s

20s? —7(t+23)£2032—7.45:45(53—7)<0,s£%£1

<0

Vi vy f(s) 12 ham nghich bién do d6

—f(s)>f() a+~/2t + (; 2\%}

7(1 242
=3-t+V2t+ | ——+——
va 20(3 t \ﬁj 20

Vi du 4. Cho a,b,c 1a cac s6 thuc khong &m c6 téng bang 3. Chirng minh
(a3 +b® +c3)(a3b3 +b%? +c3a3) <36(ab+bc+ca).

Lo gidi
Khong mat tinh tong quét gia st a>b>c.



Vi
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Viét lai bat dang thire da cho dudi dang
P =[a3 +(b+c)’ —3bc(b+c)}.[a3 ((b+c)3 —3bc(b+c))+b3c3}—36a(b+c)—36bc50

2
bit b+c=t,bc=s,s{0;%}ta co
P= (a3 +t3 —3ts)(a3t3 - 3a%s + 53)—36at —36s.
, t2
Xét ham sé f (s) =(a3 +2 —3ts)(a3’t3 —3a3ts+s3)—36at—36s Vi se O;Z ta co

f(s) = —3t(a3t3 —3a%ts+ 53)+(a3 +t3 —3ts)(3s2 —3a3t)—36 <0.
Vi s?—at<0vsi t<2,a>1s<1.

2
Do d6 f(s) 1a ham nghich bién trén {o;ﬂ suy ra

f(9) <7(0) = (a° +°)a’ ~36at = (a+1)° - 3at (a-+1) |a*" - 36at
=[27-9t(3-t)|t*(3-t)° ~36t(3-1)

Viy ta chi cin chung minh [ 27 -9t(3—t)]t?(3-t)* ~36 <0, vt €[0;2].

bit x=t(3—t)s%,ta chirng minh

(27-9%)x? <36 = x° —3x2 +4> 0. (x—2)° (x+1) > 0 (luén déng).
Bat dang thire dugc ching minh.
Ding thtc xay ra khi va chi khi a=2,b=1,¢=0 hoic cac hoan vi.
du 5. Cho x,y,z la cac s6 thuc khong &m. Ching minh
xH(y+z)+y* (z+x)+ 24(x+y)£$(x+y+z)5.
Loi gidi
Bt ding thuc c6 dang thuan nhét bac 5 ta chuan hod x+y+z=1.

Ta phai chitng minh

xHy+z)+y* (z+x)+ 2% (x+ y)s%.

Goi P la biéu thirc vé trai va gia st x =max{x,y,z} = ng taco
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P:x4(y+z)+ yz(y?’+z3)+x(y4 +z4)
=x4(y+z)+yz((y+z)3—3yz(y+z))+x[(y+z)4+2y222 —4(y+z)2 yz}

=t xt? +(2x-3t)s? +t2 (t—4x)s

t= 2
V6i { y+z,86{0;t—]
s=yz 4

2
Xéthamsé f(s)=tx* +xt* +(2x—3t)s® +t*(t - 4x)s trén doan {0;%} ta c6
2 t? 2 t* 2
f(s)=2(2x-3t)s+t (t—4x)§2(2x—3t).Z+t (t—4x):—3—3xt <0.

2
Do d6 f(s) 1a ham nghich bién trén doan I:O;%} .

Vivay P=f(s)< f(0)=tx* +xt* :xt(x3+t3)=x(l—x)(x3+(1—x)3)£%.

Bat dang thire dugc ching minh.

_3+J5_3—J€]_(0_3—J€_3+J€]

bing thuc xay ra khi va chi khi (x;y;z)=|0;
ang thirc xay i (x;y;2) ( s 5 5 s

va cac hoén vi ciia mdi bg s6 twong tng.
Vi du 6. Cho x,y,z la cac sb thuc khong am. Ching minh
(8x2 + yz)(8y2 + zx)(822 + xy) <(x+y+2)°.
Lo gidi
Bat dang thirc c6 dang thuin nhét bac 6 ta hudn hod x+y+z=1.

Ta phai chitng minh (8x2 + yz)(8y2 + zx)(822 + xy) <1.
Khong mat tinh tong quat gia sir x =max {x,y,z} = x> %
Goi P la biéu thirc vé trai ctia bat ding thuc ta co
P= (8x2 + yz)[64yzz2 +8x(y3 + 23)+ x2yz}

= (8x2 + yz){64yzz2 +8x[(y+ 2)3 -3yz(y+ z)}+ xzyz}

= (8x2 + s)(64s2 +8xt3 — 24xts + xzs)
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t= 2
V6i { y+Z,Se{0;t—]
S=Yyz 4
. 2
Xétham sé f(s) = (8x2 + s)(6452 +8xt3 — 24xts + xzs) trén doan O;Z .
f'(s) = 6452 +8xt> — 24xts + X35 + (8x2 + s)(1283 +x2 - 24xt)
f "(s) =128s — 24xt + X% +128s + X2 — 24xt +128(8x2 + s)
" " " 171
f7(5) =384 1°(5) 2 °(0) =1026x" ~48xt = 48x| ——x—t | >0

{2
Do d6 f(s) 1a ham 15i trén doan l:O I} do d6 f(s) dat max tai O hoac tZ

2 3
Tacé f(0)=64x3t3=64[x(1—x)}3£64{[x+;_xj } ~1;va

2 2 2,2
f L 8x2+t— 4t4+2xt3+i
4 4 4

:£8x2 +%}{4(1— x)4 +2x(1- x)3 +X2(1—_X)ZJ <1

4
Vay ta c6 max P bang 1. Bat dang thirc dwoc chirng minh.
FES . 111 1 l
Dau bang dat tai (X; y;z)= === 0;= hoic cac hoan vi caa mdi bo sb
333 2'2
twong tng.
Bai tap twong tw
Cho x,y,z la cac sé thuc khdng &m thoa man diéu kién xy + yz +zx > 0.
1 1 3
+ + > :
\/8x2 +yz \/8y2 +2X \/822 +xy Xty+z
Chu y. Bai toan nay la hé qua cta bat dang thuc trén.

Nhu vay qua viéc don bién bang ham sb don gian qua tong va tich nhu trén
cac bai toan duoc xtr Iy kha don gian. Ban doc thir so sanh 1oi giai cac bai toan trén
VGi cac cach don bién ciing nhu phuong khac dé thay duoc hiéu qua uu viét cua
phuong phap nay.

Ching minh ring
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B. BAl TAP CHON LQC

Bai 1. Cho tam giac ABC ching minh ring (1+ cos? A)(1+ cos? B)(1+ cos? C) 125
Loi gidi

Khong mat tinh tong quét gia sir C =min{A,B,C}=0<C s%.

2
Ta ching minh (1+ cos? A)(1+ cos? B)z(1+ cos? A; Bj .

That vay bat dang thirc da cho tuong duong véi

sin? A-B [6cosC —cos(A- B)—l]zo.

Bét dang thire diing bsi vi 6cosC —cos(A-B)-12 6%—2 =1>0.

Tir d6 suy ra

(1+c032A)(1+cos2 B)(1+cos C) (1+cos A;Bj2(1+COSZC).

Vay ta chi can chang minh

B)? 125
j (1+ c)za

[1+sm —j 1+cos C >%

2

[ 1-cos jlcosc 125
64

< (

=1

(1+ cos2 AT

ﬁ

& (2c0sC — 12(4005 o 20cosC+19)>0

& (2c0sC ~1)°| 4cos’ C ~1+20(1-cosC) | >0
Bt ddng thtrc cudi luon dung do 4cos>C —1>0;1-cosC >0.
Bat dang thire dugc ching minh.

Ping thuc xay ra khi va chi khi A=B=C=60°.
Bai 2. Cho x,y,z la c4c sb thuc khong am thoa man diéu kién x+y+z=1.

Chung minh rang xy + yz+zx212(x3+y3+23)(x y2 +y%z +22x2)
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Loi gidi
Khong mét tinh tong quét gia st x =max{x, y,z} = X 2%.
Ta can ching minh
Xy + Yz + zx—12(x3 +y3 4 23)(x2y2 +y2z2 4 22x2)2 0.
Goi P 1a biéu thirc vé trai ta c6
P=x(y+z)+yz —12[x3 +(y+ z)3 —3yz(y+ z)][xz(yﬁL z)2 —2x%yz+ yzzz}

= xt+s—12(x3 +t —3ts)(x2t2 —2xzs+sz)

t=y+z 2
Véri{ y ,Se|:0;t—:|.
S=Yyz 4
Xét ham sé f(s)=xt+s —12(x3 +t3 —3ts)(x2t2 —2x%s + 52) lién tuc trén doan
2
{O;t—}tacé
4
f'(s)=1+36t(x2t2 —2x23+52)+24(x3+t3—3ts)(x2—5)20 do x> -s>0.

2
Do d6 f(s) 1a ham ddng bién trén doan {0;%:‘ .
Vi vay
f(s)> f(0)=xt— 12(x +1 ) =x(1-x)- 12[x3+(1—x)3}x2(1—x)2

=x(1- x)[l 12x(1-x)(1-3x(1- X))}

[3XY

— x(1-x)[6x(1-X)-1]* >0,vxe {5;1}

Bt dang thire dugc ching minh.
|:x(1— x)=0 T

ex(1-x)=1 |X=Ly=2=0

Déng thirc xay ra khi va chi khi { Y2 =0 o x=3+‘/§,y=3_*/§,z=o.
X+y+z=1 6 6
1 ‘= 3+\f y=07=3"¥3

X2—
3 6 6
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Bai tip twong tw
Cho x,y,z la cac sé thuc khéng &m. Chirng minh
5 9
X+y+z) >
(x+y+z)'z- N
Bai 3. Cho x,y,z 1 c4c s6 thuc dyfong 6 tong bang 1. Chitng minh
x ¥y, z .9
l-yz 1-zx 1l-xy 8

(x3+ y3+z3)(xy+ yZ+2X).

1<

Loi gidi
Bat dang thirc vé tréi 12 hién nhién theo C -S that vay

X y z (x+y+z)2 1

+ + > = 21
1-yz 1-2x 1-xy x(1-yz)+y(l-zx)+z(1-xy) 1-3xyz

Ta chirng minh bét dang vé phai.
Goi P 1 biéu thirc vé trai va gia st x =max{x, y,z}ta co
2
« +y+z—x((y+z) —2yz)
1-yz x2yz —x(y+2z)+1
t—x(t? - 2s
x X -2s)

1-s  xPs—xt+1

t= 2
V('Jri{ y+Z,Se(O;t—]
S=Yyz 4

, x  t-x(t?-2s) 2
Xéthamso f(s)= +— lién tuc trén | 0;— [ta co
1-s  x%s—xt+1 4

2
3 a2 X[ x“t—3xt+2
£(s) = X +xt 3xt+2x: LS ( )

0
57 (@sxst] (-5 (esoxet)

do th—3xt+2>2—3xt22—%(x+t)2:2—%=%>0.

2
Vay f(s) 1a ham dong bién trén (o;ﬂ :
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2 t—£
Dods f(s)<f| L |[=—*_ 4 2
4 2 x%t?
1-— ——xt+1
4
~ 4x 4(1-x)-2x(1-x)

3x3 —5x% +3x+3
-3+ x> —x-6

3x3 —5x% +3x+3
x* -3 +x2-x-6
Bat dang thirc ludn dung.

Ta chuang minh -2.

£§<:>(3x—1)2(x2+3x—6)£0.

Bt dang thire duoc chirng minh. Bang thirc xay ra khi va chi khi x=y=2z= %

Bai tap twong tw
Cho x,y,z 1a c4c s6 thuc duong thod mén diéu kién x? + y? + 2% =1.
1 1 1 27
1+xy+1+yz +1+zxs 4(x+y+z)2 '
Bai 4. Cho a,b,c 1a cac s6 thuc duong théa man abc =1. Chang minh ring
(a+b)(b+c)(c+a)=4(a+b+c-1).
Lo gidi
Khéng mat tinh tng quat ta c6 thé gia st a>b>c
— a >1va ta can ching minh
(a+b)(a+c)(b+c)-4(a+b+c-1)>0

Ching minh ring %g

=N f(a,b,c)=[a2+a(b+c)+bc}(b+c)—4(a+b+c—1)20.
Xét

f (a,b,c) - f (a,v/bc,/bc)
:az(b+c—2\/R)+a[(b+c)2—4bc}+bc(b+c—2\/E)—4(b+c—2\/R)
:(\/B_ﬁ)z[az+a(b+c+2\/R)+bc—4J20
Vi
a’+a(b+c+2vbe)+be—4=a’+2/a+a(b+c)+bc-4

>a?+2Ja+2avbc+bc—4=a%+4Ja+bc—4>1+bc>0
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Do a>1.

Vi vay ta chi can chang minh f (a,+/bc,vbc)>0 < f(%,x,x]zOvéi x =/bc
X

2x(%+xj(%+xj—4(2x+%—l}20

X X X

3, 4\2 4 3 6 4 3
<:>(x +1) 22(x+2x - X )<:>x —4X" +4x° -2x+1>0

2( 4 3 2

< (x-1) (x +2x° =X +1)20

= (x-1)° [(x2 —1)2 +2x% + xz} >0 (luén ding).

Ding thuc xay ra khi va chi khi x=1<a=b=c=1.

Cach 2: Taco:

(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=(a+b+c)(ab+bc+ca)-1.

Mat khac:

(ab+bc+ca)’ >3abc(a+b+c)=3(a+b+c)=>ab+bc+ca>.[3(a+b+c).

Viy bai toan dugc chirng minh néu bat dang thirc sau dung:
(a+b+c)y3(a+b+c)-1>4(a+b+c-1).

That vay dat tzx/a+b+c,(t2\/§). Xeétham sé f(t) =~/3t° —4t? +3véi t=+/3.

Ta c6 f'(t)=3/3t2-8t>0,vt>+/3 nén f(t)dong bién trén |:\/§;+00)hay

f(t)> f(+/3)=0.

Do do (a+b+c)3(a+b+c)-1>4(a+b+c-1).

Bat dang thire dugc ching minh.

Bai 5. Cho a,b,c 1a c4c sb thuc dwong c6 tich bang 1. Ching minh

a? +b?+c? +62§(a+b+c+l+l+1j.
2 a b c
Léi gidi

bit P(a,b,c)=a2+b2+c2+6—§(a+b+c+l+l+lj.
2 a b c

Khéng mét tinh tong quat gia st a =min{a,b,c} = x =+/bc >1
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Ta chung minh P(a,b,c)> P(a,\/R,\/E)

That vay
3 2
P(a,b,c)-P(a,vbc,vb b b 2 -
(a,b,c) (a\/_c\/>c) c)’ 2( +e- \/7+ + \/Rj
2{2 Je —3—3}
bc
2
(Sbc 3——}
( )(8 3-3)>0
Mat khac
(a\/—\/—) ( xx] x® —6x° +12x* —6x° —3x% + 2
2x*
(x—l)z[(xz—Zx—1)2+x2+1}
N 2x* 20

Bat dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 6. Cho a,b,c 1a c4c sb thuc khdng am c6 téng bing 3. Chang minh
1s(a2 —a+1)(b2 —b+1)(c2 —c+1)£ 7.
Loi gidi

Khéng mat tinh tong quat gia sir a=max{a,b,c} =>a>1b+c<2.

. [t=b+c t? .
bat ,Se| 0;— |taco
s=bhc 4

P=(a® -a+1)[b%c® ~bc(b+c)+b”+c? +bc—(b+c)+1|
~ (% —a+1)[ % + (b+c)? ~(b+c)~be(1+b+c)+1]
=(a®—a+1)[s® +1* —t-s(t+1)+1]

Xét ham sb f(s):(a2—a+1)[sz+t2—t—s(t+1)+1]taco
f'(s) =(a2 —a+1)(2s—t—1)<o

2 2_o2t—2 t(t-2)-2
Vi 25—t—1£t——t—1§t 2 2= ( ) <0.
2 2 2




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

2 2
Do d6 f(s) 1a ham nghich bién trén doan {o;ﬂ Vivay f &J <P<f(0).

Taco

1(0)=(a? -a+1)(t? ~t+1)=(a? ~a+1)| (3-a)" ~(3-a) +1]<7.

2
Vi bét dang thire twong duong véi: a(a- 3){(51 —gj +%] <0.

bing véi moi ae|[0;3].

Tuong tu: f [ﬁ] =(a2 —a+1){ﬁ+t2 —t —ﬁ(t +1)+1:|
4 16 4
=[(3—t)2 —(3—t)+1}[ﬁ+t2 —t—ﬁ(t+1)+1}21
16 4

bai vi bat dang thirc twong duong voi

(t-2) (t4 53 +15t2 — 24t + 24) > 0 (luén dang).
Bai 7. Cho a,b,c 1a cac s6 thuc khong &m thoa man diéu kién a+b+c=3.

Chttng minh rang (a2 +a+1)(b2 +b+1)(c2 +c+1) <27.

Loi gidi

Khong mét tinh tong quét gia st a=min{a,b,c} >a<lb+c=3-ax2.

2 2
Ta ching minh (b2 +b+1)(c2 +c+1)£ (bi) PR
2 2
That vay bat dang thirc twong duong véi:
i(b—c)z(bz +C? +6be+4b+4c-4)20.
16

Bat dang thirc luén ding vi b” +¢? +6bc+4b+4c—4>4(b+c)-4>0.

2
2
Vay ta chi cAn ching minh (a2 +a+1){(b_J2“CJ +b%c+1] <27.

3-a)® 3 ’
<:>(a2+a+1) (;aJ +222 01 <07,
2 2



Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

o (a® +va+1)(a® —8a+19)2 <432,
& (a-1)°(a" ~13a° + 60a” ~85a - 71) <0.
Lu6n dtng vi
a’ -13a° +60a” ~85a—71=(a" ~13a° ~85a-11) + 60(a” ~1) <0, va<[0:1].
Ding thirc xay ra khi va chi khi a=b=c=1.
Nhdn xét. Loi giai trén xuat phat tir cach don bién
P(a,b,c) =(a2 +a+1)(b2 +b+1)(c2 +c+1) .

P(a,b,c) < P(a,b—?,b—;cj (dung) ta chi can gia st a=min{a,b,c} .

Bai 8. Cho a,b,c 1a cac sb thuc thoa man diéu kién a+b+c=6va a,b,c>1.
Tim gid tri 16n nhét cua biéu thic P = (a2 + 2)(b2 + 2)(02 + 2).
Loi gidi
Khéng mat tinh tng quét gia st

A+DHC o aib—6-c24.

c=min{a,b,c}=c<

2
. b

Ta chu hzzbzzsi)z.
aching minn (o +2)(57 + 2) K o,
That vay bét dang thuc tuong duong vdi :
16(a2b2+2a2+2b2+4)£(a+b)4+16(a+b)2+64
& (a+b)" -16a%h? >16(a-b)?
& |(a+b)” ~4ab || (a+b)” +4ab | >16(a~b)’
& (a-b)’[(a+b)’ +4ab-16|>0

Bét ding thirc cudi luon ding do (a+b)* >16.

Do d6 P<(c?+ 2).[(‘3;'0)2 ¥ 2]2 =(c?+ 2)[(?]2 + 2}2

2
2
Xéthamsb f(c) = (c2 + 2){[%) + 2} trén doan [0;2]ta co
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f'(c) = g(c5 —20c* +156¢° —552¢2 +800¢C — 352)

=§(c—2)(c2 —12c+44)(c2 —6C +4) >0,vce[0;2]

Do d6 f(c) 1a ham dong bién trén doan [0;2].
Suyra P < f(c) < f(2)=216. Pang thic xay ra khi vachikhi a=b=c=2.
Vay gia tri 16n nhat caa P bang 216 dattai a=b=c=2.

Nhan xét. Cha y dang thuc

2 2 a+b)’ i a-b)’ 2 2
(2+a )(2+b )_[2+(Tb” _ 16) (a +6ab+b —16).

Vi nhitng bai toan ¢6 tich déi xang (k + az)(k + bz)(k + cz)véri k > 0ta danh

2
gi4 gitra (k+a2)(k+b2)vdi {k{a;bj } .

Taco: (k+a2)(k+b2)—[k+(a—;’ﬂ __(a-b)° (a2 +b? + 6ab—8K) .

Bai 9. Cho a,b,c 1a cac s6 thuc khong &m théa mén diéu kién a+b+c=1.
Tim gia tri 16n nhét cua biéu thic P = ab(a2 + b2)+ bc(b2 + cz)+ ca(02 + az).
Loi gidi
. ., 2
Khéng mat tinh tong quat giasir a>b>cdat b+c=t,bc=s,5¢ O;Z .

Khidd a=1- I>E:£<:>tszva
2 2 3

=a®(b+c)+a(b®+c®)+be(b” +c?)

—a(b+c)+a| (b+c) ~3be(b+c) | +be| (b +c)” - 2bc
=a%t+a(t® - 3st)+s(t* - 2s)

Xétham sé f(s) = a3t+a(t3 3st)+s( —Zs)taco

f'(s)=t*-4s-3at=t(t-3a)-4s<0.
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2
Do d6 (s) 13 ham nghich bién trén doan [o;ﬂ .

Suyra f(s)< f(0)=a’t+at® =(1-t)° t+(1-t)t°.

Wi

Xéthamsé g(t) = (1-t)°t+(1-t)t?vsi te[O;—} ta co
3 1
fi(t)=(1-2t) ;f'(t)=0<:>t=5.

Ta c6 f(t) doi dau tir dvong sang 4m khi di qua tzénén f(t) dat cuc dai tai

1 1) 1
t="hay P<f(t)y<f|=|==.
hay P <[5 )=

Ding thirc xay ra khi va chi khi a=b= % ¢ =0 hoic céac hoan vi.
Nhdn xét. Véi a,b,c khdng &m va a+b + ¢ =k véi chimg minh tuong tu ta ¢ co
KA
ab(a® +b?)+bc(b®+c?)+ca(c® +a®)<—.
(% +b?) +be(b” +c?)+ca(c® +a?) <

Bai 10. Cho a,b,c |a c4c sb thuc khdng am thoa man didu kién a+b+c=1.
Tim gié tri I6n nhat va nho nhét cua biéu thirc
a b c
P= + + .
bP+cd+1 cB+al+1 ad+bi+1
Lo gidi

Tim gia tri lon nhat ciia P

Vi a,b,c khong am ta ludn co

2 <a b <b ¢ <c.

bP+cd+1 B+al+l ad+bi+1

Cong theo vé ba bat dang thuc tréntacé P<a+b+c=1.

Ding thuc xay ra khi va chi khi mot s6 bang 1 va hai s6 bang 0.
Tim gid tri nhé nhat ciia P

Str dung bét dang thuc C-S ta co

a_ b LC (a+b+c)2
bP+cd+1 cC+ad+l a3+b3+1_a(b3+c3+1)+b(c3+a3+1)+c(a3+b3+1)
1
_a(b3+c3)+b(c3+a3)+c(a3+b3)+1

P=
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Vay dé tim gia tri nho nhét cia P ta tim gid tri 1on nhat cia biéu thirc
M =a(b3 +c3)+b(c3 +a3)+c(a3 +b3).

. . {2
Khéng mat tinh tong quat giasir a>b>cdat b+c=t,bc=s,5¢ O;Z

Khido a=1- t>ﬂzé<:>t£§vé

=a®(b+c)+a(b®+c®)+be(b” +c?)
—a*(b+c)+a| (b+c) ~3bc(b+c) | +be| (b+c)” - 2bc
=a%t+a(t® - 3st)+s(t* - 2s)

Xét ham sé f(s)=at + a(t3 —3st)+ s(t2 - 2s)ta co

f'(s)=t*-4s—3at=t(t-3a)-4s<0.
. t?
Do d6 f(s) 1a ham nghich bién trén doan O;Z .
3 3 3 3

Suyra f(s)< f(0)=a’t+at”=(1-t) t+(1-t)t
Xéthamsd g(t) =(1- ) t+(1-t)t?voi te[o;ﬂta co

' 3. ¢ 1
fity=(1-2t)"; f (t)=0<:>t=§.
Ta c6 f'(t) ddi ddu tir dwong sang 4m khi di qua t:%nén f(t) dat cuc dai tai

1 1 1
t=—hay M<f@®)<f|=|==.
hay < 1) (2]

Ding thuc xay ra khi va chi khi a=b =%,c = 0hoac cac hoan vi.

Tim dwoc GTLN cia M bing %dat tai a=b= % ¢ =0 hodc cac hoan vi.

Suy ra P>L g

1+-

G)I—‘

Vay gia tri nho nhét cua P bang gdat tai a=b= % ¢ =0 hoic cac hoan vi.
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Nhdn xét. Véi a,b,c khéng &m va a +b + ¢ = k vgi chirng minh tuong tu ta ¢6 cd
k4
ab(a® +b?)+bc(b? +c?)+ca(c’®+a%)<—.
(2 +)+be(b? +¢? ) +cafc? +a® ) <=

Bai tap twong tw
Cho a,b,c 1a cé4c sb thuc khdng am c6 téng bang 1. Ching minh
a b c 4

+ + >
1+b%?+c? 1+c®>+a® 1+a’+b®> 5

Bai 11. Cho a,b,c la céc s6 thuc khdng am thoa mén diéu kién ab+bc+ca=1.

Chang minh ring ot es
a+b b+c c+a 2
Lo gidi

Khong mat tinh tong quét gia sir a =max{a,b,c

_ [t=b+c t2 ) 1-s
bat ,Se|0;— | taco at+s=1lca=—-
s=hc 4 t

Goi P 1a biéu thire vé tréi ta c6
1 1 1 1 2a+b+c
+ +

= —+ =
b+c a+b a+c b+c a’+ab+bc+ca

1-s
1S 2
2a+t 1 2. : +t t(—25+t +2)

1
—_ :_+
2 2 2 2
a’+1 t (1?} b (o)

1
==+
t

, 1 t(—25+t2+2)
Xeétham'sé f(s)=—+——
t2 +(s-1)

3t _ j
f'(s):z{(s_l)z_tzsl Ztg(az_s)zz i (4 S >0

(t2 +(S—1)2)2 (t2 +(s—1)2)

2
Do d6 f(s) 1a ham dong bién trén doan {o;ﬂ

2
trén doan {O;%} tacéd

1 t(t°+2)
Vivay f(s)2 f(0)=-+—5——
t t°+1
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t(t? +2

(2 )ZE@(t—l)z(th—t+2)20(lu6ndﬁng).
t“+1 2

Bat ding thuc duoc chung minh. Ding thuc xay ra khi va chi khi
a=b=1c=0hoac cac hoan vi.

Ta can ching minh %+

Cach 2: Khong mat tinh tong quat gia sir ¢ =max{a,b,c} =c ZaTer .

Thay ¢ =— a:)) vao bat dang thic can ching minh ta co
a+
patP(ab o=+ St L. 1 5
a+b b+c c+a 2 a+b ati= bii= 2
a+b a+b
Xét hiéu P(a,b,c)—P(a+b,i,Oj
a+b
1 1 1 1
= + 1—ab+ T-ab |~ +a+b+—b
a+th o, b+ a+b+— at
a+b a+b a+b

= a+t; +i2—(a+b) 1+;2
1+a“ 1+b 1+(a+b)

Ta chtng minh a+b + a+b —(a+b)[1+;)2}20

1+a® 1+Db? 1+(a+b
PO S pom— 2c>ab[ab(a+b)2+2ab—2}£0
1+a° 1+b 1+(a+b)

& ab(a+b)? <2(1-ab)(luon ding).

Vi 2(1-ab)=2c(a+b)>(a+b)* >ab(a+b)’

Vay ta can chirng minh

P(a+b,i,0)20@;+a+b+ ! ZE
a+b a+b+ a+b 2

a+b +1+(a+b)2 .5

1+(a+b)’ atb 2
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2
Dt X=1+(a+b) 22(a+b):2
a+b a+b

Ta can ching minh x+izg<:> 2x% 5% +2>0 & (2x~1)(x~2) > 0(luén ding).
X

Ding thuc xay ra khi va chi khi

a+b=1
ab+bc+ca=1

ab[ab(a+ b)* + 2ab—2} =0

a=c=1b=0
IS )
b=c=1a=0

Bai toan dugc chimg minh déng thirc xay ra khi va chi khi a=b=1,c=0hoic
cac hoan vi.
Cach 3: bat p=a+b+c,g=ab+bc+ca,r=abc.
Bat dang thire duogc viét lai dudi dang:
2
1p+ pr zg@(p—z)(zp—1)+5rzo.

+ Néu p=>2 bat ding thuc hién nhién dung.
+ Néu /3 < p < 2theo bt ding thiic Schur bac 3, ta ¢o

p(49-p%) 4p_p?
9 9

r=

A 4p-p°
Ta chi can chirng minh (p—2)(2p—1)+5.T20

@(2_p)[sp(pu)—g(zp—n}zo

9
<:>(2—p)(5p2—8p+9)20

Bt dang thire ludn dung ta c6 diéu phai chang minh.
Bai 12. Cho a,b,c 1a cc s6 thuc khong am thoa méan diéu kién ab+bc+ca=1.

Ching minh rang LEE S B

a+b b+c c+a a+b+c
Lo gidi

Khong mét tinh tong quat gia st a =min{a,b,c} .

1
a+b+c

+ Néub+c>2=—

1 ..., N ,
> _E’ khi d6 theo bai toan trén ta co
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1 1 1 5 1 1 1 1
+ + > = + + -
a+b b+c c+a 2 a+b b+c c+a a+b+c
Bat dang thire dugc ching minh.

>2.
L . . [t=b+c t2
Taxét vai b+c <2, khi d6 dat ¢ — be ,Se O;Z ,0<t<2

, 1-
Tacd at+s=1<:>a:Ts.

Goi biéu thirc vé trai 1a P ta c6

1,1 1 1 1  2a+btc__ 1
b+c a+b a+c a+b+c b+c a?+1 a+b+c
1-5s
1 2a+t 1 1 % *
=¥+ ==+ -

2 2 1-—
a“ +1 a+t t — S

1 . t?+2-2s t
==+t

t 2 +(s—1)2 C stt2 41

2 5 2
Xét ham sb f(s)=1+t.t *2 252 - t2 trén doan O;t— ta co
U t24(s-1)° -s+t°+1 4
2 .2
| Zt[(s—l) -t s} i 2t3(a2—s) ¢
f(s) = - - - <0.

(t2+(s_1)2)2 (s +t2+1) (2 +(s-17)
B&ivi a> —s<0.

2 2
Do d6 f(s) 1a ham nghich bién trén doan {0;%} .Vivay f(s)>f [%] .

2
Ta chi can chitng minh f (%} >2.

2
Tacé: f(%}—ZZO@%H. 2 ¢

) 2 _3,[2
2 |t =41

< (2-t)(6t" ~11t° +10t* 12t +8)> 0 < t < 2 (ludn diing).

-220
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Bat dang thire dugc chirng minh. Dang thirc xay ra khi va chi khi a=b=1,c=0
hodc cac hoan vi.
Céach 2: bat p=a+b+c,q=ab+bc+ca,r=abc.
Bat dang thire duogc viét lai dudi dang:
1+ p? _322<:> pz(p—2)+r(1+2p)20.
p-r p
+ Néu p=>2 bat ding thuc hién nhién dung.

. e p(4g-p —p®
+ Néu /3 < p < 2theo bét ding thic Schur bac 3taco r> ( 3 ):4p9p :

Ta chi can chiing minh

4 _ 3
p%(2- p)+%(1+2p)zo@ p(2-p)(p-1)° 20.

Bat dang thic ludn ding ta co diéu phai chirng minh.
Bai 13. Cho a,b,c 1a cac sb thuc khong thoa man diéu kién ab+bc+ca>3.

Chang minh rag véi moi sé thuc k 2%ta co
(a2 +K)(b% +k)(c® +Kk) = (k+1)°.

Loi gidi
Chu y dang thirc

(az +k)(b2 +k)(c2 +k)=(k(a+b+c)—abc)2 +k(ab+bc+ca—k)2.

Trudc tién ta chirng minh k = % bat dang thirc diing, that vay

2 2 3
(a2+£J(b2+l)( 2+£j2£(ab+bc+ca—£} 21(3—% =(1+1j .
3 3 3) 3 3 3 3 3

Vi k'zkz% ta cé

(a2 +k)(02+1')(c® ) =[ @ e (k=) [ 0 ke (k=) 2 ke (k=)

3
zw(az+k)(b2+k)(c2+k)+k'-k} > (L k+k—k)* = (k1)
Bai 14. Cho x,y,z la céc s6 thuc khdng am thoa man didu kién xy + yz +zx=1.

1 1 >2+1

1
\/x+y+\/y+z+\/z+x_ 2

Chirng minh rang
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Loi gidi

. e e R o _[t=y+z t2
Khdng mat tinh tong quét gia sir x = max{x, y,z} dat ,S€ O;Z :
s=yz

Tacéo xt+s=1:>x=1;—s.

Goi P 12 biéu thirc vé trai ta c6

1 JX+y +/x+2 1 +\/2x+y+z+2\/x2+1

P=
\/y+z \/x + XY + X2+ yz \/Y+Z VxZ+1
1-s
I e 2 1 242 s, 2
=—+ >+ =—+ t
Wt (1_5)+1 1—52+1*/E t?+(1-s)° \/t+1s
t Tt
. 2 +2-2s 2t t2
Xéthamso f(s)=t. > 5+ trén doan | 0;— [ta cd
2 2 3 2_
1-s)" —t%s 2t(1-s) S 2t(1-s
f'(s)=2t.( ) ) + (1-s) >0

-5 ( 24 (1-s) )3

(t2+(1—5)2)2 ( 2 +(1-5)

Do d6 f(s) 1a ham ddng bién trén doan { tz:l

2
Vi vay f(s)>f(0)_tt *2 i:(ﬁ+ . J.
"+

P+l 241

t 1
Do do P>—+\f+ 22+—.
Vi V2+1 " 2

Bai 15. Cho a,b,c 1a cac s6 thuc khdng am thoa man diéu kién ab +bc +ca > 0.
1 1 4
+ + 2 .
Vaa® +bc JabZ+ca +4ac2+ab a+bc
Loi giai

Gia sir a=max{a,b,c}, ching minh

Chuing minh

11 2 . atb
Jaa? tbc A% +ca  4t? +tc 2




Tim tai liéu Todn ? Chuyén nhé - www.toanmath.com

That vay theo bat dang thiec AM — GM ta c6
1 1 2
+ > :
J4a? +bc  \ab? 4 ca \/(4a2 + bc)(4b2 + ca)

Va (4t2 +tc)2 —(4a2 +bc)(4b2 +ca) —(a=h)’ [%cz +a% +b? +6ab—30(a+b)j >0.

1
JacZ vab  Vact+t2
Vay ta chi can chang minh
2 N 1 > 4 _ 4
Jat? +tc Jac? +t2  atb+c 2t+c

o2 1 1, 4 2
Va vt t) (Jac2+12 t) 2t+c

Theo AM - GM ta cé

—t —4c 2
= + >
\/4t2+tc(2t+\/4t2+tc) \/4C2+t2 (t+~/402+t2) 2t+c
2 1 4c

>0

- B _
t(2+c) a2 +tc(2t w4 +tc) t/ac? +12 (t+\/402 +t2)

Bat dang thuc trén 13 tong cua hai bat ding thirc sau
L ! >0 (1)
3t(2t+c) g2 +tc(2t+\/4t2 +tc)

5 3 4c
3(2t+0) tac? +12 (t +/4c? + 12 )
Bt dang thirc dugc ching minh.
Ding thuc xay ra khi va chi khi a =b,c =0 hoic cac hoan vi.
Bai 16. (Viét Nam TST 2006) Cho x,y,z la cac s6 thuc thuge doan [1;2]. Ching

minh (x+y+z)(l+l+1J26[ X,y 1 j

X y z y+zZ Z+X X+Yy

>0 (2)

Loi gidi
Ta can chiang minh

1 X Z

f(x,y,z):(x+y+z)(%+%+—j—6[ T ]20.

z Yy+Z Z+X X+Yy
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Khéng mét tinh tong quat gia sir x = max{x,y,z}.
Xét hiéu:
N2 N2
f(X,y’z)_f(X,erz’yﬁtz):(x+y+z)(y 2)°  B(x+y+z)(y-17)
2 2 yz(y +2) (X+yY)(X+2)(2x+y+12)
_ (X y+2)(y = 2)°[(x+ Y)(2 + X)X+ y +2) — 6yz(y + 2)]
X+ yY)y+2)(z+x)(2x+ Yy +2)
vi X 12 s6 16n nhat trong ba s6 nén (x+ y)(z + X)(2x+ y +2) > 6yz(y + ).

nén f(xy,2)> f(xtt) voi t= y;Z >1

Vi vay ta chi can chimg minh f (x,t,t)>0.

That vay, bit ding thirc twong dwong véi:
(x+2t)(£+gj—6(i+i]2O@WZO,.
X t 2t t+x tx(t + x)

Bat dang thac cubi dung do 2t > 2> x.
Ding thuc xay ra khi vachikhi x=y=z;x=2,y=z=1.
Bai toan dugc chuang minh.

C. BAI TAP REN LUYEN
Bai 1. Cho a,b,c 1a do dai 3 canh mot tam gi4c thoa man diéu kien a? +b? +¢? =3.
Chang minh ring a+b+c>2+abc.
Bai 2. Cho a,b,c 12 c4c sé thuc khdng am thoa man diéu kién a% +b? +¢? =3.
Ching minh rdng (2-ab)(2-bc)(2-ca)>1.
Bai 3. Cho a,b,c 1 cac sé thuc duong c6 tich bang 1. Chirng minh
11,1, 138 2%

e >
a b ¢ a+b+c+1 4

Bai 4. Cho a,b,c 1a c4c sb thyc duong thoa man a,b,c>1va a+b+c=6.

Tim gia tri 16n nhét cua biéu thic P = (1+ az)(1+ bz)(1+ c2) .

| w

Bai 5. Cho a,b,c 1a cac s6 thuc khdong am thoa mén a+b+c=—.

Bai 6. Cho a,b,c 1a c4c sb thuc khdng am théamén a+b+c=1.

Tim gia tri 16n nhét cua biéu thic P = (a3 + b3)(b3 + 03)(c3 + a3) .

NN

Tim gié tri nho nhat cia biéu thic P = (1+ az)(1+ bz)(1+ c
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Bai 7. Cho x,y,z 1a c4c sb thyc duong c6 tich bang 1. Chirng minh
X2+ Y2+ 22+ X+ Y +222(Xy + Yz +2X).

Bai 8. Cho a,b,c la cac s thuc dwong c6 tich bang 1. Ching minh

a? +b?+c? 2£(a+b+c+£+l+lj.
2 a b c

Bai 9. Cho x,y,z la céc sb thuc duong c6 tong bang 1. Ching minh
i—54(x3+y?’+z3)—(i+l+ijzé.

Xyz yz X Xy 2
Bai 10. Cho a,b,c 1a cac s6 thuc khong am c6 téng bang 1. Chirng minh
3 13\(h3 L ~3)(n3 A3 ) 1
(a +b )(b +C )(c +a )S256'
Bai 11. Cho a,b,c la cac s6 thuc duong c6 tich bang 1. Ching minh

5 ! +— L +— ! <3.

a“—-a+1 b°-b+1 c“-c+1
Bai 12. Cho a,b,c la cac s6 thuc khong &m c6 tong bang 1. Ching minh
a b C 4

2.2 2. 21 2 2%
1+b“+c¢® 1+c“+a“ 1+a“+b° 5

Bai 13. Cho x,y,z la cac s6 thuc khdng Am thoa man diéu kién x+y +z=3.

Chittng minh rang (3x2 +5)(3y2 +5)(3y2 +5) >512.
Bai 14. Cho x,y,z la céc s6 thuc khdng am. Chirng minh

5 9
X+y+z) >
(x+y+z)'z- 76
Bai 15. Cho x,y,z la c4c s6 thyc duwong thod mén diéu kién x* + y? + 2% =1.
1 1 1 27
+ + < .

l+xy 1+yz 142X 4(x+y+ 2)2
Bai 16. Cho a,b,c 1a cac s6 thuc khong &m thoa mén diéu kién ab+bc+ca>0.
1 1 S 6

+ + > .
JaZ+be b?+ca cZ+ab a+b+c

(x3+ y3+z3)(xy+ yZ+2X).

Chang minh ring %g

Ching minh ring

D. HUONG DAN GIAI - PAP SO
Bai 1. Bat dang thuc can ching minh twong dwong voi
P(a,b,c)=a+b+c—abc-2>0.

Khéng mét tinh tong quat gia sir a =max{a,b,c}ta co
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3=az+b2+c22a2+%(b+c)2 >ga2:>1§a<\/§.

2. 2 [2, 2
Ta chtrng minh P(a,b,c)zP[a,\/b +e ,\/b erc J

2
That vay
2.2 [j2. .2 2 2
P(a,b,c)—P(a,\/b e ,\/b e }=b+c—,/2(b2+c2)+a(b e —ch
2 2 2
_a(b-c)’  (b—c)’

2 b+c+ 2(b2+02)

_(b=c)’ i 2

2 b+c+\/2(b2+c2)

(b-cf| 2

2 a+ 2(3—a2)

_ (b‘zc)z (aZ +a /2(3—&2)—2j20,Vae[1;\/§)

Mat khac

P{a,\/b2+cz,\/b2+C2J=a+ 2(3—a2)—M—2
2 2 2

—% +a-220ea%(3-a%)22(2-a)

c>(a—1)(8—a3—a2)20

Luon dang. Bét dang thirc dwoc chimg minh dang thirc xay ra khi va chi khi
a=b=c=1.
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Céch 2: Gia st a=max{a,b,c} = a>1va via,b,c la d dai ba canh mot tam gic
nén a<b+c<2.
Khi do

P=a+b+c—-2-abc=a++b>+c®+2bc-2—abc=a++/t+2s—-2—as.

Véi t=b2+C2,S=bC,SE|:O;%}.

Xéthamsd f(s)=a++/t+2s—-2—as Vi s%O;ﬂtacé

f'(s)=+—a; fr(s)=———t 0.

Jt+2s (t+2s)?

1 1
— _a=—__
vt V3-a?

Vi vy f(s) nghich bién trén doan {0;%} suy ra

Vivay f'(s)< f'(0)= —-a<0,vae[12].

f(s)zf[%j:a+ 2t—2—a?t
2
=a+,/2(3—a2)—2—@

_2 _2
TN i PR il PP S
2 2

Bai 2. Khong mét tinh tong quat gia st a=min{a,b,c} = a<1taco

P(ab,c)=(2-ab)(2-ac)=4-2a(b+c)+a’bc.

2 2 [h2, o2
Ta ching minh P(a,b,c)zP[a,\/b £c ,\/b e J

2 2

That vay bét ding thtc tuong duong voi

2. 2
—2a(b+c)+a’hc > —2a, Iz(b2 + cz) + az.b%c

@z[ 2(b2+c2)—(b+c)}2%(b—c)z
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<4>a(b+c)+a 2(b2+c2}
Taco

4— ab+c a,l2 21 ¢? >4 2a,/ )

=4-2a 2(3 ?)= 4(1_a2)(2_a2) >0

Vay ta chi can chang minh

2 2 2
PELIRL PR P a +1 2_2a
2 2 2

Taco 2(a2+1)—(a+1)2=( ) >0=a’+1>

Vay ta chi can chang minh

2
2 2
(a+1)2[2—a 3_2a J 24<:>(a+1){2—a 3‘; Jzz

>0

3_ 32 0w a(a4+2a3—2a2—6a+5)
3-a?

<:>a£2—(a+1)

2+(a+1)

=N a(a—l)z(a2 +4a+5)2 0
Luén dung. Bét ddng thie duoc ching minh dang thuc xay ra khi va chi khi
a=b=c=1.
Bai 3. Bét ding thire can chirng minh ¢6 dang
1 13 25

P(a,b,c)=1+l+—+———>0
a b ¢ a+b+c+l 4

Khong mét tinh tong quat gia st a = max {a,b,c} = a>1,x=+/bc <1.

Ta ching minh

P(a,b,c)> P(a,\/R,\/E).
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That vay
11 2 13 13
P(a,b,c)-P(a/bc,v/bc)==+=— -
(8.0,0)=Plabe,vbe )= o o - e
(e s e
~ be (a+b+c+1)(a+2\/E+1)
1 13
~ (Vo e )| 2=
( ) bc (a+b+c+1)(a+2\/E+1)
2[ 13
> (Vb - 1-— 2 |50
(\/_ \/E) i (3+1)(3+1)}
Mt ki P(a,Be VB ) = P 5 xx x4 2L B
X X 2x+1+ = 4
X
(x=1)° (8x" +20x° ~18x* ~9x+8)
_ >0,vxe(0:1].

4x(x +1)(2x2 - x+1)

Tir d6 suy ra diéu phai chimg minh. Dang thic xay ra khi va chi khi a=b=c=1.
Bai 4.

2
Ta c6 (1+a2)(1+b2)—[1+(a—;b)2] =—%(a—b)2[a2+6ab+b2—8J£O voi

moi a,b>1.
2

2
Do d6 (1+a2)(1+b2){1+(a—mj } .
2
i 6-c\2|
Suyra P < 1+(a+ j (1+¢?)= 1+(;CJ (1+¢?)<125.
2 2
Ding thirc xay ra khi va chi khi a=b=c=2.

Vay gia tri 16n nhat cua P bang 125 dattai a=b=c=2.
Bai 5. Khong mét tinh téng quat gia sir

czl,a+b=g—cg1
c=max{a,b,c} =
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Khi 6 (1+a” )(1+ bz)z{u(%bﬂz.

2
That vay (1+ az)(l+ bz)—{u(%bﬂ = —(aIGb)Z (a2 +6ab + b2 —8) >0.

Ding thirc xay ra khi va chi khi a=b.
b2 2 272
Khi d6 P> (1+c?) 1+(i) = (1+c?) 1+(§—E) >125
2 4 2 64

Ding thuc xay ra khi va chi khi a=b=c =% .

Céch2:Tacé (1+ az)(l+ bz)(1+ cz)

=a? +b% +c? +a%? +b%c? +c?a® +a’b’c® +1
—(a+b+c)’—2(ab+bc+ca)+(ab+bc+ca)’ —2abc(a+b+c)+ah2c? +1

=?—2(ab+bc+ca)+(ab +bc+ca)’ +aZb?c? - 3abc

2 2 2
=(ab+bc+ca—1)2+ abc—E > 1 + Yy _12
2 4 8 64

Do ab+bc+ca£%(a+b+c)2:%;abcs(

Ding thirc xay ra khi va chi khi a=b=c==.

2
Bai 6. Khdng mit tinh tong quét gia sir a>b > cdat t=b+c,s=bc,s{0;%} ta

coa=1-t.
Khi d6 P:[a6 +a3(b3 +c3)+b3c3}(b3 +c3)

=[a6 +a%(b+c)’-3a%c(b+c)+ b?’cﬂ.[(b +c)° —3bc(b+ c)}

(a6 +a’t® —3a’ts + 53)(t3 - 3ts)
Xéthamsb f(s) = (a6 +a’t® —3adts + 33)(t3 - 3ts)ta co

f(s) = (352 - 3a3t)(t3 —3ts) —3t(a6 +a’t —3a’ts + 33) .
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St dung bét ding thac AM-GM ta c6 a® +a%t® —3ats+s° > 0.
Theo diéu kién suy ra
4

(a52 ~30%)(* - ats) = (& _aat)(tz_ss)sst(sz_%}(tz s5)<0.

Dodd f(s)<0=P=f(s)< f(0)=t*(a’ +a3t3)=t3(1—t)3[t3 +(1—t)3J .

Xét ham s6 g(t):ts(l—t)3[t3+(l—t) v6i te{O ﬂta co

0
') =-3t?(t-1)° (2t-1)*; f () =0 = o l(dote{o ﬂ)
2

Ta c6 g’(t) d6i du tir duong sang am khi di qua t:%nén g(t) dat cuc dai tai

1 1 1 . . . 1
t==hay P<g(t)<g| = |=———. Dang thic xay ra khi va chi khi a=b==,
5 hay g(t) g(zj Seg - Dang thic xay i >

¢ =0 hodc cac hoan vi.

Vay gia tri 16n nhit cua P bang 2_1136dat tai a=bh= %,c =0 hoac cac hoan vi.

Nhén xét. Véi a,b,c khdng &m thoa médn a +b + ¢ =k . Chirng minh tuong tu ta ¢6

9

3 13\ (3 4 3)(3 4 A3

(a +b )(b +C )(c +a )SE.

Bai 7. Ta can ching minh
P(xY,2)=X*+y? +2° + X+ y+2-2(xy+yz+12x)>0.

Khong mét tinh tong quat gia st x=min{x,y,z} = x<1yz>1.

Xét higu P(x,y,z)- ( \/7\/7) (\/Y—\/E)Z(y+z—2x+1+2\/ﬁ)20
Ta chi cin ching minh P(x,\/yz,\/yz )= (2,,j>0vmt_\/ﬁ.

That vay bat dang thirc twong duong véi

1 1 4 (t—1)2(2t3+4t2+2t+1)

—+=+2t-—20&

>0.
t* 2 t t4

Bat ding thic dugc ching minh. Dang thic xay ra khi va chi khi x=y=z=1.
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Bai 8. Bat dang thic can chimg minh twong dwong voi
P(a,b,c)=a% +b? +c? —1(a+b+c+£+l+—j20.
2 a b c

Khong mét tinh tong quat gia sir a=min{a,b,c} =t=-/oc >1.
Ta chang minh P(a,b,c) > P(a,t,t).

That vay P(a,b,c)-P(a,t,t)= (\/B—\/E)Z {(\/B+ \/6)2 _%(]"Fb_lcj} :

z(JB—JE)Z.P—%(ul)}zo

CN2(ath a3 L 2
Mit khac P(a,t,t):P(iz,t,t)z(t D7t +42t4+5t H4+2) 5,
t t

Bt dang thire dugc chirng minh. Bang thirc xay ra khi va chi khi a=b=c=1.
Bai 9. Ta can ching minh

Ve

P(x,y,z)=i—54(x3+y3+z3)—(i+l+ij_ﬂzo.
Xyz yz zx xy) 2
Chay
2 2 2 2
P(X,y,2)=(x+y+z) o —54(X3+y3+z3)_£
Xyz 4
:2[£+£+1—27(x3+y3+23)}—E
X y z 2
Khong mét tinh tong quét gia sir x = max{x, y, z} ta ching minh
y+Z y+z
P(x,y,2) 2P| X,—,——|.
(xy.2) ( Ly ]

y+z,y+zj:(y_z)2(4_81yz(y+z)2)>0

Xét hiéu P(x,vy,z)—P| x, >
U P(x.y.2) ( 2 2 2yz(y+12)

yezadrz ez
Boi vi yz(y+z)2=4y.z.y;rz.y;zs4 i 2
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Ta can chang minh

P(x,y+z,y+z)=P(x,1_x,1_x)20
2 2 2 2

3
1_
PO E P T b | B2 9
X 1-Xx 4 2

(3x-2)°(9x° +12x* ~6x+1)
2x(1-x)

Bat dang thuc cudi ludn ding. Bat dang thire dugc ching minh.

& >0

Ding thire xay ra khi va chi khi x = % y=2= % hoac cac hoan vi.

Bai 12. Goi P la biéu thuc vé trai va st dung bét dang thuc C S ta co
(a+b+c)

a(1+b2 +c2)+b(1+c2 +a2)+c(1+a2 +b2)
1

:1+a2(b+c)+a(b2 +02)+bc(b+c)

P2

Ta tim gia tri 16n nhét cua biéu thic véi gia thiét a=max{a,b,c}.

Qzaz(b+c)+a(b2+c2)+bc(b+c)=a2t+a(t2—25)+ts.
2
Xéthamsb f(s) = a2t+a(t2 —23)+ts trén doan l:o;tz} ta co

2
f'(s):t—zaso:f(s)sf(0)=a2t+at2=ats(a7”) =%.

1
1+Q

Do d6 P>

5
>=,
4

Ding thirc xay ra khi va chi khi a=b= l, ¢ =0 hoic cac hoén vi.

Bai 13. Gia su x=max{x,y,z} = y+z<2,x>1taco

(3y2 +5)(3z2 +5)—[3[izyj2 +5} =%(x— y)? [40—3(x2 +y? +6xy)} >0.
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2 2
Véy ta ching minh (3x? + 5)[3( X; VJ + 5] >512

2
2
o (3x2 + 5){3(3;2)() + 5} _512>0

& (x=1)°(3x* ~30x° +144x* ~306x+317) >0

Bat dang thirc ludn dung.
Bai toan dugc chimg minh dang thirc xay ra khi va chi khi x =y =

Bai 16. HD: Pua vé chirng minh 64(a2 +bc)(b2 +ca)(c2 + ab) (a+b+c)’.
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